
Lecture 4
.

• Line bundles on VIP ( Appell -Humbert )

• Positivity & Sections of L

• Lefschetz's theorem

. Projectively of JCA.

§ Many details are missing .
You can find

out details in Mumford 's book
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§ 1
.

Kernel of a

Suppose we are given an alternating form
E : f * T - Z st

E satisfiesla← Hodge structure of X

Q) which { fu C-ONBoers satisfy CH & CA) ?

Try fo IZ) which is affine in Z .

fy Cz) = HCZO ) tBr Br E K .

CHECKLIST} satisfies (** )
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Write a Cd = @ZTtbt.ids.T → Uce)={zE¢ : IH -
- 14 .
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Cheats For any E ,
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Lemmy th : Riemann form , d :P→ Uk) satisfying at)
'
.

Then the action P P V " I defined by

V. (Z . d) = (Ztt
, Ey Cz) -d)

,

where

egcz, = ay, e
'THE't) + ITH ""

defines a line bundle
Lethal = KIT on VI T

.

Moreover GCLCH . a ) ) = (E]
.

EHZCX . Z)
.

Cheeky L (Hi , di) ④ LCHz.dz) =L ( Hit th . diaz )
.

Tim(Appell -Humbert)
Any line bundle on X is Isomorphic to Letha)
for uniquely determined H & a

Pf) [ Mumford , p 20 -21] .



82
.

Sections of L (H -
d )

we start from discussing the positivity of a
line bundle on X .

( it will only depend on a CL) )

If H : Hermitian form ,

tick.x) = ttcx.sc EIR
.

Kx EV .

Def A Hermitian form H is positive definite if
H Cx. x) > O E x E .

( fl ECTx.K ) >o )

Let T : rank 2g lattice .

Lemmy E i Txt - ' Z : nondegenerate alternating .form .
Then 7 de

.

- - - dg E# so that satisfy del - - - Idg and
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d
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Now we look at Ho ( X . LCH .all
.

H'( X
.
UH .at) Hoc v. vx¢ ) = O TV ) a o saltsAes

transformation rule :

OCztt) = e, Cz, O Cz) = ay, et
Htt -t)+ITH6%1 OH,

.

So we interchangeably use sections of LCH . o) and

holo lomorphia functions on V with transformation property .

Exempt Let T E Mgxg CIC) : e -
-tie and Im I >0

Let

Q Cz ; t) = I @ZTtiCItDm_c.m + tmz ]

me#s
(
transpose

Cheat -0 defines a holomorphic functor on K'

satisfies the transformation property for c E
'
A 29



Prof If H is positive definite Riemann form satisfying
G.r) . then

dim HOCLCH.at) = Etf

Pf) BLACkB0X_ (Kodaira vanishing) If H :positive def.
then HP (LCH. as ) =o t p >o .

dim HOCX.LCH.at) - X(Lite .as )

= f, oh CL) - tdtxt

= g÷ & CrCL)
'

.

It is possible to find a basis
{ dxe - - - dxzg I of H ' ( X.Z )

St. g

c. CL) = -2! da d Xan dkgta
2=1

g
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9
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d= I



Of There is a proof without using Kodaira vanishing
in Mumford 's book

.

Eg if L : ample . h0(Ltr ) = r9h44 i r >o



§3 . Embedding to PIN -

Read f :X →Y holo . map btw compact
complex manifolds . Suppose
(9) f is injective
(99 ) dfx : Tax → Tay, T is injective for all KEX.

Then f CX) CY is a ¢ - submanifold and
X f (X) . f is a closed immersion

.

Let O_O
,

- - .

.
On C- HOC X.L)

.
without common zeros

I
✓ - an" I 301 of = Coo

,

- -

,
Q )

" t t P
U

X - p
n

Lemmy
.

U is a closed Immersion tf
con u is injective
(997 the matrix

⇐
¥÷i÷÷÷÷÷÷÷÷÷÷÷ us.



The key observation is the following :
For a c- X.fatty × × .- x - a " translation by a

"

terma Tate L ④ L = ti L ⑦ tbh for all a.bet
Pf) By Appell - Humbert , we may assume

L- LCH .nl
. The lemma follows from the equality
ta't LCH id) = LCH

,
a @2TliImHt.a) )

th

In other words
,
if Ii! ai = O E Tt

,
O E Ho(X.L)

,

II. feta: ) E HOC X. Lr )
.

IDEA If we take tensor poroducts of positive def L ,
there Is a choice of freedom to move around O .

Thin(Lefschetz) If C. (L) is positive definite , then
[r defines a closed embedding to DN for all r33



Pf) By RRooh calculator
.
I nontrivial section

of L .

Slept (No common zero) Let Zoe't be a given point .
Then I a c-V et

G- ( Zo-a) O ( zo t Cr-e) a ) f- 0
.

Take Q Cz -a)
" ' f Czt Cr - Ha )

. By lemma
,
it is a

section of Lr . which does not vanish at Zo .
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.
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,
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. . .
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for some ( do .

- - dog ) E Cl'# lol
.

Choose ⑦ E HO CL) St

① (Zo) to .

For any a- b EV
,
consider an entire function

G-abht = f- Cz - a)
"

OA-b) f- Cz t Cr-2)atb) ? Hol Lr)
.



→ do o-abczoi-E.dk FIT Gol = o
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'

Trefz log 0K .
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,
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,
log fab (Zo ) = - do ta

-b ET .
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a
,
I b EV s. t Otto- b) -0 Hot Cr-2)atb) to .

( ie . Zo- b & Zo t Cr-2 )at b is outside pole of 4Gt )

⇒ 4 is a holomorphic function on V .

By transformation property of O , we have

4 (Ztt) = 4 Cz) + aH (d. V I (8)V-8 ET

where He Hermitian form associated to CiCL)

a = Cd ,
.

- - -

cXg) E f
'

.



⇒ ⇒
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.
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, z ,
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--
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in particular nondegenerate
⇒ d = (Xi

,

-
- -1g) =O and do = O -g

or

steps (Infectivity of u ) Similar as in Step 2 .



§ 4 . Projective imbedding of JCC)

Read : Jet = HOCKc)4thCC-El
.

=
Let E : T '- T → E be the Intersection form

Eca
.El = [til

.
[tis

In a -
b cycles of Hi CC.Z) ,

E is nothing but

CEI = ( E
.

-

I')
Let B -- {or - - - tag } E T be a: basis

.

St

N -- Ha - - - kg ) = ( Ig / Z ) ? after taking
normalized@it

.

By Riemann's bilinear relation ,
t

Z = Z and ImZ 70
.

In this normalized basis
. we have
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,
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9
.
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Insteadof B , we can take a different basis

B
'
-

- Iq
.

-- jig .

it
.

- - - Itg }

And the matrix for change of basis :

M - I Ene:)
For simplicity R -_ REZ .

S - Imf
.

If we write E wit the basisB
'

,
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O - S -
i

[ ITB ' = ( §- i ts
- ' CR -4315' )

-
- c :

- s

:')
Now it is easy to check that

EC in . iy) = Eta.y) and (1.1)

ECTK.sc ) 20 "
x E (positive def)



assoc .

to the intersection form

Rmd h-curtal ) -1
.

The divisor associated to Sf HOCLLH.at )
is called the Theta divisor of JCC)

.


