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§ 1
.

Crash course on NTgin .

Def CC , pi - - - pm ) is a stable curve of gens g tf
CTI C is connected , complete , nodal curve of
arithmetic germs g .

• nodal : x E C is either a smooth pt or analyte
locally near x ,

OC = to Eun) /Curr) .

OT.sc I KEu .is/Cu.u)
" arithmetic genus = dim H' Coo)

(991 Pi , - - :Pn i ordered n points on the smooth locus
of C

.

(9991 I AutCC , p. - - pm ) / CA .

• ⇐ topological data of each Tmeduoibk component .

Et
--

-
stable bc stable be

932 # special pts > 3
Unstable component

ttg.nl ¥ { isomorphism class of stable curves

as a set .

( Ci pi . - - -pm) §



ttgm is the solution to a Meyers .

Q) How to nary a stable cure in a family ?

Example (affine curve .)
Let C = V Cure -t) C IA3cu.at ,

t
A'*

Ct
co

i Ix e

t
-IA

'

t o

key notion : Vary algebraic structure "continuously
"

= flatness
.



Let S : scheme ! Cl
.

Def Tc : C → S
. P. . -

- -Pn : S - C is a family of
stable curves if

(91 IT is a surjective . proper , flat morphism at

any geometric fiber is a stable aime

499 ) Pr . - - Pn : disjoint sections of IT st image ofpi
TS Tn the smooth locus of IT .

B-444 c

p ,7- ti t f Pi
,paps

Pz
- s

A relevant constructor is the
"

forgetting morphism
"

IT : ttg.nu → Ttgn

( C . pi .
- - - ( E . pi

.

- - - pm )

E = C if (C , p . .
- - - Pn) is stable

.
otherwise

we contract the unstable component.



MT
.
.

z

tu
...

.

Slogan : A family of a stable aime CE's
corresponds to a morphism S - M-g.rs St

C - NT g.ntl
It a ft
s- M-g.in

Tim(Deligne - Mumford , Knutsen) Let 2g -zth >o .

Mgm is an Irreducible, smooth , proper ,
DM- stack 10
--

of dim = 39 - 3 th
. J

space with group
action .



§2
.
Intersection theory on Agin .

X. Y : topological spaces
° Singular Cco) homology theory
• Funcloriality : for any f : X → Y

f* ? It *CX) → H* (Y )

f 't : H* (Y) - H
* ( Y )

•

Cup product
Hic × , * Hi CX) - Hitt' (x)

.
Ln gets a, uh

↳ ring structure .
-

cap product
Hi CX) ④ Hd CX) → Ha- i (x) a⑤ r ts an r

ft & f* are related by the projection formula
f * ( f

*
L no I = an f* r

,
d EH* (Y)
TEH* CX )

• Fundamental class If X is a compact , connected,
oriented manifold ,

Hdimpx ( X) e- ④( (X] >
→ fundamentalclass

sit

NEXT : Hk (x ) Haim x - k CX )
" Poincare duality

"



° Back to ttgm
' Agin has a coarse moduli space

it : M-g.in → Fgm ie
.

(9) Fgm is a proper , irreducible scheme 14
of dTm¢=3g-3 th

Ci) IT induces a bijection of closed points .

(9991 IT is proper .

4 Usually Agin Ts not smooth lol .

We define a

E -analytic topology

H
*

Cttgm .
Q) H

*

Cttgn .
@ )

H * Cttgn .
Q) : = HA ( Mgm .

Q)

Slogans (G) Homology theory of Atgm behaves as if

M-g.in is a smooth compact ¢ - manifold .

q
Reference :

Ford
,
Towards an Enumerative Geometry of

the Moduli Space of Genes . µ



• Degree map
Def Let X be a compact topological space .

deg : HoCX)- Q

Eai pi t I ai

(isom if X is connected ) . Often we write fx ⇒ .

When X :Deligne-¥¥⇒as Agin) wehave to adjust the degree map '
space with a

group action

Exc Jun = cyclic group of order n .
A lot trivially .

Id : * - [* fun ] - *

t

deg -- n
b deg th

bc it is Univ . Un - torso

For Cc , p. - - -Pn] C- ttgm ,
,

deg [C , pn
- - -Pn] =-I Aut cap . - -pull



Motivating Questions :

61 What is HMM-g.nl ?

G) Can we relate enumerative questions on the geometry
of curves to computations in HMM-g.nl ?

G) Can we understand "

reasonable
"

subspace
RH* CNT g.n) E H

*Cttgm )

so that we can do Gl & ?

etc . . .

Let's start from defining
"
natural classes

"

Tn H
* (Mgm)



§ 3
.
Line bundles on Fgm & Y

.
K -classes

.

-There exist a line bundle called the
"

i -th

cotangent line bundle
"
on ttgm

Tfi C .

c ki
t t

[ C. p, - - pin] E ttgn Kien

ftp.c
Or

°

O

C

4 ; = al ki) E H' (M-g.nl
"

psi -class
"



- it : X→ Y : map between compact Cl-manifolds .

r = dim ¢ X - dim ¢'T .
Then

Hic x ) Hi - 'Cy,
PD Is its PD
H dim,¥ -i CX) Hang - i CY)

PD -- Poincare duality
it : tug, ntr - ttgm ,

Ka :=t*C4iiI ) c- Hzacttgm )
"

Kappa class

In general we can multiply 4 & K- classes i

Ege 4,543 Kika E H# CUTS
, z )

5 t 3 t 2. t 2
4

12



§4 . Boundary strata
"

"

Bay of Nig in
"

=2M-gin =NTgmlMgI
NITA manifold with boundary. looks where Ccp . - - pm)

Is smooth

Slogan : Atgm has a recursive structure
(smaller germs or number of markings )

Example tho
.3
= pt .

(IP! xi.xz.az)
"
(IP! o.r.io )

Uno. 4
= j" = IP ' l Zo . e. is }

tho
. ,
= Ip

'

P *
I

"→ ° ¥-06

Tho
. loncp, xm-o.yo.a.co ,

O
" ol

is

Chick : H
* ( tho .4) = ④ EHTICHY

,
H -

- Cpt]
"

⇒ 4. - 42=43--44 = H .

E HZCM-o.ci )



° Strata graph If' dual graph ofa stable curve)
↳ an organized way to describe Atgm

Ded A stable graph of genes g with n markings is a data

T -- (VV, H . L
. g :V - Kao ,

v : H → V
. r :H→H

,

e .. L {? - - -

,
n f )

Cil V ← set of vertices
,

g cul --
"

genus
"

at v

ET) H ← set of half - edges v Chl - iierlex incident to h
"

nah = # of incident half edges
499) c : H-H involution .

- if 2 Chl -- h ⇒
"

leg
" he {HEH I z ch) - h }

- If echl = h'
,
h ' th a e = Ch . h ' ) : edge .

at

Ca) T is a connected graph
(b) ht VE V

, 2gCv) -2tMv) > 0 .

Vertex 5-2 irreducible component of C
Edge t node of C .

Leg t marked point of C



Examples j§%E"""
"
"

3rd leg

[ C . pi . Pa .137 E MI . 3 mA To :

"

dual graph
"

Let M" = { Cap, - - pn, I Tc E t I CNTg.n : irreducible

locally closed nonempty subset of Mgm .

Cheats dim M " = dim ttgn - I ECT ) I

Prop Let T : stable graph of genres g ,
n markings .

Then there exist a morphism

Sp : Ftp utterer , M-gas.nu ,
→ ttgm

sending
( Cv

.

(9h ) h -in ) never, '→ ( C . Pn . - - pm )

"

gluing morphism
' '



by gluing pairs (9h . 9h' ) according to T .

Moreover
,

ca) Sp is finite and

Cb) Ep ( tip ) = UT cttgm
⇐ In thorn .

Example P --
'zyqe.jo

,! . c- it.. nuts.

It Isn
z I

1
.

•£9 ⇐ it.



° Tautological classes

Now we can combine 4 .
K classes & boundary

classes to produce " natural classes
"

in H* Cttgn ) .

T : stable graph of genus g , n markings

• c- wtf ,, ,HMM-gcas.nu, ) : product of 4 & K -classes
on each M-gcvl.mn .

Def A tautological class associated to CT.LT is a dass
defined by

3.p * Cd) EH* Atgm ) .

Q ) what is the product structure of HMttgn)?
3.in*Cdr ) u Spe * Cda)

Is it still a linear combination of tautological
classes ?

→ Yes
.
Computer program .

( Johannes
will continue)


