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§ 1
.

Overview

Recalls P -- stable graph of cg.nl .

Ttp = IT AT
gas . neo)NEV (T)

Mt =L CC.pe - -- pm ) l dual graph EP } c NT gin

5.p : MT -Agn : gluing map where the

image is MT .

Good Gwen two stable graphs II.R with g.n .

what is
3h*Itv 'spork E H' Cttgn) ?
PD the fundamental class of MI

QI cohomological deg of Spoof I # E ( th )



To answer this question , we need 3 ingredients

(9) Fiber product -

← fiber product of
? ? → MR DM stacks

.

I t 513
MI
.

- Agin3in
deformation theory

(993 Normal bundle of Sr
t

l.ci pullback .
←

69991 Excess intersection formula



-

§? Fiber product of two boundary strata
Let's start from set theoretic intersections in

Mtg in← coarse moduli space .

Def Let 1? T
'
i stable graphs of Cgm) .

A morphism
4 : T't T consists of data

% :VCT . I- Vcr)
, 9th : H (rt → HCT ' ) at

(9) UH is injective
(991 4 H i ECT)→ ECT ')

(997) 4h : Lcr)→ LCT ') . preserving orders
.

com) Yu is surjective & compatible with 4h .

:

let Hh) E VH) be the vertex where h is attached .

Then
Ev (Vpi (ft Ch) ) ) = Vr Chl thEH

(v) We can obtain T
'

by gluing Tvo into Vo EVEN for

all Vo
.



Example @mj-Ce.z)
UH H Chi) h

,

^ -Oo Oo- z a

¥Chz) 42 Vo

f : T ' - T

=
Uv : V Cr ' ) -s VCP)
UH : H Cti ) - HCT)

Glue I
,
>;→ 'm at the vertex Vo :

2

÷→
= I -• z

Checky Given a morphism 4 it
'
→ T

.

⇒ gluing map .

Ep : ttp ' -MT
.



temma A curve Cape - - pm) ettgm worth the dual

graph T ' lies in NTP ⇐ ⇒ morphism T
'
→T

.

In particular '
Tyr =¥, M

"
"

-

core TY" rink = Up , M
" '

(set-theoretic)
MtTi

,
T' →Tz

Now we move onto the fiber diagram
FER- it iz

I a Isis
nip
. ttgn

Def A CR .
R) - structure on T is a tuple

( P
.
her

. b) = (r . On :P- th
.

K :P-R ) .

We say two ( 17.13)
- structures

(T.ee
.

64 and (r
'

.
6.
'
. Ya
' )



are isomorphic if ⇒ isomorphism Tt'T
' St

T
.

4- ⇒ rien
'

p ¥ T '

aXp
.

he:

We say ( P . her .K) is generic if

ECT ) - YaelElm) vk.EC ECR ) )
•

Let's denote
↳ # ECT ) E #Elm t #EIR)

g- i:p,
= { generic ( th.M - structures }/~

Tim (Graber -Pandharipande ,
'

03)

Http = Far
.

- ith
TtGRE f D L 5ps

MI
. Fgm



You can find the proof in [GP . 033
.

Example th --Be ②D of (3G )
- hi

-

Q) Gantz = Ill? a.b) It ??

Possible D= OD
, , .

h

wheen T =

,
Aut T - 1122 -- { id . 43

4 :P→ T
,
4#Chi - h

'
, 4h Ch

' ) -- h

id
,
R je

(P .
id

.
id ) ref . 4. e ) r 9- T

t
Hoste

T.dz
'¥4

(P. Td -le ) e (T. 6.Td) T 9- IT

* pzttd



§ 3
.
Normal bundle to 3T .

Fact
.

-

TEC] big = Hom ( Speck-6315 . g. KI ) )

± Ext:(Rc ,

Oc)

Cheat when C : smooth
,
Ext'Crc

,

Oc) E HTC
.Tcl and

dim H
'
CC

.
To) =3g -3 if 831

.

( Hint : RRooh )
.

By local - global spectral seq , the deform . space fits into :

o→ H'T HomCdc,Oc) ) → Ext'Cre
.

Oc) → HEExt'The
.

Ooh→o
- -

⑦ ②
(t)

⑦ locally trivial deformation : fixing nodes and

varying complex structure of each Tweed . components.

② deforming nodes : smoothing out nodes



⇒

Cohomological computation shows that CHI is a fiber of
an exact sequence of a vector bundle or UT :

o → Trip→ 5¥Trig → Nuts iug
→ o

and

Naming =
*⇐

④ Eh
.

( formula is the same for big.nl .
"
cotangent line
bundle at h



§4. Excess intersection formula
.

←
line bdlsy,

Def Let V -
- Li ⑦ - - - ⑦ Lr bea split rank r

vector bundle on X .
Then the Euler class of V

Ts defined by

ecy = II. auit e H'CX)
.

Lemma Consider a Cartesian diagram
-

×
,↳ x *

fl f II f f
g

y
'
- Y

where X.
'

X '
.
Y

.

Y ' i smooth
, proper DMstacks

Then
g
*
f* a = f ! ( eCE) v g ' ta) ( *)

where
E = f-'EN yyy / Nxyx .

"

excess bundle
"

Ef X city dosed embedding of smooth , proper varieties
⇒ #

*I = e ( Nxiy )
.



Cheats (LHS) & (RHS) of H) have same cohomological degree .

We saw that far Er : Ntr → ttgin
,

Ng
,
= to Kii ⑦ Kii ← rank-#Ect)

.

(h .h't C-ECT)

Let's go back to the Cartesian diagram :

- See -
↳ Up→Miz
created
C- Graz 154. I f Gz

MT
.
-ETgn

Prod we have

bn%
..
I - I See.. letter) )

crewed
C-Step



where Er = ④ Wh④ Wh' : excess bundle

{h.hi3C-4.EE/Mln4z.EfECR) ) on MI
.

I will leave the proof as an exercise .

(Hint :

use the excess intersection formula) .

cor-3rn.H-UE.pe.1=2 BriefEr))
Ct,9.b) EGRI

Pf) (LHS) = 3mg ( 5,132*11) - : projection formula
= (RHS)

-

: 5Pa = 5Th*Bar
+ Proposition 17k


