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4 - class
, String . Dilator Eq .

• Definition of 4 -class

• Non -Cartesian diagram

• String Equation

. Dilator Equation .

§ We will see 3 different interpretations
of 4 - classes

.



§1.(Formal ) Definition of 4 -classes

a Relative desalting sheaf
Let X : nonsingular , projective variety 1k of dTm=n .

Rith = sheaf of algebraic 1 -forms on X

Tak =XxiiiJ and it is a loo. free sheaf of rk --n
.

W Nk
-
- Rnxik = And},k : canonical line bundle

wNk is the dealing sheaf of X be for any
locally free sheaf E

.

Hi CX
.
E) E Hn

-i
(X .

Exo Wxin5
"

Serre duality
"

• For a family of smooth curves Te : C→ S
,

Stas : line bundle on C .

' when it is not smooth
,
Acts is no longer

an invertible sheaf .



idea The dealing sheaf wa -- was is an invertible

sheaf on C .

↳ The magic word is the
"dci morphism

"

.

Det A morphism T -

- C -' S is called locally complete
Intersection tf Zariski locally on C ,

7- factorization
I

←
C ai p r Tmbedding

Tp
t : regula

Ti f of codtm = r

s p : smooth

In particular the conormal sheaf IIIZ of i is locally
free . Then

was = (*Wplg ④ Ar (III)
"

is well defined line bundle on C lie independent
of the choice of factorization )

.
Moreover it is the

dualizng sheaf . of a.



Fast it :C- S : family of nodal dunes . Then
I is Lci .

When S= Speck , PE
Csm

.
Then

Wap -
- Diop = Tpt .

Det Let it : ttg.nte-ttg.in and pi :ttg.n-ttg.nu
be the i-th section . Then

Ki = Pi wa ' si En
.

Checks If Clk is a nodal curve , Hocwc)
-

- H'Coot
.

⇒ deg Cwc) = 2g -z ( by R
.Rock)



Let's get a formula for Uli in berms of boundary
strata .

We have pi : ttg.n-M-g.nxtto.3-M-g.mu
,

defined by

" in. in
.
-

me
.

Let Di = Im pi .

"
i th section

"

.

Lemmy Yi = - T#EDIT
'

EHTNTg.nl .

Pf)
ht g.n itgin

T

id! Lpi
Atgm Pis NT g.men ttgn

By the deformation theory argument ,
we saw that

Npi = LIE

Now it follows from the excess Tntersectton theory E
Ex fill out the detail of the proof .



§2
.
Non - Cartesian diagram .

• computation among tautological classes involves
various pullbacks & pushforwards along te -

• In particular , it is very important to understand
the following diagram :

e.

ttg .
none

,y-
ly TacQ ttg.now " Itg ,nosys

→ ttg.nu391
A- (8)¥ % !

*..

I Ths

ttg .
now
- Mgm

run

Two issues :

(9) The fiber product is not smooth .

→ This is fine because Tx . Tex, are lei of relative
dimension 1

.

The excess intersection formula

Ttx Fy* = try * BE
still holds



(997 G is not an isomorphism .

¥7" e. fit fit
→ At least G is birational . so

Get [Nig , nun.gs] = [U-g.nougxu-gmttg.nos.gl ]
=p Ttu Ty * = Py *PE
So we think of the following diagram as if is
a fiber diagram

Itg .nu Ex.gs#NTg.nu3x3
e. t a ft. H ')

M-g.musyt-yttg.in



§ 3
. String Equation .

I '- Agents→ Ntgm .

Di = Pittg.n
←
Pi

Lemmy G) THX i = Qi - [Di]
(2) 4? = TH Xia t ¥47 ' . [Di) AZL

.

Pf) NT g.nuhx.gl#M-g,nuly3
Py f fay (d ')

Thx

dtg.mx- Agn

Tgif -Ty *CD;]
'

) = - @y* BE [Di ]
"

= - B. * ( ¥64; + #-Eg )
'

-28*4*-9-e; )
4i-pyx.CI#t-Egi-ey*l )

.

T T
4. =!Fig in H' atom

-

- Yi - B*C¥-¥ig )
.



←
Check !

= ti - C Di ]

GI Xi - CDI] = [Di
.
Yi] = [ fog-4 3=0

Induction on a .

4ft' = 4? - 4 i
= (t#4ft #47

'
II Dit ) - Yi

= I*yea ( THI t [Di] )
= Tibia" t TH 47 (Di]

Recall :

( T④ . - - Tian >
g

= / 4," - - - funk"

I M-g.in
exponent . not the ith marking .

For each O ES n ,
7- isomorphism

r : Nig . n →Agin
permuting Cn] - markings .

Ex check Sugita" - - oh
"

-

- fog,n4n% . . - Yan,
"

.



Stringy ( Toit,T.kilg.NET?olIki-jIfTkjlg.n
Proof ) Since i - th sector is disjoint from j - th Seaton,
we have City)

[Di) - [Dj] = o

n Ki
TI Yi -

- IT (TH4!" t IT* Uli"-'[Di] )T = I
-

on Agner = It
,

title
"

;÷;CDi] - IT
*Coli

'

lui's)

Now IT * IT
*L = Thx (TfL -

I) = t.IT#tt-- O
, so

→

=L 4!"
"

4,4J . TixDj
Ki>o -

IT*Pj * I = I
.

E



Two consequences in g=o .

⑦ The taut ring RHMU-o.nl is generated by
boundary strata .

↳ 4 : = 1-44 in HHMI , y)
→ Use 4 - pullback formula ⇒ Hi =I

'

boundary
stratafor all n74 .

→ use boundary intersection formula ⇒ all 4 - monomials
are I boundary
→ pushforward of bourdons strata is boundary .

In fact
,

RHMtto.nl -- H*Cito .nl .

EI The coarse moduli space of tier is IP'
.

⇒ Show that RH# Citrin ) is also generated by boundarystrata

② If I ki =n-3 , t.TT#iyo--&-3)!Tlki!
⇒ Use (Tr>o -y =L & Induction on n .



§ 4 . Dilators Equator .
Notation '

. For a family of n - pointed nodal aime .

X# S , Pr ,
- - -pm :S → X

write
Ka, = c. (wa ( pet . - -+pm) ) E H2 (X )

.

Fast [ Knudsen ,

'

83] Let it :X- S . th - - Pu ) be a
family of semi - stable nodal aeries (ie 2gal - 2inchZo )
Then I ! (t' : X ' -s S . Pa . - pm ) and f :X-X

'

which

contracts unstable components

III." Greening
Moreover f-* was (EPI ) = Wxcs ( Tpi )



Kp , Kee
M-g.nu says € Ng .now

¥5 Mig . n
u - y

Day -- [ ¥-egg
Tac K

By [ Knudsen , ' 837 , PF Kroc = Key - [Day] .

It '

God
.

Xx = Ktx in HZCM-g.nus.ca )
.

Lemme pry * (t . [Day] ) = IET V-VEHMM-g.nom.gr)
Pf) Py * (t .

[Day) ) = Py * (9. Ta*It)
= Py * (Txt ( Taft . I ) )
= GET ME

Proofof God)
4.c = T.ECaCw pg) )
= IEC Ca (w putt [Ddt - - t [Drift [Day] - [Day])
←

he Tx does not hit Da , -- Dn
= IE ( Kpy - [Day] )



= Py * ((key - [Day]) . [Day] )
E lemma

= Py* C Pj Kita - I Dxy))
E Knudsen
= Ktx
*
projection formula .

KI

Cee Ko = Fallontr ) -- deg (WxCD)) I .
= Cg -z tn) I

Dilatonhg ( Ty II.THE kg -un) LII.ae/g.n .

proof) I * (4miII
,
Viki)=¥4n" II

,

#4 THYiki
- '

CD .-I ))
Fa TH (Qnx. II THU!

" )
✓ 4mi . [Di] = O
= Tellurite) II. 4¥
= kg-2+4,1747' De



EI Compute all LITTki>± in terms of
say, -_ Ia .


