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Exercise 5.1
(a) Let φ be a continuous process and M a continuous local martingale started at 0. Prove that

(φ •M)· =
∫ ·

0
φsdMs

is a local martingale started at 0.

(b) Let (Ω,F ,P) be a stochastic base, such that there are two independent stopping times T and
U defined on it, which are independent and have an exponential distribution Exp(1). Define
M by

Mt =

 0, t < T ∧ U,
1, t ≥ T ∧ U = T,
−1, t ≥ T ∧ U = U.

In other words, M starts at 0 and jumps once one of the stopping times arrive, with the jump
being either to 1 or −1 depending on which stopping time arrives first. In the (probability 0)
event that the two arrive simultaneously, M can be defined arbitrarily, i.e. we can take it to
stay at 0.
Prove that M is a martingale with respect to its natural filtration FM . Prove that, for
φt = 1

t1t>0 (which is predictable), φ ·M is not a local martingale with respect to FM .

Let S denote the set of semimartingales and S1 := {H ∈ S : ||H||∞ ≤ 1} the unit ball of simple
predictable processes. The Emery topology is a topology on S generated by the metric

dE(X,Y ) :=
∞∑

n=1
2−n sup

H∈S1

E

[
1 ∧ sup

t≤n
|(H • (X − Y ))t|

]
.

Exercise 5.2 Show that

(a) S endowed with the Emery topology is a topological vector space.

(b) S is closed in the Emery topology and complete with respect to the metric dE .

(c) Show that the Emery topology is invariant under an equivalent change of measure.

(d) Let the set of adapted càglàd processes L be endowed with the u.c.p. topology and the set
of semimartingales S be endowed with the Emery topology, and let X be a semimartingale.
Show that

JX : L 3 Y 7→ (Y •X) ∈ S
is continuous.

Exercise 5.3 Define fractional Brownian motion (fBm) with Hurst parameter H ∈ (0, 1) as a
Gaussian process (Xt)t∈R+ such E[Xt] = 0 for all t ≥ 0 and the covariance function is given by

E[XtXs] = 1
2(|t|2H + |s|2H − |t− s|2H)

for all t, s ≥ 0.
We take a continuous version of X and denote it by WH .
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(a) Check that:

• The formula for the covariance is equivalent to the condition

E[|Xt −Xs|2] = |t− s|2H

for t, s ≥ 0, together with X0 = 0 almost surely.
• For c > 0, ( 1

cH W
H
ct )t≥0 is a fBm of Hurst parameter H.

• For t0 > 0, (WH
t+t0
−WH

t0
)t≥0 is a fBm of Hurst parameter H.

• For H = 1
2 , W

H is a Brownian motion.

(b) Use Birkhoff’s ergodic theorem to compute the almost sure limit

lim
n→∞

1
2n

2n−1∑
k=0
|WH

k+1 −WH
k |p

for p > 0.

(c) Deduce that, for H < 1
2 , W

H has infinite quadratic variation.

Exercise 5.4 Consider a probability space (Ω,F , P ), together with a d-dimensional Brownian
motion (Bt)t∈[0,T ]. Consider the natural filtration FB

t = Ft generated by B, and suppose that
FT = F .

(a) Show that any absolutely continuous measure Q� P has a Radon-Nikodym derivative of the
form

dQ

dP
= exp

(∫ T

0
λsdBs −

1
2

∫ T

0
||λs||2ds

)
for some λ ∈ L(B).
Hint: You may use the Itô martingale representation theorem.

(b) For Q given in the above form, and assuming that Q ∼ P , find (with proof) a d-dimensional
Brownian motion under Q.
Hint: You may use the Girsanov-Meyer theorem.
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