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def adaptquad(f,M,rtol,abstol):
o
adaptive quadrature using trapezoid and simpson rules
Arguments:
f handle to function I1° N X Ty,
M initial mesh
rtol relative tolerance for termination

l"\;-_ oYy 69 (610,7(4)71,7(5)7(433

abstol absolute tolerance for termination, necessary in case the exact
integral value = 0, which renders a relative tolerance meaningless.
h = diff (M) # compute 16L%Lho of Hth 1nLer rals
mp = 0.5%( M[:-1]+M[1:] ) compute midpoint positions lil'c.(")t )") Eflv\'ﬂo ’%ﬂ” ﬁ_)'m/ 34\'?&;‘
= f(M); fm = f(mp) evaluate function at positions and d 18
midpoints ;L Tavhiy Lr auae,s‘
trp_loc = h*( fx[:-1]+2*fm+fx[1:] )/4 # local trapezoid rule
- < ary
simp_loc= h*( fx[:-1]+4*fm+fx[1:] )/6 # 1local simpson rule Bﬂ\ok{,&( S’in (L? AL L"“ﬁ"’"
1 l" e 49 | T}Q ”g —‘f

I = sum(simp_loc) use simpson rule value as
intermediate approximation for integral wvalue

H

) -:asi'f_loc = abs(islmp_lqus - trp_loq) ) # dlIIerenc-:l—:- of dlur:-.a thal{;gﬂ from ')\‘c O Ie—Gf
local composite trapezoidal rule and local simpson rule is used as an estimate /k_
for the local quadrature error. ( =)
err_tot = sum(est_loc) # estimate for global error (sum 3 i ( F [
moduli of local error contributions) NL'H Grin .ZL.
# if estimated total error not below relative or absolute threshold, refine '—(_
mesh L ot
if err_tot > rtol#*abs(I) and err_tot > abstol: oL > :]"' . l
refcells = nonzero( est_loc > 0.9*sum(est_loc)/size(est_loc) ) [0] D ° [ 4 |'nt¢VVb ¢
I = adaptquad(f,sort(append(M,mp[refcells])),rtol,abstol) # add I '
midpoints of intervalls with F..:UELJE EIIUIWJ.UHQ, recurse. — —_ —
return I MM?' —226-(‘..(, =) [{‘(alse) Iyqe] ]\rqel FalSc_]

5 V{[‘E)?(’ )(H?‘S 2, qu ,""\(’L]) [D/ 1 ) 1, °]

Nontero —> Welche Indecies sind #o=1,2
l/ X574 -\E )')(1,) 4"/’1,;"‘3 7, \

2« —>  Lese L\@Lr {:&/ monero  um  [?) "I:uv{’ry(el'wzq[
neues Gotter o M 1

7(L 5
L 1
J N'———5 Kak,ursz’a'n(
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In [1]:

In [2]:

In [3]:

In [4]:

from numpy import linspace, exp, inf
from pylab import plot, show

# Plank's law for blackbody radiation
cl = 3.7413%10%*8 #W \mu m™4/m™2
c2 = 1.4388%10%*4 # \mu m K
T = 1000.# T = temperature in K
# lam = wavelengtih im um
# monochromatic emissive power of a blackbody:
def Eblam(lam, T=1000.):
return cl/(lam**5*( exp(c2/(lam*T)) -1.))

print('----------—- plot ——————————————- B
y = linspace(0,10) "

plot(y, Eblam(y,1600.)/10%*4) 2 1

show() 1?

print('----=------- integrate: quad --------------- ")

from scipy import integrate

# total energy lost per unit area

Q, abserr, info = integrate.quad(Eblam,0,inf, full_output=True)
neval = info['neval']

# Q = sigma * T"4; sigma = Stefan-Boltzmann constant

print (Q/T+*4, abserr, 'neval=', neval)

———————————— integrate: quad ---------------
5.669294910232968e-08 9.879197389039973e-07 neval= 105

In [8]: def ga(x):
return exp(-x**2)

val, err, info = integrate.quad(ga,-1,1, full_ output=True)
print(val)

print(err)

print(info['neval'])

1.493648265624854
1.6582826951881447e-14
21

In [9]: def gaabc(x,a,b,c):
return axexp(-((x-b)/c)**2)

val, err, info = integrate.quad(gaabc,-1,1,args=(2,0.5,4), full_output=True)

print(val)
print(err)
print(info['neval'])

val, err, info = integrate.quad(gaabc,-inf,inf, args=(2,0.5,4), full_output=True)

print(val)
print(err)
print(info['neval'])

3.8599302795534305
4.285383469808035Te-14
21

14.17963080724413
2.5011577807838655e-08
330

17



In [13]: from pylab import subplots
import matplotlib.patches as patches
from numpy import *
def f(y,x):
'v must be the first argument, and x the second.'
return exp(-x**2 - 3*(y-0.2)*%2)

from scipy.special import jv

fO = lambda x: jv(0,x)

f1 = lambda x: jv(1,x)

val, err, info = integrate.quad(f0,0,5, full_output=True)
print (val)

print (err)

print (info['neval'])

val, err, info = integrate.quad(f1,0,5, full_output=True)
print (val)

print (err)

print(info['neval'])

fig, ax = subplots(figsize=(6,5))

x = y = linspace(-1.25,1.25,75)

X, Y = meshgrid(x,y)

¢ = ax.contour(X,Y,f(Y,X), 16, vmin=-1, wvmax=1)

bound = patches.Rectangle((0,0),1,1.25, facecolor='grey')
0.7163119177847678
2.47260738289741e-14
21

1.177596771314338

1.8083362065765924e-14
21 ay = lambda x: sin(x)

by = lambda x: 0.1+ cos(0.5%x)
plot(x,ay(x),'-b")
plot(x,by(x),'-b")
show()

.add_patch(bound)
.set _xlabel('$x$')
.set_ylabel('$y$"')

oK

In [11]: from numpy import sgrt
f = lambda x:1/sqrt(abs(x))
integrate.quad(f,-1,1)

Out[11): (inf, inf)
In [12]: integrate.quad(f,-1,1, points=[0]) # can deal with singularity if you tell it

Out[12]: (3.9999999999999813, 5.684341886080802e-14)

In [14]: integrate.dblquad(f,0,1,ay,by)

Out[14]: (0.24918585141988464, 7.637755883693233e-15) X

18



Sg/l-é. QuaJkaéu\r mib ehsbter Om(mmg_ Méchte OrAmuuy p=
—~ T T Jyedes Po(y'hov-« vom Gved < p-1= Dtom-1
A Knolen auf Re{eren}dv\fwva( ]So bostlmnt | Soll omif QF oxakt (ntegriert werdes

N Gewichto S lolynoa vom Grod P12 Ném -y
Aoss Pol,ghoh«@ }/\é‘clxsfpg Gr&olﬂs expbt onc € [Di: '(.‘Qc‘(e ola‘s Pofykoh« ,F durc,l\

dioser  QF imfadc( rert werdex Mo = (%= <) - (2-<,)

Sedir =
\)U(,Q Llooll k‘-ahk Sa e(‘hé @AG—/P‘&_ \L(/Vo/ﬁ u)\ﬁ 5'6('7’\,?

25 Unbebonuts (kmoten, Gewcchte), foo= mcx)g(x.)-{— ey it Qo dr) ¢ -1
s GLQC'(}Lq.hgau; A 1 A
‘o ode = ) Mgy JF '
§ ade= ®, (1,91) Jovc‘ JO g6 JT+ J ré J¢
DA Do QF \\c’* o PF exalef-

o 0 e _,S)l(
J €44 = QA(—(—) 0, 1) \/\\ oxalck /)
° ZLJ((c)-*ZL sl l“ -

1 .Z . 3= )= o ¥ J=1
J t Q ('6 /0/4) L—

19



y A s
s all Fo( MO ¢ y =
{ Mogwdi=o for ele Talymore g o4t ) g ) NS dE=o =2 J AH dt =0 =y
O ) )

{2 lolgmon Vo GroJ sﬂﬂmﬁ MTozo S
\W(‘JQVGFVUCA =\ ]}Va}qr: f <N,
<”zg7 = _g n(é)g(_{’)o{'é S/za[akfraa/aké

(% Eau%\ oldr Fo(y"loaﬂg Of'—éL\Ojoha{Q [?b(‘(jhoh\e
:T}\aorez.ﬁ
Of‘dﬁuhy ﬂ’W" Cl)F &t D42 ==>> o ’1 &ILC_)R éew‘o&é?(u nk 6o
<I~1/g > =0 PA‘V c«dé(o(bhghﬁg_ Yoz~ G;—G/é_oh-'f «Steé((j /b\)(m >o ‘f&‘w— alle x 6—]0, ;[

b
@;,,\'— /)f/% 4/]/ %/ (‘L,_,) é%‘hq‘l N f'\_L 634,\ S lxlkbuhod?( <L oo )[é"’ ke=0,1,v,..,

O~

Betochte don (c'f»\eareh Rau%:

Tl\@areL Ordhuhg ener (()F (st [/lé'c/ws((ehs 2 0,

A
BQWQ‘B A"’l"\(cl\’un@ : f'7/ 2041 =) \/3 6 SLIG(LC€R7 Sfeé(‘;’) J l'P’OZLCU(X)/X 40"}

1
50 f’l({-)g(,x,) At =0 pu/ allg ﬁ)(v-—‘oan(, Vo Grsd & A#/,Ea)

Welin ¢ 9=M
20



Be o, A'(,(e PO(LJ%OZ”( (Cnf n  (nr V &a'z\ C’U CL)___ < Jc'e NMHSN/(ZL\ Vo = (f'” Vo»\fﬂ '
\/l S/(-a(ar /)I/odufaé L H:f/)
4‘(,37 - J 7((.2)5()& v (X) /);

C~

TL\Q()Mh_ [ &Pa%—gc&».c%é (O Z./q':}
Es exStler € ofne ec‘z\p’aqﬁ“ﬂz ﬁé;{ Vo Fa(aho’;.e;‘ GV“’“’SCAM‘JF =)oyPLe;°M/< Vo{‘ahoz,.z

/
Eﬁ_pbwms/{ ) a=o,b=1 -~ j 7[(703(1)/;(

foifs,-- et , Légehd're folynome
()= X +0’°’b’””‘" Vor Gréd < k-1 QF: Gaugs - Quw'ra('ak
5o oless 2) ] o
ﬁ( L % SFU fh___) ﬁ(_{(]_ 3“1“': 1’M,UC /w(7(7= L2 = Her%c'(ée fo/?hoh.z

QYE=> Herme fe - (t)“ odrafur.

b(:ese Fo(bhohé loau(‘ 2246 n So: (;——I’ér'hﬂ pelcukflbq)

%[) GNASS— @uoo{lralé(/k

2
ﬁ‘”(x): (x- Fl(-H) ,pk (X = g)l:-c/ ﬁr—r(x)
CO( '{] No f(‘lre [Cho‘f’b\ é’—J /J:—'/.../A

(}n(% Fo(l):/l) f‘7(1):‘_0 ,QKA ]‘\ C‘\'f,/ll Wof.(er( k"l Ofﬂy\ /C_() ,J_",f_.,’ﬂ.
<X’fk [ie? 2 <ﬁt,[¢ e Bem. . v ' )
(5‘(4{_; / o : o O,Pc Werden sle abey 2w P (1)=1 ooyt Do Y }LUT'“Q

<,7l<,/¢k_7 R <ﬁ<‘—~/) ﬁ'—-l7

21



Leweis Jos Theovems £ Gram— Schor At —Or(’Lmj °““{"5’p6"°‘°“23 Sehveite DCVL-F’/’;"L J i 5"”17 < by

=
H@H\&%@{'(‘s che [kaulf/‘ét'o’\i OA/_J
Annidime « Y)‘”%"") Pk- l:)@)fu‘és éé/léaﬁn\L =) 51,9& /ﬁ(_\q = < [)M R.7t éﬁjlﬁ?
?/r'(g(z‘- omot yuiley € :ko “f p=
k Somi € kaifi-,, (=2 o) == T Ly
VAN P P Z Py foniy>

9+Y F‘d:k J{,le~?__ :
bmA (oaraalw\a O?a' , S0 0\655 ﬁ(_“ 1 ﬁ; v (S—t_d)l..Jk.
'DI(—M']’%' =2 0'—"<—/7(‘{_“/()):{31“))0()'7.{.&5(&} ‘]'>=

(71064 "]‘f)u, &2 O:<ﬂ+4)701<_>:’

< -1 - .
=Xl 0l L Zfaf ,/Z> X<l RS = 4&9:165 + 03,4/(),/;-5 =>
=0 )/ & J..,\/uk{'('ws\ L G ved j-ﬂ zle=11
O ahrs hag . 3
&> o Thl> I
A B le—+.4 = d‘

’7444 Lyg & v”~<7c,¢k]/i_1> + (Xz(_fﬁf—h >+ 0
A
abey < f,‘) pk_1'> - S_qxﬂkln)/’i-’[u JLn_ 5/2.,)%/1:,17

29



0 D=/ aa.p [0, 1) =) f,,(x):x—” ¥, =

2_ P ) 1 —
a«j, C""(’Q =)

Gowichle dor Gruss—QF stm ) fost b

)=X =) e=o L =4
{ 4
(/ /) & I DQq(- L#jkahaz_ /70[?110%@ Tu S(Cd{?-.S?(é/(éz,\ Xo,”f,..ljz‘
BG‘L‘*SS—({)wﬁall’a(oV ’Jn('f Da{ Enofez = ﬁ/aR
Ordnu,. 0=2-1=2, ,U'V (=011, N N X%
- ES z A ﬁ-(): /(
H= (=1 1)\ )ox - = -—( - — 1
D) L du.# ( & rb(’iC 2¢ ! D S L X 3 3 J:O xL —-Xa-
-+ 1 ¢ JZ 4z J#C
Y”Z— — = _Fﬁ/cz.: -+ — .
’ N > ¢ s
‘Si}? X"’/x’/xl:
4 -~ ~A4
Drd;\‘“'a LD = Z-Z—:,Zf U ﬁ,(ﬂ”—-’] nl'\bV‘lm'Q;/‘(_ L (xi-= X=X{ _ X~A2
/J 5 3 7 2,-Xq  Ho=X{
2D o=y anf U1} T p @ S - 3x
\r—— ,?,(u) = —
5 X —X X, —X
w, =0 Y,,. * = _ { 0 1~
L / 4/77 S_ l" l - 4} /)-—4
g - 2 v Vs S - Yy X~T{
1-77/; E ] A1yéb i ¢ | A =t Q %) = ~ i
?L X — Yo X Xy4
OVd'V\.Ln,a 2/ = 2-5= \ﬁ;ﬁ JE

p—

D)
1
&h'. GZW(OI{t( \/VVV‘(}&,\ L(.(_ey "Hokd(:&rc/,,\d. Vc.fc\ L(";ja /((f)ldﬁ (/p(";_ LQJPGAJQ /00(7;«0;,\)

23



_B_e_k 1) /Q(: (7(() )= o ;&'r— Q/(p (;Tlé()' ﬂ@.brtk ‘D‘e ée\k/t‘olt (( dQV G&USS Ct)F S("'\OI /’bS(' F(‘V-

ﬂ &Q\)'/Q(_‘S IVQVWP;\(/p 0{(.( LG;VJ% 0- [7617716?7@ PN
LY 9’\4—/ C=" den Stefrstel(on..

ij C,_/__.) ,Cﬁ_: [Chofﬂza /@/’ O,C

M
Z Q.(x)r’f ,@P a(/a xe-//z_ 5,\,,”/ j.:/)~4 ][;}V (‘—_1,1_,__, Y,

¢ 2 4t
(=o
A )
M _
2 () Y —)
S) L /( (x):‘—O #{(r %7//,. S }({’)/{ N 2 L(_— ,ﬁ((&:) .
¢ O
( =o =1
%(Hff z@b'('é)?— fo(cahohﬁ Voun Girad 2(-1)
C) /00/ ,04’__' /01\ Lc'(d'eh el e .ga.s/'g (n Rawn- /)
A L
J‘U’ f?b(,‘ahoc,,. o GO = an O <L S’ ﬂc(f_)l&[t: Z Lb' /Od(ca.) e L;b/‘
g(‘r{ 209 (n = 5:4 “ ¢ -
YO0 S T S SN o ﬁ« MA ¢
\\ _______________________________________________________________________________________________ P 158 5=
----- == b Frenrep Loo (0 ESmnfomin Voywtndn
N4 SO o N O

W . 69 WlZAI{.e (X VO&A}\UL\

Abb. 8.3.2. Die 5 Lagrange Polynome zu Knoten (), + _7 T 1.

24



Es of(c'Lf' ecne bessere  Nefthodv, 3-Tern Refewrston (=>

2{()():: “((}c)f-i,{n(x)_ﬁz\
— ‘ , — - a -
3-[Lran ﬂd_kur¢kl 7[(/(/ /ﬁ()kozp\e_- /thé} ,’c\q 2_____’/’:-———
(th(-qwa E(E/i s(w\d a{(jc»\ach)f’% }C‘V\o(“b\ \(‘;\@6.0»\ dﬂ/ Ga USS—Q)F 56'»:0( C{le /Va((s?‘a L(az\ Vo n A{)C)
f]‘é (x) = ( a"’)c -(-%o> ﬁ(‘,(’d — kfk__;,(x) — ('5 é fL, , —) /_h ({C] )=o0 {(‘jy ()\: (..
(o ]
¢) =0 70 =
T faea=t é{hc /fﬁ@)m
) & n’—t =) ‘f‘J E(-‘gf’.‘h\)uéké a’QV NO{TL‘/‘C :_/_4
V(((‘) 5('301,, Vektor O Mefric 7z
g&'// =1 — () =
1 (x) f'focf') ]
— d 4 A
(’r/—,_’l f,( 6’) = (€.) ij =
ro('c) j d £ d
f4 @) ': ﬁ; Symmeflisch,
A
g - Fo(6)] (25L(4)
B4 @) Be ., s gLt 2iem (ch gafe numercschy
e Verfa!\rch e EWMoliles, zu (e
| /»~1 &)

25



a1

1]

1]

17

from numpy import arange, diag, sqrt
from numpy.linalg import eigh

def gaussquad(n):

r
Compute nodes and weights for Gauss-Legendre quadrature.

0\& E‘41(>

n: Number of node-weight pairs

arange(n) #i = array([0,1,...,n-1])

(i+1) / sqrt(4*(i+1)**2 - 1)

i
b
# now we generate the matrix; 1t 1s symmetric

J = diag(b, -1) + diag(b, 1)

# 1n order to find the eigenvalues we can use elgh since J 1s symmetric
x, ev = eigh(J)

# finally, we apply the formula for the weights

w=2% ev[0,:]*+*2

return x, w

1]

1]

13

17]
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from sympy import *

X Symbol("x"

Symbol("n", positive=True)

# First we generate two streams of symbols corresponding to knots and weights
xigen = numbered_symbols(prefix="xi", start=1)

omegagen = numbered_symbols(prefix="omega", start=1)

In this case, two knots and two

n

# Now we specify how many parameters we need.

weights. Therefore we set N = 2
N =2 # Choose <= 3
xis = [ next(xigen) for i in range(N) ]

wis [ next(omegagen) for i in range(N) ]

# Using sympy one can perform simple symbolic integrations, which deliver the
exact result.

# In order to do this we use the function "lIntegrate"

# For every n in the interval [0, 2*N-1] we set the condition that the result of

the numerical integration
#be equal to the analytical wvalue

eqns = [ integrate(x*#*n, (x, -1, 1)) - (sum([wi*xi**n for xi,wi in
zip(xis,wis)])) for n in range(2*N)]
pprint(eqgns)

# Therefore we get a system of equations which we need to solve:
#we set eqns = 0 and find the corresponding knots and weights
sols = solve(eqns, numerical=True)

pprint(sols)

20




BQTQCJ\MMJ 0'2;/ Geuw‘cﬁu‘q f‘:'l" éauss«(\)uaJraéar ‘t"‘,LC"'{{?

i, ’g F"’F("’O’*\ZF (£ piG) w, T

J ,
I \4 v Ny p (Uu/ - - ,1 TG =5
, LFK Grod < 2n—2 y M ) = =
'f (,"' k_ /1 . / 5
_ I ) N
onstpubiton: Glfom—gc/w(‘/f w—‘) = f ((—()) f[ﬁ()) = H f{(Ld ) )
[70(7() "’ 2_\1 .
i () = f«l(x) (\h {71’___) {;4\ - Z lok (’{\d )
" k=o
Notiare ﬂl—l(ml OJ Qy W. ~ 1
g:@(ﬂ) {(E?J) ‘_f—(‘h\)] ——) “{(_6;){(

A(S(-f@ bc.e gngkvo,bzforek SC'A} nidt @c\‘talu«f(‘g_

- T
i f:\ 0(4/?( Wi, W) f;\ QUSser gfen (:‘4«# ey normierfe €V,
= = -
~) T__j (‘v\vuf{e/iak— Se(' '\_fb och E('jahve{cﬂ)r =) @5 j(lé C ko»\sf_ﬁhfe So
T
Al | ¢ o5

D/



fo{+J) BJU?_. 45 éauss,—k'nbth SC'ha{ i h € VGVSoZac47<e(6

’\_5 —- < :{i((‘d') — T r = F}?a(ey Lcc' M&/ﬂér'wéﬂ'?‘,-..
for. (5 2) G”\A/?wzk(‘b sCnd Fecme  [neben—=)
Glaqss-(/(: & o#ezq_
4"’4f01/§7= g ro(ﬂ)nu,)&lx =5 /0 (t,):- %ﬂ 3) Mouchnel Lravcht sugm 2(n 60’6}/ Le(‘d(
~1 Ekd/)qn[é(( /eg {ﬂ'(_egVa#(‘OHS(HfGVVa/S als
é 4 ‘)..) K%b(\ek —)
(;\/)’ ) — < Folf'l> = C. Fb =) = \E—(\_f 1 1 [cvebtn {23+ =) Tax (}rdhuzﬂa 2A-1 QZG‘JM\)
L 2 |ene fen JCQS.'L- => ez ()vd’mv 29-2 (LoLa/(a)
:{ (6‘(5)'—"- 4{1 ,\—L(): \f/j ‘)) Ma = ('I> FZL{ (Zk Lec' éaass — (euc({:)a éo/— -
2 (v, B “ (%)
J 7((,()(},( 7 LJ jL(CJ> = j(( }4 du FocTel
(A ”\/“5 < . )= 1 L
()= o ¥4 XL Xy R4 G (L ed) l /cc,,kg(-,,(~,kg
S
B : —
bu()?_ 2 (\l .)4 / ,q_(‘a (('e,/l)'l! "101""<U’f<s V=) d [S }(zc?di( ZG f)}{ ~) e C L Mo /J'@z))
voy? - wiz2 (v9) = Eetacel

28



S§ZEC sche Verlohre, [t ODEs ! ! :
K‘F ‘ﬁ e ,g DE /{.Ok&l%uz.g_ g[o!aa.(,: (w\eau‘s[ere d{e VQOAWLe S‘e(.fe"

— . ‘ : — A
ODE OYJLZ@VH A‘#@Y@)\,’{‘(‘@( QﬁM&TL(‘OhS Mo A = X ?\ °<3+__ - 4 0{ 9(3)
ge\)vo nlch e D%%[ereh-h'a(_glef\(jukjez\ NQM?S el L Jelecs Fyk = klocs
-S{Z./( LLa’lQa}'LS(Z}"&_hy 3[0&@({ fAkA [a/ca(_ Fi[*é\—:_ -~ _,_F(_{_) Ll (_
2 of  Lzakte Losun
e HB ¢
| . ‘ ol o, _ 3—
::'(Q %Qo{(f’):—-'h/t?ﬂ»{/b\ o< (t) (5( w«_i_
X (ol = o./
P P}’\gs'”:: /)alp\xc\c—)r:; oL (€) P i &
Y= . °
FH' \(:;— vn(wé) + o cor (o)

&
>g“+ Ay l’u" (€Y kelecn.
* _ \ TV‘(.‘Clc- y '
<)== 2 pinett) @ 006 2.0cbn - Reduzare Jie Odverygor 026
A d: Mofiere ;p(f): o.<('€'> _
o 2wecfe /]'é(e('l‘uhﬂ =

g
O<(o] = do ¢ (‘e) _ X
olar UhL@{CGhn_((Zk ‘9 - °4-(€’)~_— .N_’h«\g N 0666')

D(((ﬂ:- ol
Ponktion = @=> Sgsfem ODEH 4 Ordlnuny
o) = ,f‘(:(m @aw&b'how\jdk T woht o< =
v _ AL ¢) ‘Qxf(c'?‘t‘t ersd.a,(‘h{ P = —Mm g am o<(¥)
bk('{’)' Wlx( (ol = &/ (7
plol = A p

20



- T l : o Kol CRAOGposee ‘ 6 Sen
& :—Z’;MI i [ °<:I 3: EO,T]'*% 7}21 u'n Lc/cw.m"d F«M/Cfc'ab.. Ae@/ ( ! ( serestere A(Q o j s
f — T(-)-gtov U i ‘é% ,y&‘k 2 (+)

., 9(6.) .
Lyy= . § . RT=R" ) €
=z = -2 M dy B \ 9(@
] ‘ Tl
(6) ¢=> 'E': 3( ) \ 'J‘ Qa4 (QE> ~
(2) . JC% {“hﬂ _é_

Taglov o, ¢, - 9 (£ Jh)= Y (ﬂ—d\‘b(ﬁ,) * O[h2'>
— — —
el MSchte A[)/Voxc"eﬂmh‘og Lo 20 Q [ ()
G (T)= Lxokfe Lé’sm«J 2 Endrect T g 7 '9( 67’\/‘9“‘7))
— LZ —_—
0 6 ‘(‘.‘ t,,\ 6 + -é yz«\
Zectgotter: - (_’: i — :L J
- L‘m = @_G) ‘-9%*4 = g + h »)(( (‘;.) 2. ) QLP(C'}(ﬁy Euler
O = toéffl 4 61,5... <—61«\ < 67\ 1 L < é,\/t‘_]q bo = ‘_J_(fg) gaga,LQL. (,DIC&(QV FZHQV O[Ll'l)
'de{'Sozlvc‘ét L\ — _
"= ‘6,’4+4 é‘,_\ N=o, W, .. \(_3_('64«_”) -34«4-&\ < CL\'Z.

%Ou«e A’f/ko;(c‘anoﬂ‘okoz« ‘?M"—b’ _g_ (61«)
30



a."\dlre Herlecéq\.a: ‘3{.‘ L La Naue {Jl(’,'- {C’haal"-S(‘le [0[46.[ U d(-@ ”{‘#Q dpg ,,r@,,va[,._
° 1 v ﬂ+ L‘? 4 *?h —_—
Lk, gee)= g L= Lo, oV Gglor %= L6 16, )=t e &6 for gl

N4y
- - ~ 0\+1
—\ k\bo A A

>i{e.€ " ?_Hmﬂ‘“—é(t sz_% E_/M O({—
Tag lov  im t’"-w ,par i(f) :
W:gg IR 0B

‘Q(ﬁmﬂ_l\)tg )~ Lg RET Uy S — O =
: 3 _
12 2L E(éuﬂ\“?(fh): L‘Q({j> + O(/\) =7
dae g’h-tq ‘)L( 71_” z.,{_,)) - (
«;’iM FUe5 a6t
&(6) EV\ = CrvVEE L\ 7L[f”'44)‘ﬁ744.) (e n fer Gle
: S Glbne )= 9060+ hf (€550 ) + OLL%)
N=0,42-.. yozyffa) 7¢;eée;,\ dlealer (Fehles e h - 3
O/HS) y b ?
Bea 7(“’:”_ é_ /"‘,“2‘ M4 2n .
A

* .
Do = Do - L(-%)m;7ﬁ41 algebrasche Slecchan, bon. 9(¢) JURY broscho mecd o Treek !
ggk ?w+4

31



)

1 Rommarbur, Addtren we Jee Gleces uam . .
3L Z(Eﬁﬂwaﬁwn) = kb trem wir Jie 27 Gleching

LY T .
7—.,\ I%M (a_('ey,.q\‘f‘a(f‘h): 2_2(‘6*>+k‘4\?:) —;’((’%)—f- O( L\Zf> (—=>

E’“M = g, + A 7(( é”%,) _/{i{_?’*‘LE"H))I CHP e ‘3 (6%-> - ) - 29 ( €.+ é;)—r_;{ﬁ‘) (L\L
k2 Q%)?_ — )

Cmplewiter  Mottetpunkfsragol. [ lualer Fehley

» La”\_‘_ -9 -f"a_.k

- o[L*) =y ah)q T T il lokeclor
Z * ~ /r - o = r3

LE 2N (Lt a v (b, 20y) = &)" Reller O(h*)

— - _ ) = &C’h eT‘ICUhcﬂ_ ge(ée peG/\hu—L? Ui .é},\ =)

\ = 4 . . -7
(3,,\_H %,,,\ 'f‘L\ 2,( /g:(fh)z,,\\ -+ -I[('IL’Z"‘f/Eh—F,)\[ (,TQ (3 (64") ~ (_3_7\41 ?V- —+ 21«4 %(._F (ok_a/Ok szqlck
L — s W,

Canflaa'f«y TP-&/’CZ-V‘QJ@Z /[Otea./el’ Febler 0/1‘3)

Bew.
DGS g&ltl[‘ Sp nur Wi Lj(t") g(at't' jdhu; ¢st.

32



§2.2. S'(jftglf'%é')'— VZV(@.{; VQr7[aAV¢b\ ‘34 == 2.9+ L' !J -+ %‘L ’g( '60)?‘.7 )

—

Lg = ’g:(t)z\ © —fl; £ T @6-\/31 {.otcc.( O(Ll3> uaa‘ 9&,44( O(L,L)
1 9T -9(e )] cc-h®

Ge(~ %
L

/)

No(_(.‘er( v

anbsprich s 'V-(—(I‘ < _i L.)

(gqf‘a Approxiamcfion 6 5(6”_11,3)

Q_x’r((‘ %(‘{_ef J 2— S(,L v &L— \/er#[,yq_b\
—) EI/AucLe Sf‘ror{’\k/erfo _‘2/.{1-01320

-‘_9:12\\_/—?“«4) (i‘ —(-l\ 7/_;4_2 Lea/)——j(lroa h
the Megleieet: (9 g, =9,+hiltz S R
—;_ y S
Twe te ﬂé’g(c‘o/\&cc‘f: Td-;(o}’ mcE 3 lerne I{— ( . st y
z . 9y A 6) 9 (t,) N0d9°"
QN = G U1+ L9l +%__ g )+ oll,?) => ott)  VIE L) vihedy vt S gred
4 K Ty ) Ve b e |
\éo VYo 7(”?’)39)

—

33



U

BQSS'QV /)‘00&: Ve (occ'{l(j_ ng(e{_ll —Verﬁakfehj

L
%ku = 2+ L\\_{J ~[“—L &lﬂj 9,)

c—

))

1
Ykﬂt%*',’\ (4((‘&;)7)4_,[,

k-(—l)__& -+

§2_3, Vorgvjdhs WecSe Le(' {%/Dle Jng M_F'r'qru}\;
A~— — T e e

2cel: (

%h(]aédi(e(c/mua r[é‘sen”: Anorom‘%aﬁc‘ok der Lc'i_%u‘).}
und dey Gnergc'e o EEele
Vd}'c';/u\ Feftt, o,

.0'(:_ _ 8 M oe( )
/A

ks _
fbeyr&'hﬂ'wy Nofere. v o= e+ —;a*~’ (Si\//\) X (0) =o,
2h ot (o) :—o'(o
— L
v - i‘_‘ﬁm 129, +h 7[(1‘&,2;\ L’—ﬂ" Lschrett » Usnschroclen, ¢n ODe 4 Ordnuns),
— —— 5 2
LL‘ Z k, @) f):'—o.é Y = I:D( F Y
= 2
) Z ,o ) 4(2)-— [Q;L/ /Z—;Zz }
?< —~ ?k ‘9 ? Ao - 4’:”
Vi ¥ Ve = “EH e < %-1) [, 2 £
— L/ T 2L el + 2449 '
L = |y = (2)
- V; —+ k\_ _ | &
Z“{L L( 7[ )+ ’}( 4+;, e+ 2(0)- l/a(‘)
\/OP t‘e(‘le: 2 ) ,ﬂ(('%c‘{‘) jerawer A/g \?G)) [e €)

QY‘A&C{ d(‘q Energie!

34



Mok e: LSSMMJ &G'herﬂc‘z Joy Zé'SWJ Ea2 26('6/""“‘?—.

oTtoctg st bt =T

@)

O
€ -
. - 9
(20{7@9@1«. o(D/ o(a/ g/ ,Q ( w -'_:Q__> , 'L(O:'_o/ T

wahle n !
gl6), 260 9())

Po(‘an{‘cﬁele G’lergc'e_: V(lj) = - 3 Coo ¢ +C
i »ebische En eka,'e :

To'fa(z éhugc‘g

4 ey, 2
refurnw ——g 6@251103 2 ” [&
4 ke Al
rebupn = 70,62

—

L”Q- toE & )
rtbey, W ACQ)+ KLEG)

Sfe[c,/‘ t’.r/?(a IZ(- \/ongr«' fa,,L /
t, k1. €, Y
'3 (o) e .. TateY) [o 0 &)
- —) GLVVO'D —
361}] 9C1 [;70?3 O o o
U,,N("ﬂ/ sl

Lé( = tlrosS ( (’W‘,Z— )> \B o |o L'I

Yled = Grroy ( [alo/ &J)

ocje'r\/

(m A‘\) %Co,\}g}f:_ %
‘QC"', N = A’é(a((cn? Aov o — o C,oj(w('k)— O'OWML\(Q,Q

(6 f) e =, o (6, ) = gL

= dyt,)
,}Ct‘)y N O/ 4/1_..) N1

‘a EV\H/U):L 3(6-,\4{>

Y Cnet 1 M(fw )

35



(e€) Bt = I+ L\7((> )

/24\

~—->c'f»\‘p(eh,\e,,-6‘efe /C'e l’%“f? ge(’/e -f

df £o);

V&FW“( 9 \ <~w1m\ "‘(’)3
%_MEA 4(>)
,E-SV heo f L. o

Yt o7 147((‘_4_\&5

yC

n4) = 9Cr) + L‘OE(Z)

(&) ?"\H: ‘2h+k7[(tg ]

—

(1Y -~
%ur n=0, 1/ L..., Nv-1

Cise niq = I +LZ/(_9‘“*'}

—QVSTQ ﬂéa{(‘dq[ce(([: &((oc,unm,'
Se¢ die Uméeé'ﬂhﬁfe é =) Q—‘é_) &= _c_l_{—LzJ,(}:)

> 33”9:" Ay(i)caﬁaif(i‘).—_o
s ——
Fee

_ A .
Mt PR ——)RA i“(ﬁ\:_%—f—z,jfcl—)
i‘e@d -

FC‘\/Q die /\/u[(sfe((g(,,) vom /

)

SCL‘F‘a, opf(‘%f'se, ,}[So[ve : e SZLQV(LW/CH(
450(.\/1 (—Fz <5 ) (nah Jor g eSuch fo,
MU“S%Z/(&)

30



Stevtwert 7[&'// fso[vc Cn ecntn  Schocbl Vo (er? Tweebe /‘ISJ(/OM@(-(\

7

'E_a= ‘97\ odevr 43‘5“{7 i€ (n. Rechbo Secfo nutte dle Borw do G/e('oéulﬁ Jos ﬂ’\0’¢/8_-

\C? L% : =1 — —_ 9" ) 5
;:‘)V Meo, e -1 <, L+ ,Q”*h'\%,( o=> EJL— az.'él'z Mt

odtyr Wos (€) Vokch[cﬁ‘Oﬂ‘ 0(3- roblem .

to =9, + bt 2~ - b =0

—

':"3 %4—44 - )’\( al-(— Ll-?—— /’4"11'?'1> =0 C_7>
y)

L
C——-) é(%\co 4’}1(,‘(_ é(:l.’): %‘aq—LQL—L’ 2——/“1‘1%
P 2
/
d(g,é(a'o[tuhﬂ (n e(ney UjiéC/Cmm;(w\ 2—6'/"/2
~ é('((f‘gfar, ed«{ocler.(
fggol-ll‘o. =) %/l ) "&‘2—

37



$24 Tehluschitrny wnd kongent  Explucte €uler g, =9 b fltn, 5,

Taglor omct Rest ale, Intogual Theoren. hY, ~9(E0 1l b Lo alle o wolee
e LOT-1) 1 4 .
(Z—“ < Q’ a) (u~1) M= _4_ ( y. 1 > — oy h 8(%)4
_ & +——~ () + (a) ¢...F—v () 2 0 .
,&(7&).’ {C ) «F ’S’ i) £ ] éez:tlT?
~ 1 :
(Ihf " (£) At Bewes = 2 golwc’ﬁ‘f.
o (0] D lokaler Fehley = ocn Shrctt ol Sty tyert AU
Y= g(t)g\\ e € E(ﬁ,b_j, (5, L) ~3¢|“ ‘QH‘M{ (‘g J—L7[(IL 3, ))/
4% (6 et taz totoh s hoZertshitiweit, = Yl )= 360 — L}{th 216)
Ls voon w«w\ensd‘e;« Verfalt"@k ¢7L<‘~\‘€i—f . /[
J(6,)

fo (6 TIR R sty dffoniols 5t v Toghs it Rt o biigat
0\:61,.) ) G a+[f\?~t,,\_p,{) 3(=;t =)

und /—Clasch'f%f e Lonafunte R y g

(s 1.,
14 ) -feenl < Lig-zh ferdle g el ylt,,) 2 ge ), 25 (7 (ear bty Glev e
= 7 =7 tel®T) 1 - i £ =
38




Mschte aber S; Jals wie be doy Fehlerschefean € Neo-wille hL I tn-Wwoll= le,-w) (44} 2)

L 6Py Ci)qa(/traéw- : \/or(dé/eh wechse (.

t= f,,,ﬁ— Lo At = bk da DRI ak“h‘uz(\ekakj (Scbvctb . st 3, St
) ) ;/ . e Y Kl
_ 2 . bl 14k
= 2lbna)~gc6) - hglt) = h j (1-6) 3 6, 4h0)de NHUED) —9. 1 ¢ chy ch (¢ :+q° )
- - o ([ _ o ook (q4h2) =
S Ma)g bl
A ~
G 6 = oLr\\ @*LL) c h LJ{M/) 1 <
/’ T o ra A/_N\Z— L
W3tter —g, € L 4" oy 0 = ML u-tor!
- - “ telh,n ¢ch £ -1 2 —
2 L L 7\
A ({: -(-611-(-()
. kb"'p "
2) F@Ll@}"][ol/{'ﬁ][[—ak 20 g G_HP) lobale Fehler: g:%(2h+2h41)
(a loy (n :
@€ it Strbwert 2.: 3, =t thfl€ 2., 96, - gl >—JA7£ Aor i £
N ; _ . A/ODE
e — N« _Yzﬁ +L‘_7‘L({§‘1/K_l:zl) = )'\";](G)L\ 'f'O(LS)— L_/(f )5) -_—
= M3, - Ve fr, w4 Hlf(@,ﬁ)—f(h,@lls = L{(€" 5ee) = A{(e’jgﬁo(ﬁ) =

39



L) J& 2 = oo, 52) ol GV) Lokaler Toker.

— =
| i( y’)‘ S - 2C( /[ < LlItyce)-g | ) — (—;9 H"m_ﬂ*lzw”) +1 ,f(é,”:;(m) =
_ 4 - T&. /o
9f)- 9 = 7 3t Lg0¢) - —-‘é,\_ —1 =gl + k) —2gl6) 5 LNfitn, ge6y) = }
= n 7
L..
it = b Gt =ity get) +ol(b) = bkl olt¥)
= [ = : J
D o
- %Kg(é’“) ycf.,)) +1 (g+)- Bttw\\ “/\‘a’cw\’?w o )

G{aer 0\(‘( Stortwarfe (&6 nur (9[Ll5)

T&?(ok L ) F&&(a,rqfor(‘f%loa?—wa-e Akwnulier «r

4 L . v\ A J
= 290N+ olkY) - L g(¢) +oll) 20k 3,

2

= 0f|¥)

_— —

Somet L, 48) = JE I < Locd S+ Thptida

byt - W/l < 1o Lc. —**U— L R S e
U‘a({?uu) /11 4l[ 4 'EZ: LC LI}

4()



§3 Struttrerialtiog y
I I( u(\‘}\r((')>=o ,J(c"«f’a{(f - =

SS}.(. ‘ﬂf\val—c'onf‘e_ undl Haa,.géfo»\'sﬁf%e

=) I( M(l‘)} V'(-{-))-_—_ kahsTLOKF/Wﬂm_ 'tlju- OIcQ. LéSuh;cﬁ
B_SB au(‘ohwh\g Lwﬁfa——\/ocf\QH’k - 0(32_ O(GQ Z~\/—87$f42»5 SHaef,

0(._[‘. J(\Q' 7%16'&6.6#('@;\ - /(\

' S («Q‘)/U'(f))
éu = ( o/ - PU-)M A,V :’}R-—DR U be e ans & Cad Myege (€ n fen @
. 2

V = (§u-) v °<L[5J2)J §>o ’Cov\s(_a“flgdcoh"{_ tor Eunktcon TR DR |

/v)

178

/1;-:.- (D/._ ()V"BM':‘ Q %_P‘)MU, \( _z> i Dg‘ _I__ )"2(‘55{' eys'f‘zg [zf@grat/lkva”ﬂ'én?&( der—
)

JA
0D& P :-f [(72) Wen o

'\} = \éufy')\r: (g’?—i),u\r ‘ (.%__(}5)
I g 1—)\ cOns{*mu‘ 1£ J.QAQ_ Z.oSLLA

<£,I>&: K%"F}V =’ Y =9 () Jev  ODE
N o

F(,}'(-C‘@,L(a A’L(é(‘t‘“‘j _%- —S(L) :A’LZUI(.%W‘ Vo »J['hacA X'f

¥ — (& _ vy =0 =
(S >M &PV = = (wlf\r(f)) S 2%

kgu—)’—ﬁ'@gu - otﬁc?v—{—ﬁv\_,o ﬂCura“ t = '9—7;7,) §;0{

41



W {(_;5) = | ?_Z('__(L\’\ Bewels A'hhallb\().
<=t oz g_»_/w( I(chﬂ‘fj‘_ é)_‘é(ﬁ) —

2._({) Z,cS'“S‘”()

24 c_r,\j
- > _ * — _—
A o P\ 1, = M Llget) - 4l) —;,( Tlye) =
. 2- ‘6-— -
Bsp LR =208 3C£57:—115//lc( :Z As ) f
o=1 L
eﬁéhkeoqd.
Wee 6ot gk Loy =7 = Tig0) mkonstenf = Test brarcenk dorade
S -4
1715 .~ X4
':_92—;1 _ﬁ(_)_\,): ~ ; x()> - 2xq = ﬁ =) = NQ)’\'MQ_ vy e D / EoeTo, TN Le(pg,.é(\a
= 5(2__ \/Q e d hd‘e Obe . —sjt(éj_ Illvak(‘aq/q
‘. vWwende A )Y '2) Yo =>
god zr= ~-x 3060= 2
TLQOM.?;, I (st lhvay(dh{( ﬁ‘,‘y QJ,H'(‘IE) =) I( a_(f) )= £ ongtert éf)- MI{‘g(f—))é(\L):o
T ob& — - =
<_:_:> J(‘i?(ﬁ)
W I(E) . J‘(f_/j\:o )(‘Ur QU£ l-é_;_)eCD’T))&_b ,P‘:V G{(Q -é' -=-) MI(Z[G) (3,[(‘.))_:0 (=2
Wo g5 e(ne Lgs;h Ha)(-é'(. r)’\(’/lﬂhﬂ —6:'{-0 3"’”(:_]:( 2((‘3\)' 7(( fU/ Z‘D) =0

=) S,L‘y a((q (‘o,:‘&_o )
49



4
No{‘a{‘(ﬁwx H" P\ X;RA-ﬂr}/Z H&»\((,éoz« [Cunlefron
Yy
"1
5 - =
<z 2.
[ Z e, 3 ] = 2 2 gend 1O D)

D
== ( (), (£ )
=D 5q (1
y = OH A
O\A-’ %f | (P, 76{')) r,q* Lo, TR
) 71
for $=12,4
aa\ceﬂh@h«-es HU""»C&OM~ Sgsféh« ’Mc‘{' da/

Houm( Lo —Funtefion H

f,‘{'—/’/lﬂ//\( d =4

Téif 4> Pandel -

1~ &
Hip = 3P - 7 e :Eﬁ,f.
sot= Winkel p= g

y

B gL

2)- ktheV Vo {'CV<’$ k"a.)aé'%duz
4-L. A
£(£) = — M UQS«) 2';6-';’2'

—_ [ {
?;—B_ U_(zc): é((lli_cjlz_) %e%(w—q[ag fofenh‘aél

=> H{f/ﬁ)" [(f/)+ GCH&{JI}

fl”“’: > &Qwe—;tukgsg/e(‘c/mn;ahl
Lme S r\f‘i$5eh,9bthé(‘25 N
(n.  Eonservafcvern,  Zentra(fe (d

. A

1= o f e et

M o ’ G/ec’f—{u)_

p=- é(( (tc{(rb) -4
— {(i”z.

!
Qj{)—- ~ grod A ugt)=- G (IIJI/L)_ gl

Dy (£)= J(/’(:ﬂ).

43



e H([’, j ) (avqrc‘ov\fe ,)C»V /as H o3¢ (fon /533/‘!41. ﬁéor@% I'—@lak—jk) Il*g )= 112—_ _‘g_‘—_@__cg
A=z dxdk
Bewc& ’f O —-_Z_:a( J 00 110 —[é fz 1 l“nvorfc"tfe 7[4‘;/ é:J(;
- ) - - - - 00 o R’ J =
=4 2 -1 too Sec Kg_{h) JCZ f),uzha_)r(’SGAQ A’//orokcl’kﬁf('al—\ aks (/7/9
l’\a’hlc'(,('oral Sys(‘em: Da:n‘h
. _ T = T 'l
3= pd By = fa, =30 = Lra  Jirele o
= = — }LW@(S
T2 bvercante jtur 4= ’F(}) = . _ T

ol W Se= (gelbos) ¥ gty o
a i LT By bnuarcante € L=8+8T also
MH@:FY\\)\ 2 /ﬂ[f “2 27 Q "
= 1

Sy ’maaﬁrsd_

“=o, "



lhvokc‘(mfe =) JA{:

Ly Tyy=

%413

(fr ) +/‘8ﬂ)

=0 = Pyt flgo) =0 [ g¢) Losu,

i\
B Symmebrescd,

Dy
?’h;rﬁ & ey ‘gfzf*?k = ‘,_9”1: Gy .~ _‘9;?471“
T T
< ,2\4|4 _A_»\: 1‘?——“’47“"_‘];_“
N
= Y Al @.m) Aaes BIDE Guo
MH/\IK/TASW“”%

QQ"W‘MT&? ) = ’\ A@nﬂ 75)

Q£)- _jlﬁ) = Ay, ,}f(y(ﬁ)

L‘Zc’o((zs

45



632, Splittinmg Verfahren ) ROEo ettt ! dbfzox foalezed

L - . — {
&u’fm«ou\e ODE _Z_ 2(?) L ¢ b
62,% Wa < £ «n Wwen, — O& "U'Jnt automosn. €7 L)d} X = Q )é | r

Tl’c'ok; ¢ . 4 A 4 A \’,_
(15 T [ b A
= Ld J N ) b M

~ ~ 0, € €2
g) Foll s 0D aufouon. A CI)/ = ;ho —

~

5: 9“()2) 0”« /t? /.oS‘rkJ der 0(1‘107"01»(’2« o0&
2= :E(E) ¢ H Jf(?
om( € }_(") = /:‘3(6;)] ‘3(0 (\Sf' éVahSZa lL(okS Lrva yc‘a;d(.

- "B N / «aua Leweds : ’
en 4= &[(‘,2\ J A (€)= y(t+¢>=7 ()}ua—)—_ gllte)1= 2((?(645)):
|

=
o | —7 . 14(1_4_({-))
gM=1 L N =) Alf= J(«)
pt > €

ofc
‘b >.D %\y&’m\rah«dwa¢ Euu([(e Von A’é&(duhgih_ '{FLMSS /(’J" Ob(;”_
46



%sg %L\ o ( N L:j" g ‘él D ( E _E( A, ée(('@lz‘5¢ ﬂ{xp(——/'lo'fkf‘)(.
L = z — @L) —
oy A Ht
K - 4“(' ZA‘:‘SUJ‘J’ a(‘é) = ¢ 9 Wobec
\doc/{.« ois Z«éSHhJ d@k ODE:_I e 20— - a B
lj (h) = ﬂ'y\y(l\) }7(02:_1 Z?’ — & :;—{—‘—(E'Q) n cht <o g@re(/b\“(_
F&V ”Mbjwar‘( SO(C,L Qi (c"haarez,\ /Qu(\/fo/;/c({e;,‘ Obé-\‘. Nhzo —
é}AH) =0 G (H) = ‘34“) =e%4L\ %_sp L’l:__/ihg
. ., =,k A+1)4 = N
LAz g 01 = Dhi=e N :@\(Q_+=>L,\+ L (4 caBepn eI
~ . __—— N
' U ayh h Bh C
3 (0= ™ gyl =g 0= 2 g 2T (T An L AR ) (D 4B LB K )<

Y ‘ .
E-: (‘Q‘Ar& . _‘g_ = %(@,,,__,)%VO “_3_ :’@‘F((é-ﬁg)l‘}{' (ﬁbé_zq, __/f]:é + %EL>L\L
G (W = 0(4-3(;*4_’;_’47114 >[}]

' g thch'J\ WL % {j_é £ [iéL
>0 = Q_L( M(%“"/?hﬂ’)ﬁ]
%4'9“"‘4,---“'4)1‘ Z f (J,( A Mon lc6 leruec‘Sek 0\6% Q('ﬂ—_eéy'm ’,4-422[\
e = T a 4*3(%,,...(%4)4) )

A7



A &) h
}L‘(F )« 9= o Cacd Y,
irj_a Zé’hug’
V]
G BAAL
éﬁ_ 8 ~ L (@" 1,)
e/&é‘é)y
2h, Al
; %f’ (¢5y)
0 AL'
2=y,
9= A9 97Es
3 =¢)

L e ~Trefter SF( ¢ EfCa 9

ﬁh( L B_z,zb, Foy
14 EY,
+3oh r:_ C
e, J iw
\d‘%'-

Ly :
(a 55) (o)(?’"— &(Zq

(Y Ez TLL F )l

7 {2'4{’ [4‘"1 2¢/Q

Weahlo '][o\) 'gb So 6/053

QQ(wz.ou.e 6D ersf‘er O/‘Jktqb:

M - fc_@):qﬁal_%w Jé(g)

e

oD¢ :

ﬁﬁ* '2)

-ec:z—.ﬂéclx Gdar Q}Cok" (o"S ébr <y /

b b

ZC.Z ~ Tro’(Lt?k 5/(( (1(('7.:7'

Felle, O{Ll) Tor Endzect- T

Bos,  Syremametrie Schonkf Uns ecne Ofrd%wg %0hr -

48



bl
d?t ’F‘—f’ﬁa"k oo

ke e

—
&

h oy,
"“F/L S'é\r'aug s/l({€(1\(7

A“;Qay\a(',ﬂ oS gﬁi( H‘( Z\J Vor 7(1&L\ e -
o 2 bl

é(nﬁ —Tl"oé"fc)/

-, Str
) g(.;4/ 47’:0 y S “7-

{
L

wolhlen damif wir hihe OM"M"&?

Erhal (‘w'(js u;t"SG[f/Q.

10°*
10°
Beispiel 2.4.1. (Konvergenz einfacher Splitting-Verfahren) -
Sei é‘,o- -
y=Ay(l—y)+1—y? y(0)=0. :
— v 10°® 3
=:fa(y) ::fb(y) —— Lie-Trotter-Splitting
—+— Strang-Splitting
---ofh)
Die Evolutionsoperatoren der zwei Teile sind analytisch bekannt: 10 - o -
Zeitschrittweite h
‘I’i?] — 1 - fiir t >0, y E]U 1] und Abb. 2.4.2. Fehler zur Endzeit T = 1.
. =7 t >0, y €0,

1+ (yt—1)e

P! sin(t + arcsin(y)), wenn £ + arcsin(y) < 3,
Yy —
v L, sonst

firt >0,y € [0,1] .

10} =
=
——
A —
I
T
-3 & T

107 ” _:1-1’”-*
. "A
e -
A L e
g 10 .
= o

el -
107 e ——LTS-Eul |4
e —+—SS-Eul
—&— SS-EuEl
—& LTS-EMP
10k y . SS-EMP | |
1072 10™'

Zeitschrittweite h

LTS-Eul explizites Euler als ¥” . ‘Ili’!b und Lie-Trotter-Splitting
SS-Eul explizites Euler als ¥, ¥’ und Strang-Splitting
SS-EuEl Strang-Splitting: explizites Euler als /% exaktes ®)'
und implizites Euler als /2
LTS-EMP explizite Mittelpunkt-Regel als ‘Ilﬁ_‘b, lI’Z_b und Lie-Trotter-Splitting
SS-EMP explizite Mittelpunkt-Regel als \Ilﬁ_m ‘I’ﬁf und Strang-Splitting
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