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Probabilistic Number Theory

@ a. The Mobius function p : N — {£1,0} is defined as

(n) 0, if n is not squarefree,
n) =
a (—l)l, if n =pq---p; is a product of distinct primes.

Show that

S () — {1, ifn =1,
d|n

0, otherwise.

Hint: Use the inclusion-exclusion principle.

b. Recall that the Euler totient function ¢ : N — N is defined as
o(n) =1 <k<n:(kn)=1}.

Show that for all n > 1 we have

p(n) = nz MEid)

dln

Given two functions f,g : N — C we can define their Dirichlet convo-
lution f*xg: N — C via

(fg)m) = fld)g (%)

d|n
a. Show that for all f,g,h: N — C we have
frg=gxf and  (fxg)xh=fx(gxh)

b. Mo6bius inversion formula
Let f: N — C be any function. Show that

g(n) = Zf(d) foralneN < f(n)= Zg(d)u <g) for all n € N.

d|n d|n



c. Show that for all n € N we have
n=> ¢(d)
d|n

d. Let f,g : N — C be functions, and let s € C be such that the
associated Dirichlet series

-y G-y o

n>1 n>1

converge absolutely. Show that the Dirichlet series associated to
f * g satisfies

nS
n>1
@ For a given integer N > 1, consider the probability space
QN = {1,,N}

and let X, Yy be independent random variables which are uniformly
distributed on 2. The goal of this exercise is to prove that

6
]P’[(XN,YN) = 1] — ﬁ
as N — oo.

a. Prove that for any s € C with s > 1 we have

oy _ 1
2w T

n>1
b. Prove that )
P XN, YN =1 - ——.
(X ¥) = 1] = 7
c. Show that, in order to prove that ((2) = %2, it suffices to show
that
> s s
(2n—-1)2 8

d. Prove that

1 41 1 1
I::/ / e drdy =S
o Jo 1—x?y? nzz:l (2n —1)2

e. Compute I, e.g. by substituting

1— 22 1 — g2
U 1= arccos — ], v 1= arccos — ],
1 — 22y 1 — 2292

sinu
Ccos v

sinv

so that z = L
cosu

and y =



