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~���1 Any character of R/Z can be pulled back to a character of R by com-
posing with the canonical projection R → R/Z. Let ξ : R → C× be
the resulting character of R, i.e. ξ(t) = χ(t mod Z). In the above we
prove a, given this, we’d have ξ(t) = e2πixt for some x ∈ R, thus χ(t
mod Z) = e2πixt. Taking t = 1, we get 1 = e2πix. Therefore x ∈ Z.

a. Let ξ : R→ C× be a continuous homomorphism. Because ξ(0) =
1, by continuity ψ(x0) 6= 0 for an appropriate x0. Fixing such x0,
for all real t we have∫ t+x0

t
ξ(u)du =

∫ x0

0
ξ(u+ t)du

=

∫ x0

0
ξ(u)ξ(t)du

= ξ(t)

∫ x0

0
ξ(u)du.

Therefore
ξ(t) =

ψ(t+ x0)− ψ(t)
ψ(x0)

.

The right side, by the fundamental theorem of calculus, is a dif-
ferentiable function of t, so

ξ′(t) =
ξ(t+ x0)− ξ(t)

ψ(x0)
=
ξ(x0)− 1

ψ(x0)
ξ(t).

In particular
ξ′(t) = sξ(t)

for a complex number s. By the theory of ODE, ξ(t) = Cest.
Since ξ(0) = 1, we have C = 1. Moreover, |ξ(t)| = 1, so e<(s)t = 1
for all real t, so <(s) = 0. Write s = 2πix for a real number x
and we’re done.~���2 You can check the proof in the lecture notes, Theorem 7.1.1.


