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L) Exonin Sheft 2-

Exercise 1.(Invariant Riemannian metrics on homogeneous spaces):

In the first exercise class we saw that every homogeneous G-manifold M is diffeo-
morphic to a quotient G/H, where H = G, < G is the stabilizer subgroup of a point
p € M. The diffeomorphism F: G/H — M is given by F(gH) = g - p. Moreover, we
saw that the set R(M)® of G-invariant Riemannian metrics on M can be identified

with the set Sym+(TpM)H of H-invariant inner products on the tangent space T, M.

Complete our discussion by showing the following:

a) Let g and h denote the Lie algebras of G and H, respectively. Then the dif-
ferential dF,: g/b = T,G/H — T,M induces a bijection between H-invariant

inner products on T,M and Ad(H)-invariant inner products on g/h.
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b) Show that every Ad(H)-invariant inner product (-,-) € Sym_ (g/h) is also ad(lx)-
invariant, i.e.
(ad(X)Y,Z)+(Y,ad(X)Z)=0

forall X €, Y, Z € g/h.
If H is connected, the converse holds as well: Every ad(ly)-invariant inner

product is Ad(H)-invariant.
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c) Let G =GL(n,R) and let d,...,d,, € N such that d +--- +d,, = n. Denote by
P < G the subgroup that consists of block upper triangular matrices of the

form
d{( B *
C!Q { ‘. . ,
LI o B,,

where B; e GL(d;,R),i=1,...,m.

Use the above characterization to show that there are no G-invariant Rieman-
nian metrics on G/P.

Remark: The quotient space G/P can be interpreted as the flag variety of par-
tial flags {0}V, C V, €. C V,, =R", wheredimV; =d; +---+d;,i=1,...,m.
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Exercise 2.(Compact Lie groups as symmetric spaces):

Let G be a compact connected Lie group and let
G'={(g,9)€GxG:g€G)<G x(n
denote the diagonal subgroup.

a) Show that the pair (G x G,G") is a Riemannian symmetric pair, and the coset

space G x G/G" is diffeomorphic to G.
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b) Using the above, explain how any compact connected Lie group G can be

regarded as a Riemannian globally symmetric space.

SboWe pt w0 ()i R e o 6.
Tl 1 3’@ XGQ/@% s o RS Csee e ).



c) Let g denote the Lie algebra ot G. Show that the exponential map trom g into

the Lie group G coincides with the exponential map from g into the Rieman-
nian globally symmetric space G.
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Exercise 5.(Closed differential forms):

Let M be a Riemannian globally symmetric space and let w be a differential form

on M invariant under Isom(M)°. Prove that dw = 0.
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