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Exercise 1.(Details on SO(1,7)°/SO(n)): |L}

Consider G = SO(1,n)° with the involutive Lie group automorphism

0:G—->G,gw 8l

where

], = -0 € SO(1,n)
n— 0 In , ).

Further let
= ! 0 = SO(I’I)
0 SO(n)

It can be shown that (G,K,0) is a Riemannian symmetric pair and that G/K is
isometric to H".

a) Show that ® =do : g — g takes the form
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Deduce that
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b) Let 7t : G — G/K denote the usual quotient map and set X := d,7(X) € T,(G/K)
for all X € g. Further let (X,Y) := %tr(XY) forall X,Y €p.
Show that
R,(X,Y)Z =(X,Z)Y —(Y,Z)X

for all X,Y,Z € p. Deduce that G/K has constant sectional curvature —1.
Hint: You may use the following formula without proof:

The Riemann curvature tensor at o € M = G/K is given by

R,(X,Y)Z =-[[X,Y],Z]
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c) Compute that

0 1 cosht sinht
exp|t- =\ .

1 0 sinht cosht

for all t € R.
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Exercise 2.(Closed adjoint subgroups of SL,(R) and their symmetric spaces):

Consider the Riemannian symmetric pair (G, K, o) where G = SL,(R), K = SO(n, R)
and o : SL,(R) —» SL,(R),g — (g"l)t. Further let H < G be a closed, connected
subgroup that is adjoint, i.e. it is closed under transposition h + h'.

a) Show that (H, H N K, o|y) is again a Riemannian symmetric pair.
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b) Show that i : H < G descends to a smooth embedding ¢ : H/HNK — G/K
such that its image is a totally geodesic submanifold of G/K.
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