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Exornise.  Shed 4 -

Exercise 1.(Complexification and Killing form):

Let [ be a Lie algebra over R and let [ be the complexification of [y. Let Ky, K and
K® denote the Killing forms of the Lie algebras [,y and [, respectively. Show that:

a) Ko(X,Y)=K(X,Y)forall X,Y € [y;
b) KR(X,Y)=2-Re(K(X,Y)) for all X, Y € (R,
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Exercise 2.(Semisimple OSLAs):
Let ([,©) be an orthogonal symmetric Lie algebra with [ semisimple. Show that:

a) uequals its normalizer in [;

b) if u contains no ideal in [ then [¢,¢] = 1.

Sl 6\ A= (X el DXu) cul.
WS = M) . us Aj(u) bease i sbdfn
2% Lt X= Yo+ Yo © M(u)
=) c e M(a), cuded:

[Xe, ¥ ]= [X-¥u 3= ﬂqﬂvu‘ﬂew
cu V‘[@%
W - X ee.

L,Y('(t] < 1w ) [X[ZL] CQG@C[O’
(~
c [C’LL] < 0 Lo 0 s semisod,

%“*« Oémwr;o;e; x: , X{_«f )(Ieeo@ef@e-
(% W+ X u]
e
cs, ce_

”((KJ\ZLL?’O MEMX/)?KDO
%L(Y*\Qef [ % f&iﬂ < [X.n]=0



cu

~ “i(x.,\ze =0

B( X*/ X,) =t “‘axﬁl =9 B(eﬂeﬁ‘ 220
LOX, %) = b LX) =0 ) Bl O

(B) Doowpee - e~ %2@4 re- = e de,
Y = U + U UL
[W,e] =, el ¢ [u.e] ee, =0l
= U 4 L e
Py, [eed = e e V¢ [oed & e )
= U U = U



Exercise 3.(so(1,3) = sl(2,C)¥):

Exhibit an explicit isomorphism between so(1, 3) and sl(2, C).

Hint: Consider the the vector space V of 2 x2-skew-Hermitian matrices and endow
it with the quadratic form g(v) := det(v). Now, let SL(2,C) act on V via g.v := gvg".
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Exercise 4.(Duality of $” and H"):
Show that the symmetric spaces $" = SO(n + 1)/SO(n) and H" = SO(1,1)°/SO(n)

are dual to each other.
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