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1.1. The Dirichlet energy

(a) Since u € C?(Q) with u|sg = 0 we may integrate by parts with vanishing boundary

terms:
3 3
/]Vu]Q dr = —/ uAu dx §/]uHAu|dm < (/ u? da:) </ (Au)? d:c) :
Q Q Q Q Q

The last estimate is Cauchy-Schwarz inequality.

(b) Fist, notice that any proper and open subset A of R has non vanishing boundary.
Indeed, by contradiction, assume A = (). Then A = A = A, which means that A is both
open and closed. But since R™ is connected, this contradicts that fact that A is proper.

Since €2 is non-empty and bounded, then 2 is proper. By what we have shown so far,
this leads to 90 # (. If u € C?*(Q) with u|sn = 0 satisfies Au = 0 in Q, then

/|Vu\2dx: —/ uAudr = 0.
0 Q

Since |Vu(z)|? > 0 for every z € Q we conclude |Vul? = 0 in €. Since € is connected,
then u is constant in €. By continuity, this constant must agree with the value of u on

0); hence u = 0.

(c) Yes, both statements still hold. Indeed, in (a) we have never used the connectedness
of 2. For what concerns (b), we still obtain Vu = 0 in €, which implies that u is constant
on every connected component of €.

Let ' C € be any connected component of Q. Clearly, €2 is non-empty and bounded.
Since R” is locally connected, ' is also open and thus 99" # (), following the same
argument ad above. Moreover, it follows easily that 02’ C 0. Then, u is constant in €',
O # () and u|po = 0. By continuity, this implies v = 0 in . By arbitrariness of ',
the statement follows.

1.2. The p-energy
Let () # Q C R™ be open, bounded and regular, 2 < p < oo and g € C?*(99). Consider

E,(u) = /Q|Vu\p dx, 2= {u € C*(Q) | ulon = g}

(a) Suppose uj,us € A both satisfy
E,(u1) = E,(ug) = m =: inf E,(v).

ved

Since for p > 2 the mapping R™ 3 v +— |v|? is strictly convex, we have

L O L 1
2

V1 + U9
2
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for every vy, vo € R"™ with v # ve. If Vuy # Vuy in a set of positive measure, then

Uy + Usg
E”( 2 ):/g

which is a contradiction to u; and us being minimisers of £,.

Consequently, Vu; = Vuy a.e. on ). Then, by continuity, Vu; = Vuy on 2, which
means that u; —us is constant in every connected component of Q. Since (u; —uz)|sq = 0,
by the same argument that we have used in the previous exercise we conclude u; = us in

Q.

Vul + VUQ p
2

Vi [P + [Vug|?
2

T =m,

(b) Suppose, u € 2 is a minimiser of E,. Let ¢ € C?(Q) satisfy ¢|so = 0. Then
u + tp € A for every t € R. Moreover,

d
£A]Vu+tV¢|pdx :p/Q|Vu—|—th0\p’2(Vu+tV<p)-Vgoda;

In particular,

d

0="2
dt 1=o

E,(u+ty) :p/Q\Vu\pqu -Vedr = —p/QdiV(]Vu]p’QVu)wdx

for every ¢ € C?(Q) with ¢|sq = 0. Hence, by the fundamental lemma of calculus of
variations, — div(]Vu]p_QVu> =0 a.e. in Q. By continuity, — div(]Vu]p_QVu) =0in Q.

c) For every u € C?(Q) with u|sq = 0 there holds
(c)
/|Vu|pd:c :/\vu|P*2vu-vudx — —/ div(|VulP*Vu)udz
Q
= —/< —2)|Vul’~ 4(D2 (Vu, Vu)) + |Vu|p_2Au>udx

< (p—2+va) [ IVul~2|Dulju| dz,

where (Au)? < n|D?u|? is used. Indeed, with g“ =:u; and 52 8:1: =: u,), we have
J

leu] ZUJkUk < (n )é(]il(k ujkuk) )
< rw(z(z D ))% = v (S k)é Vul?| Dul,

= = k=1 =1 k=1

n

\D2 (Vu, V) \_

<

Au\? U+ oo U \2 U Ul l &K,
— — nn nno o~ A :7D2 2.

IN
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Applying Holder’s inequality with 1 = p;fQ + % + %, we obtain

/\Vu\pdx < (p—2+ ) (/]Vu|pdx> 2(/\D2u\pdx>;(/ﬂ|u]pd$>;,
N (/Q|Vu|pdx> (p—2+vn (/|D2 |de> (/ |u|de) ,
> [IvaPdr< (p-2+var 5(/|D%|pdx> </|u|pd:1:> .

1.3. Laplace’s equation

(a) If u € C2(Q) is of the form u(z,y) = v(z)w(y), then
(Au)(z,y) = v"(x) w(y) + v(z) W (y).
Assume that Au = 0. Define
I :={z €]a,b] s.t. v(z) # 0}
and
J:={y €le,d[s.t. w(y) # 0}

Since I and J are both open (by continuity of v and w), then @ := I x J is an open
subset of Q. Then, at every (z,y) € ) we obtain

V(@) w'y) o

v(z)  w(y)

Since the left hand side depends only on = and the right hand side only on y, the equation
requires both sides to be constant. More precisely,

at every (z,y) € §2, where v(z)w(y) # 0. The resulting equations

v (x) = Kko(x), w’(y) = —rw(y)

can be solved separately by distinguishing three cases.
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Case 1. k = A\? for some A\ > 0. Then, with constants C;,C»,C3,Cy € R

v(z) = CreM + Coe ™, w(y) = Cysin(Ay) + Cy cos(Ay).
Case 2. k = 0. Then, with constants C,Cs, C3,Cy € R

v(x) = Crz + Oy, w(y) = Csy + Cy.
Case 3. k = —\? for some A\ > 0. Then, with constants C,Cs,C3,Cy € R

v(x) = Cysin(Az) + Cs cos(Ax), w(y) = Cze™ + Cye™.

Clearly, all the functions that we have found so far actually belong to C?(£2). Moreover, a
direct computation shows that they are all harmonic in all of €2, not only on (). Since we
know that u|g coincides with the restriction to ) of one of these functions, the statement
follows directly by the unique continuation principle.

(b) Let a,b,c,d € R with a < b and ¢ < d and let Q := Ja,b[ X ]c,d] C R% Let
up € C%(09) be non-constant satisfying

Vo € [a,b] wo(z,c) =1, Yy € [e,d] wuo(b,y) = 1.

Then, any function u(x,y) = v(x)w(y) in Q with u|sq = uy must satisfy

Ve € [a,b] 1=u(z,c) =u(z,c) =v(@)w(c) = v(z)=_—

 w(e)?

Yy € [e,d] 1=ug(by) =ulb,y) =vbw(ly) = wy) = ﬁ

In particular, both v and w must be constant. This however is in contradiction to ug
being non-constant.
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1.4. Mean-value property

(a) Let Q C R™ be open. Let y € Q and R > 0 such that such that Bg(y) C Q. Given
u € C%*(Q), we define ¢: 10, R[ — R by

o(r) = ]éBT(y) uwdo = ]231(0) u(y +rz)do(z)

d
¢ (r) = ][331(0) %(u(y + rz)) do(z) = ]{931(0) z-Vu(y +rz)do(z)
_ -, o(6) ="
S Vo =L f,  dude g

where the divergence theorem applies because v = 5_73’ is the outward unit normal vector
along 0B, (y). If u satisfies the mean-value property, ¢ is constant. In particular,

0=4¢'(r)=— Audz. (%)

n JB, (y)

By assumption, Aw is continuous. If Au # 0, there exist y €  and r > 0 such that
either Au < 0 in B,(y) or Au > 0 in B, (y) which contradicts () in both cases.

(b) Let u € C?(Q) be harmonic. As in (a) let y € Q and R > 0 such that Br(y) C Q.
Since Au = 0, equation (t) in part (a) yields

¢ (r)=— Audr =0 (1)

" JBy(y)

which implies that the map ¢: |0, R — R given by

is constant in r. In particular,

7[ udo = lim udo = u(y)
0Br(y) =0 JoB:(y)

which proves the first part of the mean-value property. Moreover,

1 r 1 T
uwdr = / </ uda)d :—/ 0B <][ uda)d
]{Br(y) |Br’ 0 \JOB,(y) P |Br| 0 | p| 0B(y) P

2 [108,ldp = uty

which proves the second part of the mean-value property.
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1.5. Liouville’s theorem

(a) Let u € C*(R") be harmonic and u € L'(R"). Let B,(y) C R" be the open ball of
radius r > 0 around y. The mean-value property proven in problem 1.4 (b) implies

uly)| = | £ L

Since y € R" is arbitrary, we obtain u = 0.

r—00

1 1
Si/ uldr < —||u||p1gny —— 0.
|Br| Br(y)| | ‘BT|H HL (R™)

(b) Let u € C*(R") be harmonic and |u| < ¢y. Let y,2z € R" be two arbitrary points
and p := |y — z|. Then, for every r > p, the mean-value property implies

u(y) —u(z) = ]{B (y)udx— 7{3 (Z)ud:v

1 1

udr — udx

B JBw\Beo) |B,| JB.(2)\B.(v)

2CO 2COp|BRn_1| r—00
|B,| 1B

i.e. u(y) < u(z). By switching the roles of y and z we also obtain u(z) < u(y), i.e.
u(y) = u(z). Since y, z € R™ are arbitrary, we conclude that u is constant.

T

1.6. Harnack’s inequality

Given the open set © C R" and the connected open subset @ C € such that Q C €,
let r = 1dist(Q,09) > 0. Let u € C*(2) be harmonic. According to the mean-value
property proven in problem 1.4 (b) and since u is non-negative,

1 1 1 1
= udr > udr = udr = —u(z
| Boy:| JBar(y) | Ba,:| /B, (2) 2" B,| JB.(2) 2n (2)
for any v,z € Q with |z —y| < r. Since @ is connected and compact, there exist
finitely many x1,...,z, € @ such that Q C U%, B,(x;) and such that |z; — x;11| <7r
for i = 2,...,m. Consequently,

Yo,y € Q u(x) > 27"ty (y) = supu < 2Mm+D) i%fu.
Q

u(y)
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