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D-MATH Functional Analysis Il ETH Ziirich
Prof. A. Carlotto Solution to Problem Set 4 Spring 2021

Part |. Multiple choice questions
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.1. For what values of p is u: |—1,1[ = R given by u(z) = |x| in W'?(]—1,1])?

only for p = 1.

only for p=1and p = 2.

for all p € [1, 00[ but not for p = co.
for all p € [1, 00].

None of the above.

Being bounded, u: |—1,1[ = R is in LP(]—1,1[) for any 1 < p < oco. Its weak derivative
u'(x) = sign(z) is also bounded and hence in LP(]—1,1[) for any 1 < p < co.
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.2. For what values of p is u: R — R given by u(z) = |z| in WP(R)?

only for p = 1.

only for p =1 and p = 2.

for all p € [1, 00[ but not for p = co.
for all p € [1, o0].

None of the above.

For any p > 1, the integral [p|z|P dx is infinite.
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4.3. Let n € Nand B: = {z eR": |z| < 3}. Given o € R, let u,(z) = ’10g|x|’a. What
is the set A, of all & € R depending on n such that u, € Wh?(B1)?

|

Alz{O}, AQI]—OO 1[, An:lenZB

a 15

A =R, Ay=]-o0,i, A,={0}ifn>3.

(a)

(b) 2

(¢) A, =]—o00,2]for any n € N.
(d) A, =]—00,0] for any n € N.
(e)

In polar coordinates (r,6) € |0

A, = {0} for any n € N.

1

, 30 x S, we have with s = logr

1 log &
/ [uo|? dr = |S" 7| /2]10gr\2ar"’1dr = ]S"’ll/ *|s]*em ds,
B% 0 —00
3 log &
/ Vue|* de = S| /2 o?llogr[** 2" 3dr = \S”’l\/ ’ o?|s|2 22 s
B 0 —00

which shows u,, € L2(Bé) for any a € R. If n > 3, then the second integral also converges
for any a € R. If n = 2, then the second integral converges, if 2a — 2 < —1, that is for
a < % If n =1, the second integral converges only for av = 0.

4.4. Let n € Nand By = {r e R": |z] < 1}, Given a € R, let uq(z) = ’10g|x|’a. What
is the set B,, of all a € R depending on n such that u, € WLOO(B%)?
Blz{O}, BQZ]—OO 1[, Bn:]len23

12

lod
||

The function u, is bounded if and only if o < 0. Its gradient |Vu,(z)| =
bounded only for ao = 0.

a—1
log|x|’ is
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4.5. Let f(zq1,x2) =z sin(- =) + @2 sin(-- ~). Which of the following is true?
of
61'1

of

(b) 9r. € Li..(R?) exists as weak derivative.
T

€ L} .(R?) exists as weak derivative.

O f
85618;62
(d) All of the above.

€ L} (R?) exists as weak derivative.

(e) None of the above.

Suppose % € Li..(R?) exists as weak derivative. Let { K, },en be a countable collection
of compact subsets K,, = I, x J, C R? where I,,,J, := [-n,n] C R are compact
intervals, such that R? = (J,,cy K,,. Since % € L'(K,) for any n by assumption, Fubini’s
theorem implies that g: z; — %(ml,xg) is in L(I,) for almost every xy € J,. Since
any compact subset of R is covered by finitely many intervals in {I, },en, we conclude
that g: 1 — %(zl, Ty) is in L (R) for almost every zo € R.

Let us write f(z1,22) = v(x1) + w(xz), where v(t) := tsin ; =: w(t). Let ¢,¢ € C(R)

be arbitrary and ¢(z1,z2) = ¢(x1)Y(z2). Since ¢ € C®(R?), the definition of weak

derivative and Fubini’s theorem imply
af

0=
R2 axl +f

= ([ o+ 56 dr o o,

8x1 axl

Since ¥ € C°(R) is arbitrary, Satz 3.4.3 (variational Lemma) applies and yields

f

Vo € C°(R) G4 CR Vay €Gy: 0= ¢+f¢d1

and such that the Lebesgue measure of R\ G, vanishes for any ¢. Let n € N and
let P, C C°(]—n,n[) be a countable subset, which is dense in the C''-Topology and
Gn = Ngep, Gy- Then, since P, is countable, the Lebesgue measure of R \ G, still
vanishes and we obtain

3G, CR YoeP, Vo €Gn: 0= fgb+f¢dx1 (%)
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Let n € C°(]—n,n|) be arbitrary. By density of P,, we can choose a sequence (¢x)gen
of functions ¢, € P, such that ||¢r — n|/cx — 0 as kK — oo which suffices to pass to the
limit in (). Hence, for all o9 € N,y Ga, 1. €. for almost all x5 € R, there holds

a / /
0=/f77+fndx1 j—/fndwlz/gndxl.
R 021 R R

for any n € C°(R) and we conclude that g € L] (R) is the weak derivative of f(-,zq) €
Li.(R) for almost every x, € R. Since the constant function h: x; — w(zs) also has a
weak derivative, namely 0 € L} _(R), we conclude by linearity that v = f(-,z3) — h €
LL .(R) has the weak derivative g — 0 = g € LL (R). Hence v € W' (R). This however

loc
contradicts the following Lemma.

Lemma. The continuous function v: [—1,1] — R given by v(t) = tsin% fort #0 and
v(0) = 0 is not absolutely continuous.

Proof. For each k € N let t;, = % € R. Then, t; > t;1 for any £ € N and for any
m,n € N with m > n there holds

m—1

2
Z (ty — thg1) =t — bty < —.
k=n nm
However,
1 oq
’k sin 27 — (kll) sin (k’+21)7r’ _ {k if k is odd,
+ 1 e
m if k is even,
2 m—1 1
Z (tx) — v(traa Z sin k7 gip (D7 > = L
‘ l ‘ 2 k+1) 2 ‘ T+l

Let 6 > 0 be arbitrary. According to the estimates above, we can choose n, m € N, such

that both,

m—1 m—1
S (th —trpa) <0 and Z o(ts) = v(tr)| > 1,
k=n k=n
which proves that v(¢) = ¢sin § is not absolutely continuous in [—1, 1]. O

(R?) is identical. Thus, f does not have
weak first derivatives. However, for any ¢ € C°(R?),

0%p 0%p 0%p
0x10x do = / v ( 81‘18:62 dw?) a1+ /R'LU<£E2)< 0x10x dxl)dx2

0

The argument for non-existence of 81; in L],

which implies that 68 L —0elLl, (RQ) exists as weak derivative.
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Part Il. True or false?

4.6. Let R, =]0,00] C R. Any u € W'%(R,) has a bounded representative.
(a) True.

(b) False.

By Sobolev’s embedding theorem, Vu € W'?(Ry) 1 |ul|zoegy) < Cllullwrze,)

4.7. The weak derivative of any u € W1?(R, ) has a bounded representative.

(a) True.

(b) False.

Functions u € WLQ(RE) have weak derivatives u € L*(R, ) which could be unbounded.
3 z(3

For example, u(x) = xie™® with u/(z) = e~ Zaz_i — 1) satisfies

HU||L2(R+) < 00,

=

3 1 g, 2
o < ([ o7t de) " + ullzage, < oo,

hence u € W2(R, ) but u/(x) — oo for z — 0.
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4.8. Let I :=]a,b] for —oo < a < b < co. Then the boundary-value problem

" +u'=f inl,
u'(a) =0=1(b)
has at least one weak solution u € H*(I) for every f € C°(1).
(a) True.
(b) False.

Suppose, u € H*(I) is a weak solution to the given Neumann problem, i.e.
Yo e HY(I) : /u’v’+u'vd$:/fvda:.
I I
In particular, u' has the weak derivative (u' — f) € L?(I) which implies v’ € H'(I). But

then, (v/) = (' — f) € C°(I). Hence v’ € C*(I) and u € C?*(I). So any weak solution is
a classical solution. In particular, w(z) = u/(x)e™* satisfies w(a) = 0 and

—w'(z) = —u"(x)e™ + ' (v)e™™ = f(x)e”
zu<a>-j£ j(t)e‘tdt::——ja F(t)etdt
= u'(z) = —€" /j f(t)e tat,

)
g

=
!

However, not every f € C°(I) allows ' to satisfy the second boundary condition

ozumgz—éfﬂuw%ﬁ.

4.9. Let I :=]a,b] for —oo < a < b < 0o. Then the boundary-value problem

—u"+u =f inl,
{ u'(a) =0 =1u(b)

has at most one weak solution u € H'(I) for every f € C°(I).
(a) True.
(b) False.

Let f = 0. Then every constant function solves the given boundary-value problem.
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4.10. Let n € N and B = {z e R": |z] < i}. Given a € R, let u,(z) = ‘log|x|‘a.

If o is chosen such that u, € W?(B1), then u, has a representative in C° (37%)

3
(a) True.
(b) False.

If n > 3, we may choose any o > 0 for which u, € W?(B1) is unbounded.

1
2

4.11. Let n = 1 and B; = {z e R: |z| < 3}. Given o € R, let uy(z) = ‘log|x\‘a.
If « is chosen such that u, € WY%(B

1), then u, has a representative in CI(F%).

(a) True.
(b) False.
According to question 4.3, a = 0 is the only choice.

4.12. Let I =]—1,1[ and let w,v: I — R be given by u(z) = |z| and v(z) = (1 — 22)1.
Then uv € WH3(I).

(a) True.
(b) False.
The function v is differentiable classically in I with derivative v/(z) = 3(—2z)(1 — 2?)71.

Moreover,

1 27 1 3 27 1 2 27 b _:
/ [V} de = — deﬁ— 7x3dx:— s dr < o0,
1 8 J1 (1 —22)1 8 Jo (1 —22)i 8 Jo

Since clearly v € L3(I), we obtain v € W3(I). Since also u € W(I) C W3(I), the

statement follows from Corollary 7.3.2.

4.13. The Cantor function on [0, 1] is absolutely continuous.

(a) True.
(b) False.

If u € C°([0,1]) is absolutely continuous, then v € W1(]0,1[). Since the Cantor function
has vanishing classical derivative almost everywhere, its weak derivative would be zero
which leads to a contradiction as shown on Problem Set 2.
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1 1
4.14. 3C >0 VYue H'(]0,1]): / lu|? dz < C/ [u'|? dz.
0 0
(a) True.

(b) False.

The constant functions are in H'(]0, 1) and do not satisfy the inequality for any C' unless

they vanish. (Poincaré’s inequality requires u € Hy or [;udz =0.)

4.15. Let 0 <a < 1<b< oosuch that [*(logz)dzr = 0. Then [’[logz|?dx < %.

(a) True.

(b) False.

Since u(x) = logz is smooth in ]a, b[ satisfying [*u(y) dy = 0, there holds
1 b

ju(e)| = | [ (u(a) ~ u(y)) dy

b—a/|u ) —uly )|dy_b—a/
)| dt d
- b— a/ / [ (®)] dt dy

b

<ot [ [wwlaray = [ ar

/ab|u(g;)|2dx < /ab</ab|u’(t)| dt)zdx
< /j((b _a) /ab]u’(t)]Q dt) dr < (b— a)Q/ab]u’(t)th,

which is the Poincaré inequality. The statement in question is true because

(b—a)2/ab|u’(t)\2dt: (b-@?/@b 12dt: (b—a>2(—z+i) _ ;b“)g.

/ dt’ dy
)
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