D-MATH Functional Analysis Il ETH Ziirich
Prof. A. Carlotto Problem Set 5 Spring 2021

Part |. Survival kit

5.1. Lipschitz vs. bounded weak derivative (&'

Find an open set Q C R? and a function u € W (Q) which is not Lipschitz continuous.

5.2. A tent for Rudolf L. (¢
Let Q = {(z1,22) € R?: |z1] < 1, |z2] < 1}. Let u: Q@ — R be given by

1—x, ifz;>0and |z <,

( ) ]_+ZE1, ifx1<0and |[E2| < —,

u(zy, x9) =
b 1 —x9, ifxy>0and |z1] < xo,

1+ my, ifzy<0and|z] < —xs.

For which exponents 1 < p < oo is u € WHP(Q)?

5.3. Capacity and Hausdorff measure &

Definition (Hausdorff measure). Let o« > 0. For any 0 > 0 we define
H(A) = mf{zrg CAC U Ba(a), 0<r <6, 2 € R”}.
i=1 i=1
The a-dimensional Hausdorff measure of any subset A C R" is defined by

H(A) = i A (A)
Suppose, K C R™ is a compact subset with 2"~ *(K) = 0 for some 1 < o < n.

(a) For all 1 < p < a, prove that K has vanishing WW'P-capacity.

(b) Let 1 < p < g < o0 and %—l—i < 1. Let Q C R™ be open and bounded and
we LY(Q)NCHQ\ K) with |[Vu| € LP(Q \ K). Prove that u € WhP(Q).
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5.4. Traceless (&

Let 0 C R™ be open and bounded with boundary 9 of class C'. Let 1 < p < oo. Prove
that there does not exist a continuous linear operator

T: LP(Q) — LP(99)

satisfying Tu = u|gq for all u € C°(Q).

5.5. Traces of weak derivatives ¥
Let Q :=10,1[ x ]0,1[ C R?. Given 1 < p < oo, let u € WHP(Q).

(a) Prove (g: T u(xl,xg)) e Wtr(]o,1]) for almost every xo € |0, 1] with weak
derivative
, Ou

g = 8761('@2) € L7(]0,1]).

(b) Suppose the weak derivatives a% and g—;; vanish almost everyhwere in 2. Using

part (a), prove that u has a constant representative.

5.6. Positive and negative part o
Let 2 C R™ be open. Given 1 < p < oo, let u € W1P(Q).

(a) Let uy(r) = max{u(z),0} and u_(z) = —min{u(z),0}. Prove uy,u_ € Wt?(Q)
and show that their weak gradients are given by

Vu(z) for almost all x with u(z) > 0,
0 for almost all x with u(z) <0,

Vui(z) = {
Vu () = —Vu(z) for almost all x w?th u(z) <0
0 for almost all x with u(z) >0

(b) Given u,v € W'P(Q) and w(z) = max{u(x),v(x)} show that w € Wr(Q).

(c) Prove that Vu(z) = 0 for almost all x € {x € Q s.t. a(z) = 0}, where @ is any
representative of w.

(d) Let A € R. Conclude that Vu(z) = 0 for almost all = € 2 with u(z) = .
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