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6.1. Inextendible
(a) Let Q =]—1,1[2\ ([0,1] x {0}) and let u: Q@ — R be given by

ry ifzy > 0and x9 >0,

u(y, xe) == {

0 otherwise.

As shown in Problem 5.1, u € Wh*(Q). Since Q is bounded, v € W'?(Q) for any
1 < p < co. Suppose, there exists an extension operator E: W1P(Q) — WhP(R?)
such that (Fu)lq = u almost everywhere in Q. Let @ := ]—1,1]* and v := (Eu)|g.
Then Eu € WY (R") implies v € WP(Q). Consequently, as shown in Problem 5.5,
(13 — v(xy,32)) € WHP(]—1,1]) for almost every z; € |—1,1[. Moreover, since [0, 1] x {0}
has measure zero, v(z1, ) = u(xy, x2) for almost every (z1,x2) € Q.

Hence, there exists some fixed z; € |3, 1[ such that (g: 2o — v(z1,22)) € W'P(]—1,1])
and such that g(z2) = u(z1, zy) for almost every xo € |—1,1[. By Sobolev’s embedding in
dimension one, g and hence xo — u(z1, z2) has a representative in C°(]—1, 1[). However,
since we chose z; > %, this contradicts discontinuity of

r1 for xe > 0,
0 for x4 < 0.

To > u(xy, ) = {

(b) The issue is that € is not a topological manifold with boundary. In particular, every
point x € [0,1] x {0} belongs to the topological boundary of 2 but doesn’t admit an
open neighbourhood U such that U N is even only homeomorphic to ), (compare with
the definition of open set with C* boundary given in class).

6.2. Zero trace and H

(a) Let u € H}(Q2) and consider the extension by 0 of u on R", which we denote by 4.
First notice that @ € L*(R™), since ||t||r2gn) = ||u]|r2() < +o0.

Since u € H} (), by definition there exists a sequence {uy}reny C C°(Q) such that
ur, — u in H'(Q). Fix any ¢ € C°(R"). Notice that, by applying twice the dominated
convergence theorem and since uy vanishes on the boundary of ) for every k € N, we
obtain

/ ﬂVgpd:E:/quoda:: lim /ukV<pd:E
n Q k—400 JQ

= — lim /Vukgpdx: —/ Vupdr = —/ (VUXQ)gpdx.
Q Q R"

k—+o0

By arbitrariness of ¢ € C°(R"), we get that @ admits weak gradient in R™, given by
Vi = VuXgq. Since ||Vi||2@mny = ||Vul|2(q) < 400, the statement follows.
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(b) Step 1. The problem can be reduced to the following model case. Let

Q={r=(2,2,) ER"'xR: |2/| <1and |z,| <1},
Qy={x=(",2,) €Q: x, >0},
Qo ={z=(2",2,) €Q: x, =0}

Let u € HY(Q) satisfy u =0 in Q \ Q4. Then we claim au € H}(Q,) for any a € CH(Q).

Note that since a is compactly supported in @, (au) extends to a function in H'(R")
which allows mollification. Let 0 < p € C2°(B;(0)) satisfy

supp(p) C {(2', x,) € B1(0) : % <, <1}, /B (O)pdx =1
1

and let p,,(z) == m"p(mzx) for m € N. Then, | py, * (au) — (au)|| g — 0 as m — oo.
Moreover, if z = (2, 2,) € Q4 with 2, < & then (au)(z —y) = 0 whenever y,, > 7
because u vanishes outside Q). Hence, by choice of supp(p,),

(P s (@) (@) = [ puy) (aw)w—y)dy =0 if 2, < &

which implies p,, * (cu) € C2°(Q+) and therefore au € H} (Q).

Step 2. Let Q C R™ be open and bounded with boundary of class C. Since 9 is compact
and regular, there exist finitely many open sets Uy, ..., Uy C R™ and diffeomorphisms
hi: @ — Uy such that for every k € {1,..., N}

N
hi(Qy) = Up N QY hi(Qo) = U N 09, o c | U

k=1

Furthermore, there exists an open set Uy C R™ such that Uy C Q and Q C U,ivzo U. Let
(Yk)keqo,...,N} be a corresponding partition of unity, i.e. a collection of smooth functions
such that for every k € {0,..., N}

N
0<¢pp <1, supp(¢x) C Uy, > orla = 1.

Let v € H'(R") satisfy v(x) = 0 for almost every x € R™"\. By Satz 8.3.3, voh; € H*(Q)
for k € {1,..., N} and it satisfies vohy = 0 in Q\ Q. By Step 1, choosing o = ¢y ohy, we
have prvohy, € HY(Q,) Let w(™ € C(Q.) be such that [|w!™ —prvohyllaig,) — 0 as

m — 0o. Moreover, since supp(pg) C Uy C 2, we can approximate v by vém) € CX(Q)
directly using mollification. Then, we have
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and since v = fovzo wrv in by partition of unity,

N
™ — vllaay < 8™ — eovllaa + 3 [wl™ o bt — ot

2 HY(Q)
) al (m) Mmoo,
m m m—r0oQ0,
< lve™ = eovll g + D CHwk T PRUC h’“‘ HY(Q4) 0
k=1

Thus, we have approximated u with a sequence of functions in C}(€). Since we know that
functions in C}(2) can be approximated in H' by functions in C°(Q), this concludes
the proof of v|q € HJ ().

(c) Let @ =]-1,1[2\ ([0,1] x {0}) and let u € C*°(R?) satisfy u(z) = 1 if |z| < 5 and
u(x) = 0if |z| > 3. Then v € H'(Q) and u(z) = 0 for almost every z € R?\ Q. Towards
a contradiction, suppose there exists a sequence of functions w,, € C°(Q2) such that
|t — ullg1@) — 0 as m — oco. Let @ :=10,1[* and Qo =0, 1[ x {0}. By Lemma 8.4.2
the trace operator T: H(Q) = L*(Qo) mapping T': u — ulg, is linear and continuous.
In particular,

m—0o0

Since Qo C 9Q implies Tu,, = un,|g, = 0, we obtain u|g, = 0 in L?*(Qo). This however
contradicts the fact that u(x) =1 for |2| < 3.

Consequently, the assumption that € is of class C' cannot be dropped in part (b).

6.3. Ladyzenskaja’s inequality
Sobolev’s embedding (in the case n = 2 = p) states that the space H'(R?) embeds into
L9(R?) for any 2 < ¢ < oo, in particular for ¢ = 4. The Sobolev inequality states

10 < o0 Vu € HI(RQ) : ||u||L4(R2) < CHU,HHI(RTL).
In this special case, we claim that the following inequality also holds.
Vue H'(R?) - ||ullzamey < Hlullfegey | VullZ2ge).-

Since C2°(R?) is dense in H'(R?), it suffices to prove the inequality for u € C°(R?). Let
u € C*(R?) and (71, 73) € R% Then,

‘/Il 2u(s,x2)$(s,x2)ds
1

— 00

1
| ml,x2|—‘/ 8x18x2 )ds| =

< 2/|u s, xa)||[Vu(s, x2)| ds.
R
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Analogously,
W2 (1, )| < 2/R|u(ac1,t)||Vu(x1,t)|dt.

Hence, by Fubini’s theorem and the Cauchy-Schwarz inequality

lullfaey = [ [ Jutor, el devdas = [ [ a2y, 22)llu(@,0)| day do
RJR RJR

< 2/R</R|u(s,x2)HVu(s,x2)|ds> /R|u2(x1,x2)|dx1 dxs

< 4/ (/|U(8,IQ)HVU(S,ZE2)|dS>dx2/(/|u(1’1,t)||Vu(x1,t)|dt)dx1
R R R R
2
_ , ,
_ 4(/RQ|UHW| dw) < AfjulZe e |Vl 22 e

6.4. Non-compactness

Let n € Nand 1 < p < oo. Let u € C°(R") satisfy ||u||wir@ny = 1. For any k € N, let
up(x) = u(x +key), where ey = (1,0,...,0) € R™. Then |lug||wir@ny = 1 for every k € N.
Towards a contradiction, suppose that the embedding WP (R") < LP(R") is compact.
Then the sequence (ug)ren allows a convergent subsequence in LP(R™), i. e. there exists an
unbounded set A; C N and some v € LP(R"™) such that ||uy —v||r — 0 as Ay 3 k — 0.
Hence, there exists another subsequence denoted by Ay C A such that ug(x) — v(x)
converges pointwise as Ay 3 k — oo for almost every x € R™. However, since the support
of u is a bounded subset of R", we have pointwise convergence uy(z) — 0 as k — oo for
every x € R"™. Therefore, v = 0 almost everywhere. A contradiction arises from

A3k
0 < Jlullr@ny = lugllzo@ey == [[0]| o) = 0.
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6.5. Compactness

(a) Let n € Nand 1 < p < n. Let Q C R" be of finite Lebesgue measure. Let
(ur)ken be a sequence in WyP(Q) satisfying |Jug|lwis@ < Ci for every k € N. In
particular, uy € W,?(Q) can be extended by zero to a function @, € W?(R"). Thus,
[Tk ||wrr@ny < Ch for every k € N. Since 1 < p < oo, the space WP(R") is reflexive and
there exists a subsequence (Uy)gen,cn converging weakly to some v € W1hP(R").

For any R > 0, the embedding W'?(Bg) < LP(Bg) is compact. Hence, a subsequence
(Tk| By ) kerrca, converges in LP(Bpg). Restricting to nested subsequences for each R € N
and choosing a diagonal sequence, we find Ay C A; (independently of R) such that
(Tk| By )ken, converges in LP(Bg) for any R € N. Moreover, the limit must coincide with
v| B, by uniqueness of weak limits: both, weak convergence in W!* and norm-convergence
in L? imply weak convergence in LP.

We claim that ||[@x — v||ze(Bg) — 0 as Ay 2 k — oo implies that ||ux — v|[ze@) — 0.

If p < n, then Sobolev’s embedding W1P(R") < LP"(R") with z% = ]13 — < implies
Lo mlrde= [ julds
R”\Bgr Q\Br
< (/ |7 dl‘) " (/ 1» d:c) B (Holder’s inequality)
O\Bgr O\Br

< (/ P da;)p*m \ Bal*

R’ﬂ
< Coup VTN o gy 192\ Bg|" (Sobolev’s inequality, p < n)
< C,,C1|Q\ Bgl".

If p = n, then WH"(R") — LI(R") for any n < ¢ < 0o, in particular for ¢ = 2n. Thus,

/ [ty |" doe = / lug|" dx
R™\Bpg AN\Bgr

— 19n % 2 % .. , . .
< ( / [T da:) < / 1 da:) (Holder’s inequality)
Q\BR Q\BR
1
< (/ 2" dx) 0\ Bgl?
R
< Crp 881 ) 12\ BR|% (Sobolev’s inequality, p = n)

1

< Chp C1|2\ Bg|2.

The same estimates also hold for v € WP(R") in place of w;. Let € > 0 be arbitrary.
Since || < 0o, the estimates above imply that there exists some R. € N such that

VEEN: [y @mp,,) <& 1olZs g\ By < -
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Moreover, as shown above, there exists N. € N such that |[@, — v[|}, 5, ) < € for every
Ay o k> N.. The claim follows from

lur = 0l Loy < ik = 0l Lp@ny = [0k = 0l Lo@m gy + 8k = 0llLo(sy,)
p _
< (Il oem By + ol o@msa,)) + 1T = 00,
< (2P 4 1)e.
Hence, the embedding W, ?(Q) < LP(Q) is indeed compact.

(b) The embedding WP(Q) — LP(Q) is not always compact if Q C R" is of finite
measure but unbounded. An example for n > 2 is the domain 2 C R" given by

U Bi (mey), Q] = |Bi| > m™" < oo,
" m=2
where e; = (1,0,...,0) € R". Let uy = k%XBl(k‘el)- This function is constant on the
3

k-th connected component of Q and zero on the rest of Q. Hence, u, € WH(Q) with
lurlliy o) = lunlliog) = [BLlk" = [Bi]  VE=>2.

Suppose, there exists a subsequence (uy)gea,cn converging in LP(2) to some v € LP((2).
Then there exists a subsequence (uy)rea,ca, such that ug(z) — v(x) pointwise as
Ay 5 k — oo for almost every = € €. By construction however, ug(z) — 0 as k — oo for
every x € ). Hence, v = 0 almost everywhere. A contradiction arises from

A13k— o0
0 < JJugllzri) =22 ||v]l Lr() = 0.

U2

g2

T
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