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7.1. Completeness of Campanato spaces

Let (ux)ren be a Cauchy sequence in the Campanato space (LP*(Q), ||| zor)). In
particular, (u)ren is a Cauchy sequence in the space (LP(€2), |||/ z»(q)) which is complete.
Hence there exists v € LP(€2) such that

kh_}rgoﬂuk — || r) = 0.

It remains to prove v € LPA () and klim [ur, — ] = 0. Let g € Q and 0 < 7 < 7.
—00
Since by Holder’s inequality
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we conclude that (u, — (tm)z,r) converges to (v — vy, ) in LP(2 N B,.(x)) as m — oo.
In particular,

_2A . _A
rr HU - v:po,rHLP(QﬁB,«(mo)) = W%I_E%Or p Hum - (um)xo,rHLl’(QﬂBr(aﬁo))

< lim sup|t, | gor - (1)

m—ro0

Since (U, )men being Cauchy in £P*(Q) implies that (1) is finite, and since o € Q and
0 < r < 7 are arbitrary, [v]z» < oo follows. Hence, v € LP(0).

Let ¢ > 0. By assumption, there exists N. € N such that [u, — wy]ma < € for all
n,m > N. which implies that for every xy € 2 and for all 0 < r < ry and n,m > N.

_A
T |lu, — (un)xo,r — U + (um)xo,rHLp(QﬂBr(zo)) <E. (2)

As in (1), we may pass to the limit m — oo in (2) and obtain

_2A
re s = (Un)zg,r — v+ Uxo,rHLP(QﬂBr(:Eo)) <é€ (3)

for every n > N.. Since zo € Q and 0 < r < r( are arbitrary, we conclude [u, — v]zpr < €
for every n > N.. Since € > 0 is arbitrary, ||u, — v||z»» — 0 as n — oo follows.

7.2. Vanishing weak gradient

Let 1 < p < oco. Let u € W'P(Q) satisfy Vu = 0 € LP(Q). Since Q C R" is connected
and bounded of class C", there exists gy > 0 such that . := {z € Q : dist(x, Q) > ¢}
is connected for every 0 < ¢ < g¢. Fix 0 < ¢; < gp and let p. € C°(B(0)) be a standard
mollifier for 0 < € < g7. Then the mollification u. = u * p. is well-defined and smooth in
., and satisfies Vu. = 0 in €2, classically, i.e. u. is constant in €2,.
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Moreover, [[u — uc|z1(q.,) — 0 as € — 0 implies that the constants u.|q., converge:

ue— 4
Q

Since |lu — u.[|r1(q,,) — 0 implies pointwise convergence almost everywhere on a subse-
quence, we obtain u(zg) = fﬂsl udx by uniqueness of limits for almost every zy € €1, .
Letting £ — 0 completes the proof.

0
udx‘:‘][ ug—udxlgj[ lue — u| de == 0.
Q. Q.

€1 1

Remark. The statement generalises to arbitrary connected, open sets €2 C R".

7.3. Holder continuity of functions in W2
Let 0 < a < 1 be arbitrary. Let u € W?"(R"). Then u and d;u are in WH"(R") for

any j € {1,...,n}. For any n < p < oo, especially for p = 1", we have the embedding

Whn(R™) < LP(R™). Hence, u and d;u are in Lﬁ(R”) for any j € {1,...,n}, which
shows u € W' T=a (R"). We conclude via the embedding W =a (R") < C%(R").

7.4. Uniform bounds on functions in W™!
Let u € C°(R") and let = = (21, ...,2,) € R™ be arbitrary. Then,

1 OJu

w(y, ... xy) = a—(sl,xQ,...,xn)dsl
—oc0 021
e w2 PPy
:/ / (81,82, @, ..., Zy,) dSyds;
—00 J—0 61’261’1

1 Tn 0"u
— [ Y s s ds, .. dsy,
[oo Loo 8xn8:€1 (Sl S) s o1
= @) < [ [T s )| s dsy <
u(x (815, Sn) | dSp .. ds1 < ||ul|wnagn)-
T J— —00 axn&vl b ’ ! wrmi(R?)
Since x € R™ is arbitrary,
Vu e CPR"™) : |lullpoomny < |Jullwnr@n) (4)

follows. The inequality (4) remains true for arbitrary u € W™!(R") by density of
Ce(R") in W™(R"). Indeed, given u € W™ (R"), let (uj)reny be a sequence in
Ce(R") such that ||up — ullwnimny — 0 as k — oco. Since inequality (4) implies
| — U oo @r) < ||tk — Up||wna@ny the sequence (ug)gen is Cauchy in L°(R") and
hence convergent to some v in L*(R™). In particular, uy(x) — v(z) converges pointwise
for almost every € R™ as k — oo. Moreover, since ||uy —u|z»@») — 0 implies pointwise
convergence almost everywhere on a subsequence, v = u almost everywhere follows by
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uniqueness of limits. Passing to the limit k£ — oo in ||ug|| Lo @) < ||tg]|wn.1@n) proves
the claim.

7.5. A variant of the Poincaré inequality

Let 2 C R™ be open, connected and bounded of class C!. Let u be the Lebesgue measure
on 2. Let 1 < p < oo and a > 0. Towards a contradiction, we assume that there exists a
sequence (uy)ren in WHP(2) such that for every k € N

al{r € Q: uw) = 0) = lll@ > KVul@: 6
Without loss of generality, we may assume ||ug||Lr) = 1 for every k € N. Otherwise
we replace uy with HUkHZ;}(Q)Uk which preserves both inequalities (5). As a consequence,
Jugllwre) < 1+ ¢ for any k € N which shows that (u)ken is bounded in Wh#(€).

The Sobolev embedding WP (Q) < LP(€) is compact for any 1 < p < oo. In the case
1 < p < n, compactness holds because p < p*. In the case n < p < oo compactness
holds because W?(Q) — W1 (Q) — LP(Q), where the second embedding is compact
(Korollar 8.5.1) and the first embedding continuous by Hélder’s inequality.

Hence, there exists a subsequence (ug)reacy and some v € LP(2) such that

A [y, = vlzee) = 0.

Moreover, convergence in LP implies that there exists a subsequence (ug)rearca such
that ui(x) — v(x) converges pointwise for almost every x € Q as A’ 3 k — oo. Since
|Vug||r) = 0 as k — oo by (5) and since the space W'?(Q) is complete, we have
v € WH(Q) satisfying Vv = 0 which according to problem 7.2 implies that v has a
constant representative. (Here it is crucial that € is connected.) If we prove

pu{x e Q: v(x)=0}) >a >0,
then v = 0 would follow which would contradict V& € N : [Jug||zr@) = 1. Let

An = |J {z€Q: w(z) =0},
keN k>m
A= ﬂ A,,.
m=1

Then, A; D A; D A3 D ... and since pu(A4;) < u(Q) < oo and u(A,,) > o we have
u(A) = lim p(An) 2 a.

Since we have pointwise convergence ug(z) — v(z) as A’ 3 k — oo for almost every
x € A and since by construction, uy(xz) = 0 for infinitely many k£ € A’ and every = € A,
we conclude v(z) = 0 for almost every = € A. Therefore,

p{z € Q: v(z) =0}) > p(A) = a.
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7.6. Explosion of the Poincaré constant
For k e Nlet Q) =Q, UA,UQ_ and u: Q) — R be given by

Q-l— - ]173[ X ]_17 1[7 17 if (1'1,1112) € Q-H
Ay = [_17 1] X ]_%7% ) u(x17x2) =371, if (1’1,.132) € Ay,
Q_ :]_37_1[><]_171[7 _17 1f ($1,$2) GQ—

Since u is Lipschitz continuous, u € W1*(Q) and because ) is bounded u € WP(Q) for
any 1 < p < oco. Moreover, ug, = [o udr =0 and

4

/ |u—qu|pdx:/ |ulP dx > 8, / |\VulPde = [ 1dz = —+.
Q Qp Qp A, k
<

C ()5

Combining these two facts with the assumed Poincaré inequality, we have 8
Therefore, C(Q) > 2k — 0o as k — o0.
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