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Part |. Multiple choice questions

8.1. Let © C R? be open and bounded of class C'. Into which space does H*(2) not
embed continuously?

(a) C°(Q)

(b)  LH(Q)

(c) L)

(d) WHi(Q)
)

None of the above.

(e

Since Q C R? is bounded of class C*, Sobolev’s embedding theorem (Satz 8.5.3.) states
that H'(Q2) = W2(Q) embeds into LI(Q) for every 1 < ¢ < 6. Moreover, since
is bounded, |lul[z1 < C|lul|zz and [|[Vul|r < C||Vul|z2 for every u € H*(2). Hence
HY(Q) — WLY(Q). However, unlike in C°(Q2), not every u € H'(Q) is bounded.

8.2. Let n > 2 and p = 2n. Into which space does W1P(R") not embed continuously?
(a) L>(R")

(b) Lro(rn)

(c) L™(R")

(d) C"2(R")

(e) None of the above.

« According to Sobolev’s embedding theorem (Satz 8.6.3), W2"(R") — (%3 (R™).
Functions u € C%2(R") satisfy |lullco@ny < 0o, hence u € L*(R™).

« According to the Poincaré-inequality (Satz 8.6.6), we have WhP(R™) < LPP(R™).

o We claim that there exists u € W?"(R") such that u ¢ L"(R"). Indeed, let u €
C>(R") be given by u(z) = |z|~? whenever |z| > 1. Then, if 1 < 3 < 1, we have

26n >n = ue€ L*R"),

264+ 1)n>n = Vue LG(R"), pn<n = u¢L"(R").
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8.3. Letn>2and 1< p<n. Let Q CR" be bounded of class C'. Let u € W?(Q).
Which statement is false?

(a)  ulon € LP(0Q) is well-defined.
(b) The embedding W'?() < L7 () is compact.

(c) There exists C' < oo independently of u such that ||u|w1.r@) < C’||u||L%(Q).

(d) There exists more than one v € W?(R") with v|q = w.
(e) None of the above.

o According to the trace theorem (Satz 8.4.3), u — u|sq defines a continuous map
WhP(Q) — LP(OQ) because S is compact of class C*.

« Asl<p<n= ;5 < 5 =p" the embedding WhP(Q) — L77(€) is compact.

» The Sobolev inequality states HuHL% < C|lullwr.p(q)- However, the reverse inequality
fails to hold: Suppose B; C € and let ug(z) = (1 — |z|*),. Then, u is Lipschitz and
hence in W?(Q2). Moreover, ||uk||Lanp < |By|™ < C and

C'kP
kp—p4+n—1

1 1
/|Vuk|p dr > C'/ (/{:rk_l)pr"_l dr = C”kp/ rFPPn=l gp —

Q 0 0
Since p > 1 we conclude ||Vugl|zr@) — oo while HukHL%(Q) stays bounded.

o The extension theorem (Satz 8.4.1) states that v € W1P(Q) can be extended to
Fu € W'(R"). Some perturbation of Eu outside 2 shows that the extension is not
unique.
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8.4. Let n > 3 and let By C R” be the unit ball. For which ¢ > 1 is the following
inequality true?

BN

30 <00 Vue CX(B) - /B (uf* dz < c(/B |Vu|2dx> (/B |u]qu>

a) any q>3

(
(b) only for ¢ =3

n

)
)
¢) only for g =1
)
)

only for ¢ =

(
(d
(e

Suppose the inequality holds for some ¢ € R. Replacing v by Au for A > 0 we obtain

2
)\3/ uf? do < O (/ |Vul? d:c) </ |u|? d:c) "
By B1 By

n

If ¢ < 3, then A — oo leads to a contradiction. If ¢ > %, then A — 0 leads to a

contradiction. (The powers of A must coincide left and right.) The inequality actually
holds with ¢ = 7, since we can estimate

/]u|3d:c:/ (2| d
B B
n—2 2
< </ |u|% dm) " (/ |2 dx)n (Holder)
B1 Bl

< C’(/BJVulz dx) </Bl|u\g dx) : (Sobolev)

None of the above.

B3N]
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8.5. Let n € N and let By C R™ be the ball of radius R > 0 around the origin. Let
I1<p<mnandlet 1 <¢< n”—_’;. For which § € R is the following statement true?

3C <00 YR>0 Yue WyP(Bg): ullLa(sry < CR?||Vull o8y
(a) B=0
(b) =1
(c) B="2r
d) B=2-2+1

(e) None of the above.

Given u € WyP(Bg) let @ € Wy (By) be defined by (y) = u(Ry). Then

[ w@)rde = [ Ju(Ry)ltR dy = B [ Jay)idy,
Br B1 B1

= |ullrasr) = Rt L),

[ TP ds = [ [(Tu) By dy

:/Bl

= |Vullon = R~ |Vl oy,

V(u(Ry)) & R dy = R™ /B IVal? dy,

The function @ € Wy (B;) can be extended by zero to @ € WP(R"). Hence,
il zaByy < Cull]] o 5,y = Cill@]] o= gny < ClIVU| Lo@ny = C|| V|| Lo (5,)
follows from Holder’s inequality and the Sobolev inequality. Consequently;,
lllzagry = R llillpasy) < CRE||Villmosy = CRT™ 2|Vl o).

Moreover, § = % — 2 4+ 1 is the only possible choice. For any other /3 either R — 0 or
R — oo leads to a contradiction.

last update: 20 July 2021 4 4/8



D-MATH Functional Analysis Il ETH Ziirich
Prof. A. Carlotto Solution to Problem Set 8 Spring 2021

Part Il. True or false?

8.6. Let u e WHH(R™). Let Q C R" be any open domain. Then ulg € WHH(Q).
(a) True.

(b) False.

By monotonicity of the integral with respect to the domain, [jul[z1(q) < |lu||p1 @y < 00
and [|Vullp ) < [Vullpi@n) < oo.

8.7. Let n e Nand 1< p < oo. The spaces W'(R") and W,*(R") are the same.
(a) True.

(b) False.

For every v € W1P(R") there exists a sequence of functions u, € C°(R"™) such that
|ue — ul|wre@ny — 0 as k — oo (Korollar 8.4.2 with {2 = R™). By definition, Wy (R™)
is the closure of C2°(R") in the W'P-norm. Therefore, Wy (R") = W1P(R™).

8.8. Let n >2and 1 <p < n. The spaces W'"?(R"\ B;(0)) and W, ?(R" \ B(0)) are
the same.

(a) True.

(b) False.

Since the domain € := R™\ B;(0) is open of class C'' with compact boundary, the trace op-
erator T: W(Q) — LP(09) is well-defined and continuous. Let u € Wy (). By defini-
tion of Wy™(€2), there exists a sequence (uy)ren in C2°(Q) such that [Juy, — ul|y1p@n) — 0
as k — oo. By linearity and continuity of the trace operator, ||Tur — Tu|| rra0) — 0 as
k — oo. Since T'ug, = 0 by definition of C'2°(Q2), we have u|spg = Tu = 0 in LP(02). How-
ever, not every function v € WhP(Q) satisfies Tv = 0. Therefore Wy*(Q) # W?(Q).
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8.9. Let n>2and 1 <p < n. The spaces WHP(R™ \ {0}) and W,”(R™ \ {0}) are the
same.

(a) True.
(b) False.

Since {0} C R" has vanishing W' "-capacity (Beispiel 8.1.1), there exists a sequence
(Vr)ken in C2°(R™) satisfying 0 < ¢4, < 1 and ¢ = 1 in a neighbourhood of {0} such
that ¢y, — 0 almost everywhere and ||Vipg||» — 0 as k — oc.

Given u € WHP(R™\ {0}) let ug := u(1l —1)y,) € WHP(R™ < {0}). The triangle inequality,
Holder’s estimate and the Sobolev inequality for p < n yield

lu — wl|wrr < [Vkullwie < [[rulle + VeVl e + [uNV | e, (Ix)
eVl e < ull Lo VRl n < JJullwre || V]| on- (ITx)

By assumption, (II;,) — 0 as k — oo. Moreover, since ||¢gu|| o+ Vu| rr < ||ul/w1.r and
since Ypu — 0 and ¢, Vu — 0 pointwise almost everywhere, the dominated convergence
theorem applies and we obtain (I) — 0 as k — oo. Therefore, uy — u in WP(R"™ \ {0})
as k — oo. Since every u; vanishes on some open neighbourhood of 0, by convolution
with a mollifying kernel it follows easily that u, € Wy (R™~ {0}), for every k € N. Since
WyP(R~ {0}) is a closed subspace of W'?(R~ {0}), we get that u € W, ?(R~ {0}) and

the statement follows.
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8.10. Let n =1 and p = 1. The spaces W' (R \ {0}) and W' (R \ {0}) are the same.
(a) True.

(b) False.

Let v € WHY(R \ {0}) be arbitrary. Then, v is continuous and for any x € |0, 1]

v(0) :v(x)—/mv'ds,
0
1 1 1 ,
> o) = [ pO)de < [ o@)|da+ [ 1] dz = [ollwragoap.

Let u € W' (R \ {0}) and u;, € C°(R\ {0}) such that ||u — ug|wi1 — 0 as k — oo.

Then, choosing v = u — uy, in the estimate above, we obtain

k—o0

[w(0)] = [u(0) = ur(0)] < flu — wrllwrrgosy —— 0.
Hence u(0) = 0. However, not every function w € WHH(R \ {0}) has this property.
Therefore, Wy (R™ \ {0}) # WLL(R™ \ {0}).

8.11. Let © C R” be bounded of class C. Then, C>(Q) is dense in C%2(12).
(a) True.

(b) False.
See Bemerkung 8.6.2 in the notes.

8.12. Let B; C R? be the unit ball and let (ug)ren be a bounded sequence in Wh4(By).
Then, there exists v € C%1(B;) and A C N such that Hv—ukHCO,;(K) —0as A3k — oo
1 (b1

(a) True.
(b) False.

Since B; C R? is bounded of class C!, the embedding W'4(By) < C%*(B;) is compact

2 1 . : 1
for every 0 < a < 1— 7 = 5, in particular for a = .
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8.13. There exists functions in W3(IR?) such that all their representatives are nowhere
differentiable.

(a) True.
(b) False.

According to Satz 8.6.10, the continuous representative of u € W3(RR?) is differentiable
classically almost everywhere.

8.14. Every compactly supported function in WH4(R3) is in L®(R3?).
(a) True.

(b) False.

According to Sobolev’s embedding W*(R?) < C%*(R?) with @ =1 — 2 = 1, every
u € WH(R3) is Holder continuous and ||u||00,i ®)

< C|lullwrars). The claim follows
from ||ul|pe < [Jullco < HuHCO%. (Compact support is not needed here.)

8.15. Let B; C R™ be the unit ball. There exists a sequence (uy)geny in C2°(By)
satisfying uy(z) = 1 for every x € By with |z| = § and ||ug|lw1.1(s,) — 0 as k — oo.

(a) True.
(b) False.

) the trace theorem (Satz 8.4.3) implies that

1
2

Since vy, 1= ug|p, € WH(B
2

|urllzr@oB,) = HUkHLl(aB%) < CHUkHWLl(B%) < Ollugllwra(sy)-

1
2

Hence, if up = 1 on 0By, then ||ug|lw11(p,) cannot converge to zero.
2
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