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0 Introduction

The object of this course is to present some of the stochastic processes, which often occur
in applications. Typical examples are the Poisson process, the renewal processes, Markov
chains and Brownian motion.

The present introduction will discuss these objects in an informal way and give some
flavor of these topics.

0.1 Poisson process

They are named after Siméon Denis Poisson (1781-1840), who introduced in his treatise
“Recherches sur la probabilité des jugements” in 1837, the Poisson distribution, which is
closely linked to Poisson processes.

Loosely speaking, Poisson processes come as follows:
One has random points on [0, 00), such that for any Borel set A of [0, c0),

(0.1) N(A) © pumber of points falling in A

is distributed as a Poisson variable with parameter A|A| (|A] = the Lebesgue measure
of A), A > 0 some constant, that is

k
(0.2) P[N(A) = k] = e M4l %, for ke N={0,1,2,...,}, if |A| < oc;
and N(A) =2 oo, if |A| = co.
A
——f
| ° ° | | °
0 — T ST
random points
Fig. 0.1
and for m > 1 and Ay, A,, ..., A, pairwise disjoint Borel sets of [0, 00):
(0.3) N(Ay),...,N(A,,) are independent variables.

The Poisson process records the number of points falling in the interval [0,¢], t > 0:

(0.4) N, ¥ N([o,4), t > 0.
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Thus, it is a non-decreasing right-continuous function of ¢, which has jumps of size 1 at
the location of the random points, and remains otherwise constant between consecutive
jumps.

The Poisson process comes in many applications, for instance as a description of arrival
times of customers in a queue, of times at which telephone calls arrive at a call center, of
times at which claims arrive in an insurance company, of times of emission for a-particles
by a radioactive source, etc. ...

We will see different characterizations of the Poisson process. In particular if S;,¢ > 1,
denote the successive jump times of Ny, t > 0, (with Sy = 0, by convention), and T;,7 > 1,
are the inter-arrival times:

(0.5) T; =5 —Si—1,1>1,

we will see that

(0.6) T;,© > 1, are independent exponential variables with parameter A:
(0.7) P[T; € B] = /B)\e_)‘xdx, for any Borel set B in [0, 00).

This description makes the Poisson process a special (and important) example of another
topic of interest in this course:

0.2 Renewal processes

One now considers i.i.d. variables T;,i > 1, on [0,00) with P[T; = 0] < 1, and finite
expectation:

(0.8) i = E[T), (for any i > 1),
and one introduces the renewal times
Si:T1+"'+Ti, ’iZl,

(0.9) So—0.



The renewal process is now defined as

(0.10) Ny =Y 1{S; <t}, fort > 0.
i>1

It counts the number of renewal times in the interval [0, ¢].

Fig. 0.3

In view of (0.6), the renewal process is a generalization of the Poisson process. An im-
portant idea is that after a time S;, “things start again and develop in the same fashion”
(whence the terminology of “renewal times”):

(0.11) (Ng, 4+ — 1)¢>0 is distributed like (IV¢);>0, and independent of 71, ..., T;.

In some cases we will discuss delayed renewal processes, for which Sy > 0 is not necessarily
0, and is independent of the i.i.d. sequence (T;);>1, so that

(0.12) Si=So+T1+---4+T;, 1> 1.

Of typical interest will be the large ¢t asymptotics of the renewal process. We will see
that under suitable assumptions on the distribution of the variables 7,7 > 1 (namely
“non-arithmeticity” ), one has Blackwell’s renewal theorem:

(0.13) tli)m E[Niin — N¢| = %, for h > 0 (and g as in (0.8)).

Another topic of interest will be the behavior of the “age” A; and “excess” Ey, when t is
a large deterministic time:

a2 R
< 7

Y

SN, t SN+

Fig. 0.4

The renewal processes show up in a number of applications. They can for instance describe
the times of successive repairs of a machine, or of replacements of an electric component.
They are linked to the notion of “regeneration”, where things “start afresh” after certain
renewal times. Renewal processes also show up in our next topic of discussion:



0.3 Markov chains

They are named after Andrei Markov (1856 - 1922), who introduced them. Typically,
one considers a state space E (in this course we assume that F is an at most countable
set). Then, a sequence (X,,),>0 of random variables with values in E, on some probability
space (€2, A, P), is a discrete time Markov chain when:

(0.14) E[f(Xot1)| X0, Xa] T2 B[f(Xns1)|Xa),

for any bounded function f: F — R.

Intuitively: “The best prediction of the future of the sequence (X,,), knowing its past,
just relies on the knowledge of the present”. This informal statement reflects the fact
that when (0.14) holds, one can see that a similar statement holds as well with f(X,+1)
replaced by ¢(Xpi1, Xng2, .- Xnar), with & > 1 arbitrary, and g bounded on E*.

Of special interest for us will be the temporally homogeneous situation when:

P Xpi1 =y| Xy =2 =pg, foranyn>0,y€kE,

(0.15) and = € F with P[X,, = z] > 0,

where (pyy)zyer is a (fixed) transition probability on E:

(0.16) Pay >0, for z,y € E, and ) pyy =1, for all z € E.
yelk

Markov chains show up in many situations. For instance, the state space can be £ = Z
in the case of the simple random walk on Z:

Pzrx—1 = % Prax+1 = %
z—1 T rz+1 Z

Py =0, ifyd{r—1,z+1}

Fig. 0.5

But E can also be of the form E = {1,..., K}*, with A = {1,...,L}?> C Z2, the space
of “configurations of pixels” in a box A, so that x € E can be thought of as an image
and K > 2, represents the number of grey levels of the pixels. There are indeed many
examples of state spaces and Markov chains that one encounters in applications.

Typical questions concerning Markov chains have to do with their asymptotic behavior.
For instance one is interested in:



- How does the distribution of X,, look like for large n?
- Is a state x € FE visited finitely many times or infinitely often by the chain (i.e. is

the variable Y 2 1{X,, = «} finite or infinite)?

If the state z € E is visited infinitely often by the chain, then the successive times of visit:
So =inf{n > 0; X,, = 2}, S; = inf{n > Sp; X,, = z},...

(0.17) ]
Sky1 =1inf{n > S : X, = z},...

turn out to lead to a renewal process, possibly with delay (see (0.12)).

successive times when X,, = =

/NN

® ® ®
0 So 51 2 3 S4 N

Fig. 0.6

An important role in the asymptotic analysis of the chain is played by the stationary
distributions, i.e. the probabilities m on E such that

(0.18) > w(x) pay =7(y), forally € E,

zel

and one is naturally led to study the existence and uniqueness of such distributions.

One does also study Markov chains in continuous time, (X¢):;>0, where in place of
(0.14) one now requires that

(0'19) E[f(th+1)’Xt07Xt17 s 7th] = El:f(th+1)’th]7

for any 0 <ty <ty <--- <ty <tpt1, and bounded f: £ — R.

One is interested in very similar questions as in the case of Markov chains in discrete
time, and there are important links between the continuous time and the discrete time
situation.

0.4 Brownian motion

It is named after Robert Brown, who in 1828, at the time director of the British botanical
museum, discovered the disordered motion of pollen grains suspended in water.

One can construct Brownian motion as a limit of rescaled polygonal interpolations of
a simple random walk, somewhat in the same way as the normal distribution in the weak
limit of the distributions of rescaled sums of i.i.d. random signs (as a consequence of the
central limit theorem).



Si: polygonal interpolation A Bt("): the rescaled trajectory

of the simple random walk

Fig. 0.7

(0.20)  Xi,...,Xp,... Lid. with P[X; = +1] = £, for all i > 1,
Sn=X1+ -+ X, m>1 5 =0,
S, t > 0, the polygonal interpolation of S,,,m > 1,

and

(0.21) Bén) =15 5, t>0, the rescaled (time and space) trajectory, with n > 1.

~n
The central limit theorem implies that

(n) 1 “ 2P
(0.22) P[B)"” <d] — Ner /_Oo exp { 7} dx, for all a € R.

Much more is true, and in a sense which can be made precise, the whole trajectory B.(”)
converges to a limit object B, the Brownian motion (this is a special case of Donsker’s
invariance principle).

Brownian motion turns out to be a fundamental stochastic process. The trajectories
t — Bi(w) are continuous, but very rough (nowhere differentiable, of infinite variation on
any proper interval). One can nevertheless build an “infinitesimal calculus” for Brownian
motion and show that when f is a C? function on R:

(0.23) f(By) = f(By) + /Ot f'(Bs)dBg + % /Ot f(By)ds, t >0, (Ito’s formula),

where fg 1'(Bs)dBs is a so-called “stochastic integral”, (¢ — B; has infinite variation
on proper intervals and fg 1'(Bs)dBs has no meaning as a Stieltjes integral). Note the

surprising apparition of a term “% gf”(Bs)ds” in (0.23), which reflects the Brownian
trajectories.



1 Poisson process

We begin with some general definitions before getting to the heart of the matter.

Definition 1.1. Given a probability space (2, A, P), a set I # 0, and a measurable space
(E, &), a stochastic process with time parameter I, and state space E, is a collection
(Xt)ter of random variables X; on (Q, A, P) with values in E. For w € §, the application
t € I — Xy(w) is called trajectory, or realization, or sample path of the stochastic
process.

Typically, we will be interested in I = N(={0,1,2,...}) or I =R, and in (E,€) =
(R, B(R)), the Borel o-algebra on R. If we do not explicitly specify the state space of the
stochastic process, it is tacitly assumed to be E =R (and £ = B(R)).

A
/ T Xi(wn)
\_/ Xi(w2)

0 1 3 g

Fig. 1.1: Two sample paths of a stochastic process with I = [1, 3]

Definition 1.2. A stochastic process (Yi)i>o defined on (2, A, P) is said to have inde-
pendent increments, if for any k> 1, 0=ty <t; <--- < tg,

(1.1) Yy, —Ys,.... Yy, —Yi, | are independent.

The stochastic process (Y;):>0 is said to have stationary increments if for any k& > 1,
to=0<t; <--- <t and h > 0, the random vectors:

(12) (Kl - }/;foa L 7}/%,% - }/tkfl) a‘nd (}/tl-i-h - va@—i—h7 L) 7}/;k+h - }/tkfl-i-h)

have same distribution (on R¥).



By a counting process, we mean a stochastic process (Ny):>0, such that the trajec-

tories
(1.3) t > 0 — N¢(w) are non-decreasing, right-continuous with values in N.
A
3
.—J
i 1 1 >
S1(w) Sa(w) S3(w)

Fig. 1.2: A sample path of a counting process (for which Ny = 0)

Given a counting process (IVi)¢>0, one can define its successive jump times (5;);>1, via

S1(w) =inf{t > 0; Ny(w) > Np(w)} < o0,
(if the set {...} =0, then S;(w) = 00), and inductively for k > 1,

(1.4)
Sk+1(w) =inf{t > Sp(w); Ni(w) > Ng, (w)}

(this is understood as oo if Si(w) = 00).

In this way one has

0<Si(w) < So(w) <--- < Sk(w) <... (each inequality is in fact strict
if the left member is finite),

1.5
(15) li}]Cm Sk(w) = oo (note that by (1.3), for any 7" > 0 and w € 2,

Snp(w)+1(w) > T).

We are now ready to prove some equivalent properties for a counting process, which will
then characterize the Poisson processes.



Theorem 1.3. Consider A > 0, and a counting process (N¢)¢>0, with No = 0 and jumps of
size 1 defined on some probability space (2, A, P). The following properties are equivalent:

(1.6) (Nt)t>0 has independent and stationary increments, and as t — 0,

P[N, = 1] = M + o(t),
P[N, > 2] = o(t);

(1.7) (Nt)t>0 has independent and stationary increments, and for all t > 0,
Ny has a Poisson(\t) distribution;

(1.8) the successive jump times S;,i > 1 (see (1.4)), are P-a.s. finite and
the T; = S; — S;—1,i > 1 (where Sy = 0, by convention) are i.i.d.

exponentially(\)-distributed variables;

(1.9) for each t >0, Ny has a Poisson(\t) distribution, and when k > 1,
conditional on Ny =k, the variables (S1,...,Sk) are distributed as the
non-decreasing reordering of k independent variables Uy, ..., U uniformly
distributed on [0,t], i.e. they admit the density (conditional on {Ny = k}):
f(Sl,...,Sk’Nt:k) = k! tlk 1{0<81 < e <Sk<t}.

The above theorem allows to introduce the following definition:

Definition 1.4. A Poisson process with rate A > 0 is a counting process (Ni)i>o, with
No =0, and jumps of size 1 satisfying one of the equivalent properties (1.6), (1.7), (1.8),
(1.9).
Proof of Theorem 1.3:

e (1.7) = (1.6):

This is easy because:

P[N; =1] = e MM = M +o(t), as t — 0, and
P[N; > 2] =1—e M —e M\t =o(t), as t — 0.

e (1.6) = (1.7):
Consider for t > 0 and n > 1:



It follows from the independence and the stationarity of the increments of N, that

(1.11) M, is distributed as a binomial (n, P[N:+ > 1]) variable.

k3
n

T

the success probability

Moreover we have:

(1.12) nP[N: > 1] = (% +o(%)) st

n—oo

From the usual Poisson approximation result for binomial (n,p,) variables with np, —
const., see for instance (2.2.5), p. 47 of [14], we find that

(1.13) M, + converges in law to a Poisson(At) distribution as n — oo.

At the same time we know that

P[Ny # My 4] :P[ U {th — Ng_y) ye =2 ]
(1.14) B

i )=
=
z
|

=
o
=

Sl
Vv
M,

s
o
9
QS
—~
| =+
SN—
=)

This fact together with (1.13) implies that NV; is Poisson(At)-distributed (indeed for f
bounded continuous on R:

|ELf(Ne)] = E[f (Mnt)]] < |flloc PNt # M 4] e 0, and

(L1 z f(k )T’ so that

E[f(Mn,t)]
E[f(Ny)] = e z f(k:) k" , for all f as above ).

This proves (1.7).
o (1.7) = (1.8):
We first give a non-rigorous heuristic argument:
P[Ty > t] = P[N; = 0] = e~ so T} is exponential ()\)-distributed.

P[T2 > t|T1 = S] ‘=" P[Nt—l—s - Ns - 0|Nu = 07 0 S u < S, NS = 1]
“_» P[Nt—l—s _ NS = 0] = P[Nt = 0] = e_)\t,

) )
independence stationarity
of increments of increments

so that T3 is independent of 7} and exponential (\)-distributed, and so on.

10



We now give a rigorous argument:
(1.15) P[T} > t] = P[N; = 0] = e, for t > 0,

so that 71 < oo, P-a.s., and T3 is exponential(A)-distributed. Further, for 0 < s1 < t; <
s9 < tg, one has:

Plsy < 81 <ty1, 89 < Sy <tg] =
P[NS1:07 Nt1_N81:17 NSQ_Ntlzoj NtQ_NSQZl]:

using independence and stationarity of increments

(1.16)
e M1 x (b — 51) e ME1—51) g Als2—h) (1- e~ At2=s2)) =
At = s1)(e72 —e7A2) = {s1 <y1 <, N e N dydys, .
52 <yo <ta}

In the same way we have
Pls1 < 51 <ty, s9 < Sa] = A(t1 — s1) e™™2 — 0, and hence
S2—00

P[31<51§t1,52:oo]20.

Choosing s1 = 0, and letting t; — oo, we find that P[0 < S; < 0o, S = co] = 0, and from
(1.15) and the first line of (1.5), we know that P[0 < S7 < 00, S < Sg] = 1. Therefore:

(1.17) P[0<51<52<OO]:1.
If we now introduce the probability density on Ri:

(1.18) Flyr,y2) = X2 e ?21{0 < y1 < o},

we deduce from (1.16) that

(1.19) P[(51,52) € Al = /Af(yl,yz) dyrdys for A € B(R?),

(the class of sets A = (s1,t1] X (82,t2], with 0 < 57 < t; < s9 <ty is a w-system of subsets
of U = {(z,y); 0 < z < y < oo}, which generates B(U). One can then apply Dynkin’s
lemma, cf. [12], p. 41, noting that both fdyidys and the law of S, Sy are supported by
U, cf. (1.17), (1.18)).

By an analogous argument, we obtain that for £k > 1, S; < oo, P-a.s. and

fstrs) Wy yk) = AP e {0 < gy <o <y}

1.20
(1.20) is the density of (S1,...,Sk).

Denote with h the linear map on R¥:

(1.21) h(ty, ..., tk) = (t1,t1 +to, ... t1 + - + L),

11



and with jy the product measure on R*:
k
(1.22) pr(dty, ... dty) = T1 xe Mi1{t; > 0} dty ... dty,
=1
The image of ju; under h (which has determinant 1) admits the density A\¥ e *+1{0 <

y1 < y2 < -+ <ygt of (1.20). Looking at inter-arrival times, this proves that

(Tl,Tg,... ,Tk) = (51,52 — 51,... ,Sk — Sk—l)

(1.23) 1 . -
=h="(S1,...,Sk) is pg-distributed,

and (1.8) follows.

e (1.8) = (1.9):
If g(t) = e M1{t > 0}, then Sy = T} + T» admits the density:

t
(1.24) gxg(t) = / Ae M Ne™8ds = A2 te ™, when t > 0,
: 0

=0, when t <0,

and by induction Sj;y1 admits the density

t _
g*(k—i-l) (t) = g g*(k) (t) — / )\e—)\(t—s) )\k s* 1 e—)\sds
0 !

k
= )\k“';—e_)‘t, ift >0,
—0,ift <O0.

In other words, for each k£ > 1:

(1.25) Ak (ks_ o e **1{s > 0} is the density of Sy,

(i.e. Sk is Gamma(k, \)-distributed, where the general Gamma(v, \)-density, v, A > 0,
cf. [6], p. 47, is defined by f),(s) = F(lu) N s lem21{s > 0}).

In particular, we see that

) PN, =0 = P[S; > 1] "2 e
[

ii) P[Ny=k] = P[Sk <t, Spr1>t] = P[Sk <t] — P[Sks1 <]
(1.25) ¢ —xs (As)*~ ¢ —xs (As)”
= /0 e =] ds — ; e = ds

(1.26)
integrating by parts, this equals
t
—at(AD)* / —xs (A9)" !
e N — [ Aem M T ds
) k! o k1)
a (M)

= e~ o for k > 1.

12



This shows that
(1.27) Ny is Poisson (At)-distributed.

If his as in (1.21), (S1,...,Sk) = h(T1,...,Tk), when k > 1, as explained below (1.22)
has density A\¥ e **¢1{0 < 51 < --- < s3,}. Applying this observation with k + 1 in place
of k we find that \+le=*%+11{0 < 51 < 89 < --- < 841} is the density of (Si,...,Sks1)-
Thus as in (1.26) ii), we see that the function of si,..., sk41 defined by

)\k«kl —)\Sk+1
f(Sl,---,8k+1|Nt:k’):me HO<s1 <0 < sppa}
(1.28) sk <t < sgpq1}
1.27 AL
(:))\6_)‘8’”1 ﬁ 1{0<81 < - <Sk§t<8k+1}

tk

is the density of (Si,...,Sk+1) conditional on {N; = k}. As a result, the density of
(S1,...,Sk) conditional on {N; = k} is

Florseo sl Vo= k) = [ o1 osm st [N = ) dspn =
t

(1.29) | - N
t—k' Ho< sy <+ < s, St}/ e g = t_k Ho< sy <o < s <t}
t
which is the density of the non-decreasing reordering of Uy, Us, ..., U ii.d. uniformly

distributed variables on [0, ] (see also [12], p. 323). This completes the proof of (1.9).
o (1.9) = (1.7):

We will use the following lemma;:

Lemma 1.5. Consider Ai,..., Ay >0, A=>1" 1\, pi = %, 1 <i<n. Given N-valued
random variables Z1,...,Z, and Z = Z1+-- -+ Z,, the following properties are equivalent:

(1.30) Z1,. .., Zyn are independent, respectively Poisson(\;)-distributed, 1 <1i < n,

(1.31) Z is Poisson(\)-distributed and for any k > 1, conditional on Z =k,
(Z1,...,2Zy) is multinomial (k;p1,...,pn)-distributed, that is:
! : ,
PlZy =iy 2o = julZ = k] = —2 pT i,
Jor 0 < ji,....jn with j1 + -+ jn = k.
Proof of Lemma 1.5:

e (1.30) = (1.31):

)\jl /\jn
PlZy=j1, oy Zp = ju] = €™ S e S for iy e 2 0
(1.32) AR
LN



Then we have for k > 0:

MU e Ak
(1.33) PiZ=k=e? Y Lo (Mt M) e
j1+“‘+jn:k jljn /]\ k k
multiplying and dividing by k! and
using the multinomial formula

So Z is Poisson(\)-distributed.
Moreover, for k > 1, ji,...,5, > 0 with j1 + - -- + j, = k we find

PlZ) = oo Zo = julZ = K] (1.32);(1.33) k:i' (&)jl N </\n>jn

gl gnl WX by

and this proves (1.31), since % =p;, 1 <i<n.

e (1.31) = (1.30):

Forjl,...,jn20,Withk2j1+“‘+jn21,W€haVe:

PlZi =1, Zn = jul = PlZ1 = j1, ... Zn = ju|lZ = k] P|Z = K]
O G e s My AL

gl g k! Jileoognl VA A
=[] e ™ —Z'
i=1 Ji-
Now, when ji = -+ =34, =0, P[Z; =---=Z, =0 =P[Z =0l =e N =e M. . e,
and (1.30) follows. O

We will now prove (1.7) assuming (1.9). Observe that when n, &k > 1, 0 < #; <
tg <. <tn:t7j17’”7jn 207 Wlthk:jl++]n7

=t

. . N . 1.9
P[Ny, = j1, Nyy — Ney = s oo Noo Now, = Gl Ny = K] 22

with Uy, ..., Uy uniformly distributed on [0, ] and independent

P[5 10 € 0} =i 3 10 € (aotal} = e 35 1O € (s, ) = ] =
g ) ()

that is Ny, Ny, — Nyyy..., Ny — Ny, conditional on Ny = k are multinomial (k; %1,

tQ;tl,...,t_t:’l)—distributed. With Lemma 1.5 we see that Ny, Ny — Nyyyooo, Ny —

Ny, _, are independent and respectively Poisson(Aty), Poisson(A(ta—t1)),. .., Poisson(A(t—
tn—1))-distributed. This proves (1.7) and concludes the proof of Theorem 1.3. O
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Remark 1.6. One can prove a variant of Theorem 1.3, for which one does not make any
assumption on the jumps of a counting process (IV¢);>0, such that Ny = 0. In this set-up
one has

(1.6) <= (1.7) <= (1.8)" <= (1.9)’, where
(1.8)” is the condition (1.8) and P-a.s. the jumps of (/NV;) have size 1, and
(1.9)’ is the condition (1.9) and P-a.s. the jumps of (N;) have size 1.

The only change in the proof given above concerns the step (1.7) = (1.8)’, where one
argues as for (1.7) = (1.8) and one also observes that for ¢ > 0

P[N has a jump of size > 2 on [O,t]] < see (1.7) = (1.6)
" 1
P[kL:Jl {Niet = Ngye 22} <nPIN: 2 2] =no(1) — 0,
and hence P[N has a jump of size > 2] = 0, which allows to prove (1.8)’. O

We will now discuss some properties of the Poisson process. We begin with the fact
that it satisfies the Markov property (more about this topic in Chapter 4).

Proposition 1.7. (time-homogeneous Markov property)

Consider (N¢)i>0 a Poisson process with rate X > 0, f: N = R, bounded, 0 =ty < t; <
<o <tp=t,s>0. Then, one has

(1.34) Elf(Niws) | Nig, - . N, ] = (R £)(N,), P-a.s.,

where forn >0 and u > 0,

A m—n
59 = e T (= BN+ )
Moreover,
(1.36) (Ru)u>0 ts a semigroup of bounded operators on L>(N),

(i.e. Ryty = Ry Ry for u,v >0).
Proof.

P-a.s.
E[f(Nt+S)|Nt07"'7Ntz]:E[f(Nt-I-S_Nt+Nt)|Ntov-"7Ntz] gs
—_— X1 ot

AN g

independent from

s k
£t Ny Bk — (),

15



and (1.34) follows. Note that for s1,s9 > 0, n > 0, and f as above:

Ros(Reaf)) = By (3 foma) e G2 o) =

—As1 (Asl)ml_n —As2 (>\82)m2_m1 _
¢ m%n (ml - ’I’L)' mzzzjrm f(m2) ¢ (m2 - ml)' B
(1.37)

(As)(m1=m) (\gp)(m2=m1)  summing over m;

e Merts2) 3 f(ma)

ma>mi>n (m1 —n)! (mg —my)! binomial_formula

e—)\(sl—l—sz) Z f(mg) ()\(81 +32))m2—n

ma>n (m2 - n)'

= Rs 45, f(n),
and this proves (1.36). O

Remark 1.8. Note that for ¢ > 0, n > 0, and f bounded on N we have

(e —1) f(n)+xeMfn+1)+ 2 e ()
=tk

~ | =

(138) ¢ (Rf — f)(n) = fln+ k)

As aresult, letting ¢ — 0, only the first two terms in the right-hand side of (1.38) contribute
and we find:

(1.39) %1_136 % (Ref — f)(n) = Lf(n) (the convergence is uniform in n)
where
(1.40) Lf(n)=A(f(n+1)— f(n)), forn >0,

is a bounded operator on L>°(N) called the generator of the semigroup (R:)i>o. O

1.1 Stationary Poisson process on R

We consider (N;");>0 and (N; )i>0, two independent Poisson processes with rate A, with
respective jump times (S;");>1, (S; )i>1. We organize these two sequences into a doubly
infinite sequence on R, (Sg)rez:

16



S_2 S_l S() Sl SQ SS

o i C o i

-8y Sy -5y 0 st st S5
Fig. 1.3
Sp= S, if k>1,
(1.41) o
= _Sl-HkI’ if £ <0.

As a result we see that the distribution of the (Sk)gez is determined by the property

S1,82 — 81, Sky1 — Sk, -+

1.42
( ) —5S0,80 — S-1,5-1 — S_g,... are i.i.d. exponentially(\)-distributed.

Of course the origin 0 plays a special role for the sequence (Sg)rez since one has:
(1.43) Sp <0< 8.

We then choose t > 0 (the case t < 0 is similar) and let ¢ play the role of the new origin
of time for the doubly infinite sequence. So we define

S_Q S_l SO 51
. . . | .
0
° ® | ° ° °
571 S() 0 Sl ¢ S2
Fig. 1.4
(1.44) Sk:SN;r+k_t7 kelZ.

Theorem 1.9. (stationarity)

(1.45) (gk)keZ has the same distribution as (Sk)kez-

17



Proof. We use the notation N; = hmvTu , for u > 0, to denote the left-limit of N+
at u (it only differs from N, when u is a Jump tlme of N +) We then define the counting
processes:

(146) N: déf Nt—:-s - Nt+7 s >0,

Jif0<s<t ¥ N, + N ifs>t.

s

v— def ar+ +
(1.47) N, = N, N(t -
Note that NJ = 0, but ]vo_ = 1 possibly, when ¢ is a jump time of N (this event has
probability 0, cf. (1.25)). When ¢ is not a jump time of N T, we have:

(1.48) §k, k > 1, are the jump times of (]VJF), and
' —gl_k, k > 1, are the jump times of (]v_)

Moreover, (NT) and (N ) have independent stationary increments and both N, NJ are
Poisson(\s)-distributed (note that for each s € [0,t), P-a.s., N; = N, — N;" _, since for
each u > 0, P[N,S # N ] =0). Also NTt and N~ are independent. With (1.7) we see
that (N )s>0 and (N 1{N0 = 0})s>0 are two independent Poisson processes with rate
A > 0 (of course P[N # 0] = P[t is a jump time of N*] = 0). From (1.41) and (1.48) w
have expressed

1.41 _ ~ 1.48 ~ ~_
(Sk)kez e 9((5)i>1, (S )i=1), and P-as. (Sk)kez 049 g((S)iz1, (S )ix1),

with gj‘, i > 1, the jump times of ]VJF, gl_, i > 1, the jump times of N_— 1{]?70_ =0}. The
claim (1.45) follows. O

We will now apply our discussion of the stationary Poisson process on R to the so-called
age and excess processes.

We thus consider (N;)s>0 a Poisson process with rate A > 0, and for ¢ > 0 we introduce
(with the convention Sy = 0 used for unilateral Poisson processes, cf. (1.8))

(1.49) Ay =t— Sn, (age process), note that A; = ¢, when Ny = 0,
' E; = Sn,4+1 —t (excess process).

o —©

0 SN,+1

Fig. 1.5: An illustration of A; and E;
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Proposition 1.10. (¢t > 0, (N;)s>0 Poisson process with rate \)

(1.50) (A¢, Et) has same distribution as (U At, V'), where U,V are
independent exponential(\)-distributed random variables.

Proof. If we choose an independent Poisson process with rate A, (N, )s>0, and set Nj” =
Ng, for s > 0, we see that in the notation of (1.44) we have:

(1.51) E, =S and A, = (—Sy) At,
and the claim follows from (1.45) of Theorem 1.9 and (1.42). O

Remark 1.11. The above result has an important consequence. It shows that the length
of the interval between successive jump times, which straddles t (i.e. L; = E; + Ay)
has not the same distribution as the Tj,i > 1 (the lengths between the successive jump
times). This length tends to be longer, cf. [6], p. 12: “The waiting time paradox”.
Note that for ¢t — oo:

lim E[L)] = E[U] + E[V] = 2E[T] = % .

1.2 Superposition and thinning of Poisson processes

We will now discuss some natural “operations” on Poisson processes. It will be useful to
introduce the notion of “marking” of a Poisson process.

Definition 1.12. Given a Poisson process (Ni)i>o, with rate A > 0, an i.i.d. sequence
(Xn)n>1 (possibly vector-valued), independent of (N¢)i>0, will be called a marking of the
Poisson process.

Rd

A
? (547 X4)

® (51,X1)
® (53, X3)

® (52, X>)

| | | ! | "
Sh S Ss Sy

Fig. 1.6: A marked Poisson process
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1.2.1 Thinning

We consider a Poisson process with rate A > 0, (N¢)¢>0, marked with Bernoulli variables
(Xn)n>1, with success parameter p € (0,1). We define the thinned processes:

N =3 1S <t, X, =1}, t >0,
k>1

NY =3 1{Sp <t,Xp =0}, t >0.
k>1

(1.52)

Remark 1.13.

1) The Poisson process (N¢)¢>o can for instance describe the arrival times in a queue of
clients, which can have two types “1” or “0”. So the thinned processes (N} );>o and
(NP)i>0 respectively describe the arrival times of clients of type 1 and of clients of
type 0 in the queue.

2) Another interpretation of (N})¢>q is for instance when certain arrivals or events are
not registered due to some defects (with the mark being 0 for such arrivals).

3) We of course have the identity

(1.53) Ny =N + N}, t>0.

The next proposition will be very useful.

Proposition 1.14. Assume (Ni)¢>o is a Poisson process with rate A > 0, with R?-valued
marks (Xp)n>1, with common law p on (R4, B(RY)). For A € B(Ry x RY), with A C
[0,T] x RY, for some T > 0, define

(1.54) N(4) = 5 1{(Sk Xi) € 4},

Then, setting v(ds,dx) = X1{s > 0}ds @ u(dx),
(1.55) N(A) is Poisson(v(A))-distributed,

and for Ay,..., Ay € B(Ry x RY), pairwise disjoint (i.e. A; N A; = ¢, for i # j) and
included in [0,T] x R, for some T > 0,

(1.56) N(Ay),...,N(A,,) are independent variables.

Proof. We will compute the characteristic function of (N(A;),...,N(Ay)). We thus con-
sider t1,...,t;, € R, Ay,..., A,, as above and set

s

(1.57) f(s,x) =

tjla,(s,x), for s >0, x € R,
1

J
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The characteristic function of the random vector (N(A1),...,N(A;,)) is:

Oty v stm) = E[exp {z jg:l tj N(Aj)H

(1.58)
(1.54),(1.57)

= E[exp {Z Z f(San)}]
n>1
By (1.9) we know that Ny is Poisson(AT") and conditional on Ny = k, k > 1, S1,...,Sk
are obtained as a reordering of Uy, ..., Uy, independent uniformly distributed variables on
[0,T].

As a result we find that:
k
(159)  @(tr,... tn) = e 5 AL E[exp {z s f(Sn,Xn)}| Np = k;]

with (1.9) and the independence of the i.i.d. (X,)p>1:

k
_ T Z ()\]Z;) % / e n=1 duy d#(iﬂl) coodug d/L(JEk)
’ ([0,T]xR4)k

_ T M / if (u2) k
=e i e\ du dp(x
= (), (=)

k>0 ,T]xRd
= exp { — )\/ (1 — ef(wm))y dudu(az)}.
[0,T]x R4

Note that

1€ =0 outside |J A4

J=1 ™\ pairwise disjoint
=1—¢€"% on Aj.
In other words:

m
- "
e _121 (1=e%)1a;,

and as a result coming back to (1.59), we find that

M

gp(tl,...,tm):exp{— (1—eitj)1/(Aj)}

1

J

(1.60) = ijl exp{—v(4;)(1 —€")} .

characteristic function of a
Poisson(v(A;))-variable at the point ¢,

With the inversion formula for characteristic functions (cf. [4], p. 150), (1.55), (1.56)
follow. U
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We will now apply the above proposition to the study of the thinning of Poisson
processes. We recall (1.52) for notation.

Theorem 1.15. (thinning of Poisson processes)

(NP)i>0 and (N})i>o are independent Poisson processes with respective rates
(1.61) )\0 = )\(1 —p), )\1 = )\p.

Proof. In view of (1.52), (N}!);>0 and (NY);>0 are counting processes with jumps of size 1,
moreover one has N}, = 0= N . Further given to =0 < t; < --- < t,, in the notation
of (1.54) we have

N} =

1

N([0,t,] x {1}) NL — N} =N((t1,ta] x {1}),....,N} =N} =
( n—1,1 {1}) and

NO = N([O #1] x {0}) Ng — N = N((t1,ta] x {0}),..., N, = NP, =

As a result of (1.55), (1.56) these are independent Poisson variables, and the respec-
tive parameters are given as in (1.55) with v(ds,dzx) = A1{s > 0}ds ® (pd1(dz) + (1 —
p) do(dx)), so that N/ is Poisson(Apt1), Ni, — N} is Poisson(Ap(t2 — t1)), ..., N} — NL
is Poisson(Ap(t, — tn—1)).

Likewise N}, is Poisson(A(1—p)t1), N, — Ny is Poisson(A(1—p)(t2—t1)), ..., NY, —Np. |
is Poisson(A(1 — p)(t, — tn—1))-

(1.62)

Therefore by Theorem 1.3 (N1)s>0, (N?)s>0 are independent Poisson processes with
respective rates Ay = Ap, A\g = A(1 — p). O

Our next item is the discussion of the superposition of Poisson processes.

1.2.2 Superposition

We now consider (N})i>0 and (N});>0 two independent Poisson processes with respective
rates A\g > 0 and A; > 0, and the superposition process:

(1.63) Ny =N+ N} t>o.

We denote by S9, k > 1, and S}, k > 1, the respective jump times of (N)i>0 and (N} )>o.
In view of (1.25) we see that

(1.64) P-a.s., for ko, k1 > 1, 520 # S,il and are both finite.
We can then introduce the successive jump times S, k& > 1, for V¢, t > 0, and note that:

{Sk(w), k> 1} = {S) (w);ko > 1} U{S} (w); k1 > 1}.
(1.65) N 4

P-a.s. disjoint subsets in (0, 00)
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We then introduce the random variables X, k > 1, via:

Xi(w) = 1{the k-th jump time of (Ny);>0 is finite
(1.66) and a jump time of (N});>0}
def

= 9 (V) iz0, (ND)1>0)-
In view of (1.64),

P-as., 1 — Xp(w) = 1{the k-th jump time of (IVy);>o is finite

and a jump time of (N)¢>0}-

Theorem 1.16. (superposition of Poisson processes)

(Nt)t>0 is (up to a change on a negligible set) a Poisson process with rate X = Ao + Ap,
and (Xy)g>1 constitute a marking of this Poisson process with Bernoulli variables having
success probability

A1

1.67 = .
(1.67) P= 5

Proof. We will use the result on thinning. We thus introduce on some auxiliary probability
space (Q A P) a Poisson process (N;);>0 with rate A = )\0 + A1, and independent marks
(Xk)k>1, which are Bernoulli(p)-distributed, where p = Py +/\ , as in (1.67). If we denote

with (N} Ji=0 and (N? )i0, the thinned processes, cf. (1.52), we know from Theorem

1.15, that (N} 9)i>0 and (N} )t>0 are independent Poisson processes with respective rates
(Ao + A1)(1 —p) = Ao and (Ao + A1) p = A1. In particular:

(1.68) ((]Vto)tzo, (Nf})tzo) has same distribution as ((N?)¢0, (N} )i>0)-
As a result:

(Ny)i=0 = (N? + N})i>0 has same distribution as (N;);>0 = (N2 + N1);>o,
and since NN, is a Poisson process with parameter A\g + A1, we already find that
(1.69) (N¢)t>0 is a Poisson process with rate A = Ao + 1.

With the same notation as in (1.66), it also follows from (1.68) that

((]\7?)1&20, (Nl)t>07 (gk((ﬁl)po, (N?)tzo))k21) has same distribution as
(ND)ez0, (N )20, (Xp)r>1)-

However, for k£ > 1,

(1.70)

9k (N)iz0, (ND)iz0) = 1{the k-th jump of (N + N})i=0 = (Ni)iz0
is finite and a jump of (Ntl)tzo}

g
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As a result:
(N0, (N})i>0, (Xk)k>1) has same distribution as

(N)ez0, (NDi0, (Xi)rz1),
and therefore since (N;)i>0 = (N2 + N0, (Ni)is0 = (N2 + N})i>0, we see that

(1.71) ((Nt)tzm (Xk)kZI) has same distribution as ((Nt)tZ()a ()Zk)kzl)

This proves that (Xj)g>1 is a marking of (Ny)¢>0, which is Bernoulli(p)-distributed. O

Remark 1.17. We have in several instances invoked the notion of distribution of a count-
ing process (N¢)¢>0. What is meant is that we consider the canonical space

(1.72) Q. = {functions w(-) from Ry into N, which are non-decreasing and
right-continuous},

endowed with the canonical o-algebra F. generated by the canonical coordinates w &
Q. — w(t) € N, where t varies over R, :

(1.73) Fe=o(w(t); t >0).

A counting process (N¢)¢>o defined on (2,4, P) can then be viewed as a random variable
with values in €., endowed with the o-algebra F., and the distribution of (Ny):>0 is simply
the image measure of P under the measurable map w — (Ny(w))¢>0 from (€2, .A) to (2, Fe).

In the same vein, the distribution of ((N?)tzo, (Ntl)tzo) in (1.68), is the image measure

of P on Q. x Q. endowed with the product o-algebra F. ® F. under the measurable map
0 € Q— (NY(@)z0, (NH@))i>0) € Qe X Q, and so on and so forth. O

1.3 Inhomogeneous Poisson process

Definition 1.18. Given a continuous function p: Ry — (0,00), a counting process
(Nt)t>0, with Ng = 0, and jumps of size 1, is called inhomogeneous Poisson process with
(instantaneous) rate p(t), if (Nt)e>0 has independent increments and uniformly for bounded
t, as h — 0:

(1.74) P[Niyn — Ny = 1] = p(t) h + o(h),
(1.75) P[Nywn — N, > 2] = o(h).

(This generalizes (1.6), which pertains to Poisson processes with constant rates).

We will first discuss the existence of such processes.
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1.3.1 Construction via time change

We introduce the function
t
(1.76) R(t) :/ p(s)ds, t >0,
0

and consider (ﬁt)tzo a Poisson process with rate A = 1.
Proposition 1.19.

(1.77) N; def NR(t), t >0, is an inhomogeneous Poisson process with rate p(t).

Proof. Observe that (IV¢);>0 has independent increments, since (N;)s>0 also has indepen-
dent increments. Moreover, as h — 0, uniformly for ¢ < T, one has:

(1.78)  P[Nyyn — Ny =1] = P[Ngin) — Npgy = 1]

N Poisson (R(t + h) — R(t))

= (R(t + h) — R(t)) e~ BRI =)
t+h

= (/tt+h p(u)du> exp{ - /t p(u) du} = p(t)h+ o(h).

In a similar fashion, as h — 0, uniformly for ¢t < T,
(1.79) P[Neyn — Ne > 2] = P[Npein) — Ny > 2] =
P[Ng(+n)-r(t) 2 2] < P[Noph 2 2] = o(h).
N————
<Crh

r\With Cr =sup{p(s); 0<s<T+1}<oo,and h <1

This proves the proposition. O

When the function p(-) is bounded, we now provide another way to construct an
inhomogeneous Poisson process with rate p(-).

1.3.2 Construction by variable thinning

We now assume in addition that

(1.80) sup p(t) < C < 0.
>0
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We consider (Nt)tzo a Poisson process with rate C, which is marked by i.i.d. variables
(Xn)n>1, uniformly distributed on [0, 1]. We can then introduce (N¢)¢>0, which is a vari-
able thinning of (IV¢)i>0:

Ny =S 1{S; <t, X < M} (compare with (1.52)),
(1.81) k>1 ¢

with gk, k > 1 the jump times of N..
Proposition 1.20.
(1.82) (Nt)t>0 is an inhomogeneous Poisson process with rate p(t).

Proof. Define as in (1.55) for A € B(R; x R?) with A C [0,T] x R?, for some T > 0:

(1.83) N(A) = k; 1{(Sk, X3,) € A}.

Then we have

(1.84) N; = N(A), with A = {(s,x) €04 x[0,1]; 0 <z < @}7

and as a result of (1.55), where v(ds,dz) = C1{s >0, 0 <z < 1} dsdx, we find:

t 1
. p(s)
1.85 N;is P C d Ko<z < —=tdr=R()).
(1.85) ; is 01sson< /0 s/o {_3:_0}3: ())
In the same way Nyip — Ny is Poisson(R(t 4+ h) — R(t))-distributed, and with (1.56):
(1.86) (Nt)e>0 has independent increments.
The claim now follows just as in (1.78), (1.79). O
o)
A C

Fig. 1.7:  The jump times (Sk)r>1 of (N¢)i>0 obtained by variable
thinning of the jump times of (IV¢)i>0
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We now return to the Definition 1.18 and investigate the structure of Poisson processes
with rate p(-).

Theorem 1.21. Let (N¢)>0 be a Poisson process with rate p(-), then

(1.87) Ny — Ny is Poisson (R(t) — R(s))-distributed for 0 < s < t,

(1.88)  fort>0 and k > 1, given { Ny = k}, the distribution of (S1,...Sk) is
p(dsy ... dsg) = k!'p(s1)...p(sp) R(t)F1{0 < s1 < --- < s < t}dsy ... dsp.

Proof.
e (1.87): The argument is analogous to the proof of (1.6) = (1.7).

We define for 0 < s < t, n > 1:

(1.89) M, = kgl 1{Ns+(t—s)% — Ns+(t o) =) > 1}

It is a sum of independent Bernoulli variables with possibly different success parameters.
Its characteristic function is

(1.90) on(u) = Elexp{iuM,}] ndep. [T (1+pnxr(e™—1)), for u € R, with
: k=1

pn,k:P[Ns—i-(t—s)%_N (tms) U= y >1,1<k<n,n>1

With the assumptions (1.74), (1.75), we find that

(1.91) SUp  pnk — 0, and z Pk —2 p(v)dv = R(t) — R(s).
1<k<n k=1 s

We use the analytic function log(1 + z), for |z| < 1, and write for large n:

on(u) = exp{ ZZ: (1 +pn7k(ei“ — 1))}

Note that when n is large

L iu S iu oo (191
‘ > log(1+ ppi(e™ —1)) — 3 pps(e™ — 1)‘ <C > P = 0.
k=1 k=1 =

This fact and (1.91) now yield that for u € R

(1.92) en(u) — exp {(R(t) — R(s))(e™ — 1)} .

n—o0
’\

characteristic function of the
Poisson(R(t) — R(s))-distribution
at the point u € R
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From (1.92) we deduce with the “Continuity Theorem” for characteristic functions, cf. [4],
p- 97, that

(1.93) M, converges in law to a Poisson (R(t) — R(s))-distribution.

The remainder of the proof of (1.87) is similar to (1.13), (1.14) and the explanation
following (1.14). The claim (1.87) follows.

0(1.88): For k>1,0<s1<t1 <s9<tg< - <85 <t <t:

(1.94) Plsy < S1<t1,80 <S89 <tg,...,sp0 < Sk <tp| Ny =k] =
Plsy < 51 <ty,80 < S9 <tg,...,sk < Sk < tg,Sky1 >t]/P[N, = k] =
P[Ns;, =0,N;; — Ns, =1,N;, — Ny =0,
Nty — Ngy =1,...,N;, — N, =1, Ny — Ny, =0]/P[N; = k] =

k

using (1.87) and the independence of increments

1
exp{—R(t)} H (R(t:) — R(sq)) x RO BT
k! H (R(t:) = R(s:)) R()™" = p((s1,t1] x (s2,82] x -+ x (s, ty]),

using the notation of (1.88).

kol

The class of sets A = (s1,t1] X -+ X (sg, tg], with 0 < 1 <1 < -+ < s, <t < t,isa

m-system of subsets of Uy def {(z1,...,25); 0 <z < --- <z}, < t}, which generate B(Uy).
Note that the conditional law of Si,..., Sk given {N; = k} gives measure 1 to U; (indeed
P[Sp = Spq1 for some ¢ < kand Ny =k] <> " _, P[Nym — N, (m-1) > 2] — 0 by (1.75))

and g (from (1.88)) also gives measure 1 to U;. So, with the help of Dynkm s lemma, see
[12], p. 41, it follows from (1.94) that these two probabilities are equal. This concludes
the proof of (1.88). O

Remark 1.22.

1) Note that the assumption of uniformity over ¢ bounded in (1.74), (1.75) is
important. Indeed, consider (/V¢);>0 a Poisson process with rate 1, and

N, =Ni+[t] =N+ S 1{k <t}, fort > 0.
k>1

Then (Nt)tzo has independent increments, and for any ¢t > 0, Nt+h — Nt is Poisson(h)
if h > 0 is small enough, and as a result for each ¢ > 0:

P[Nyn — Ny = 1] = h+ o(h), P[Neyp, — Ny > 2] = o(h), as h — 0.
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On the other hand, N; is not Poisson(t)-distributed, and one can modify (N;);> on a
set of measure 0 so that it only has jumps of size 1. This shows the importance of the
uniformity assumption over bounded ¢ in Definition 1.18 if one wants the conclusions
of Theorem 1.21 to hold.

2) On the other hand, in Definition 1.18, the assumption that (/V;);>¢ only has jumps
of size 1 is not usual. If this assumption is omitted, a counting process satisfying
the other assumptions of the definition can be modified on a set of null-probability,
in order to also satisfy the assumption of only having jumps of size 1, see Remark 1.6
for analogous considerations. O

We now continue our investigation of inhomogeneous Poisson processes. We are
now ready to see that they all have the form of a time change of a Poisson process
with rate 1, as in (1.77).

Corollary 1.23. Let p(-): Ry —— (0,00) be a continuous function, and (N¢)i>o0 be a
Poisson process with rate p(-). Then for a suitable Poisson process (Ng)s>o with rate 1,
on a set of full probability one has:

(1.95) N; = Ngpy, t > 0.
Proof. As before, R(t) = fg p(u) du, t > 0.

a) When lim;_,o, R(t) = oo, we define

(1.96) A = (the inverse function of R)(s), s >0
(incidentally note that A, = R'+AS = p(is)), and

(1.97) N, = Ny,.

Then, by (1.87), we see that for s > 0, N; is Poisson (R(A,) = s)-distributed. Moreover,
conditional on Ny = k > 1, the variables Si, ..., S (i.e. the first k£ jumps of ]V) coincide
with R(S1),...,R(Sk) (where Si,..., Sk are the first k jumps of N,) and by (1.88) have
distribution k!'1(0 < 3] < --- < 5} < s)sFd3;...d3;. It now follows from (1.9) that
(Ny) s>0 is a Poisson process with rate 1. Then (1.97) implies that

NR(t) = Nag,, = Ni, for t >0, and (1.95) follows.

b) In case limy_,o, R(t) = Rs < 00, we then pick an independent Poisson process with
rate 1, (N/)y>0 (this means we are now working on an “enlarged space’ of the form
Qx Y A A, P x P, if (2, A, P) is the probability space where (N;);>o is defined.
Then we set

As = (the inverse function of R)(s), so that

(1.98) A, is an increasing bijection [0, Ry ) — [0, 00).
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Note that, using for instance the characteristic function exp{R(t)(e®* — 1)} of N;, Ny
converges in law to a Poisson(Ry )-distribution as ¢ — 0o, so that Noo = limyo IV
(recall N, is non-decreasing) is a.s. finite. We then define

Ny =0, if Noo = 0o (this event has 0-probability),
(1.99) = Ny,, if Noo < 00 and s < Ry,
:Noo—i—Ns/_Roo, if Noo <00 and s > Ry .

With the independence of the increments of N, and (1.87), we see that for 0 < s7 < --- <
Sp < Reo,

(1.100) Nsl,ﬁsz — Ngy,..., Ng, — Nsnﬂ are independent, respectively
Poisson(sy — si_1)-distributed, k =1,...,n.

Moreover, NROO — Nsn = limgp.. N, — Nsn 2 Ny — Nsn is Poisson(Rs — sy )-distributed
and independent of the increments in (1.100).

It then follows that (]V s)s>0 is a counting process with ]Vo = 0, jumps of size 1, which
also fulfills (1.7), with A = 1. It is therefore a Poisson process with rate 1. Then we see
from (1.98), (1.99) that a.s.

N = NR(t)y for all t > 0.

This concludes the proof of (1.95). O

Example 1.24. (Record values of an i.i.d. sequence)

We consider X;,i > 1, i.i.d. positive variables on some (£2,.4, P) with density:
(1.101) f: Ry — (0,00), which is continuous.

We introduce the process counting the number of record values of the sequence
Xi,i > 1, up to level t:

(1.102) Ny = Z 1{Xi <t, X;> max(Xl,Xg, R 7Xz'—1)}-
i>1 N
“X; is a record”

Proposition 1.25.

(Nt)t>0 is an inhomogeneous Poisson process with rate

(1.103) p(t) = f(t)/(1 = F(t)), where F(t) :/0 f(u)du fort > 0.
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Proof. We first prove (1.74), (1.75). We pick 7' > 0, and write for t < T, as h — 0,
considering the first index ¢ > 1, such that X; > t:

(1.104)  P[Npyp — Ny > 1] = 3" P[X; € (t,t + h) and max(X1,...,X;1) < ¢] ndep-

i>1
disjoint events as ¢ varies
t+h t i—1 t+h _1
S [ fuydu( / Flwydu) = (wWdu(1 - F(t)) ™" =
i>1 Jt 0 t
SO h + o(h) (uniformly in ¢ < T, as h — 0).
1—F(t) -

In the same fashion we have

(1.105) P[Npen —Ne 221 < 30 P[Xy<t,... . Xig <t,X; € (tt+1],
1<i<j
X’i-‘rl < t+h7”’7Xj—l < t—|—h7X] c (t,t+h]] iHCEp.
o 2 t i-1, [t+h i
( f(u) du) > </ f(u) du) < F(u) du) _
t 1<i<j “Jo 0

t+h

2 _ _
( F(u) du> x (1= F@®) " (1= F(t+h) ™ = o(h),
t
(uniformly in ¢t < T, as h — 0).
With (1.104) and (1.105), the properties (1.74), (1.75) readily follow.
We will now see that

(1.106) (N¢)t>0 has independent increments.

We consider 0 < u < v, and we introduce the successive times where X;, ¢ > 1, is above
level u:

T = 1nf{z > 1 X > u}, T = mf{z > T, X; > ’LL}, . ,Tj+1 = mf{z > Tj;XZ’ > ’LL}, .
as well as the o-algebra:

F = {A € A; for each k > 1, there is By € o(Xq,..., Xk_1) with

(1.107) AN{T =k} = Byn{T = k}}.

Note for instance that for r < u, no X; with ¢ > T} can be a record below level r, and:

(1.108) N, = > WNX;<r X;>max(Xy,...,X;—1)}is F-measurable
1<i<Ty
(to see this, one expresses N, on the event {T} = k} as a measurable function

Ole,. .. ,Xk_l).
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Moreover, we also see that

(1.109) the sequence X1, ..., X7;,... is i.i.d., independent of F.

Indeed, if A € F, and f1,..., f; are bounded measurable on R:

(1.110) E[fl(XTl) e fj(XTj),A] = Z E[fl(XTl) e fj(XTj), BN {Tl = k}]
= i

{Xk>u, X1<u,.. ., X1 <u}-

and using the i.i.d. character of the X;, and the fact that on {11 = k} T5,...,Tj,... are
the successive times where Xy11, Xgyo,... is above level u, the last expression equals

kglp[Bk,Xl <u,...,Xp_1 < U] E[fl(Xk)an > u] E[f2(XT1)"'fj(Xij1)] =

(3 PUBLNAT = k0)) ELACA) 1 X0 >l Elfa(Xn) . £5(Xr, 1)) =

I
PlA]

P[A] E[f1(X1) | X1 > u] E[f2(X1,) ... f3(X1;_,)]-
Applying this identity with A = Q and j =1,2,..., we see that

(1.111) Elfi(Xn)... fj(X1,), Al = P[A]1<l;[< Elfe(X1) | X1 > ul,

and this proves (1.109).
We can now observe that in view of (1.109), (1.108)

(1.112) N, — N, = ;1 l{XTj < w; XTJ- > max(XTl, - 7XTJ-,1)}7
J=Z

is independent of F and hence of (N, )o<r<y (see (1.108)). The claim (1.106) now follows.
This concludes the proof of (1.103). O

Note that when the X;,7 > 1 are i.i.d. exponential(\)-distributed, then f(t) = Ae™,
t>0,and F(t) = fot f(u)du =1—e ™, so that p(t) = A. In other words:

for i.i.d. exponential(\)-variables the process of

(1.113) record values is a Poisson process with rate A.
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2 Renewal processes

In this chapter we will discuss a class of counting processes, which generalizes Poisson
processes and allows more general inter-arrival distributions.

2.1 The set-up

Definition 2.1. Given (T;);>1, i.i.d. variables with values in [0,00), for which
(2.1) P[T, =0] < 1,

(2.2) w=E[T) < oo,

The process with values in NU {oo} defined by:

(2.3) Ny=> 1{Spy <t} =sup{n>0; S, <t}, t >0,
k>1

where

(2.4) Sp=>.T;, n>1, and Sp =0,
i=1

is called renewal process with inter-arrival distribution function F(-) = P[T; < -] (this last
expression does not depend on i > 1).

Observe that
(2.5) (Nt)e>0 is non-decreasing, right-continuous,
(2.6) P[N; = oo] = Pffor all n; S,, <t] =0, for any t > 0,

thanks to the second lemma of Borel-Cantelli and the fact that P[T; > «] > 0, for some
a >0, (ctf. (2.1)).

Note also that N; > n for t > S,,, and hence
(2.7) tliglo Ny = o0.
In view of (2.6), we see that we can always modify (N¢)¢>0 on a set of measure 0, to obtain

a counting process in the sense of (1.3). However (N);>0 may have jumps of size > 1,
since the variables T;,7 > 1, may take the value 0.

Definition 2.2.

(2.8) M(t) = E[Ny], t > 0, is called the renewal function.

33



Notation:
We write F**(-) to denote the distribution function of Sj:

(2.9) F**(t)=P[S, <t],teR, k>0,
(note that F*0(t) = 1{t > 0} is the “Heavyside function”).
As a result for k£ > 1:

wk () _ *(k=1) (4 _ ¢ s) — ' #(k=1) (4 _ ¢ ). i
(2.10) F(t)‘/RF (8= s)dF(s) /OF (t = s)dF(s), if t >0,

=0, ift<0.

2.2 Some properties of M(t)

Lemma 2.3.

(2.11) M(t) = > F**(t) is non-decreasing right-continuous, and dM(t) = . dF**(t)
k=1 k=1

(where dF** is the law of Sy.),
(2.12) fort >0, r>1, E[N{] < oo, (in particular M(t) = E[N] < 00),

def

o
for s >0, M(s) = / e **dM (x) is the Laplace transform of dM and one has
0

(2.13) ]\7(3) = 1#;23)’ where F(s) dof /000 e 5*dF (z) (= E[e™*T1]) is the

Laplace transform of dF.

Proof.
e (2.12):

As below (2.6) we choose o > 0 with P[T; > a] > 0, and define for s > 1 the i.i.d. variables

(2.14) T ¥ o l{T; > a} <Tj, fori>1,

as well as the corresponding renewal process:

(2.15) N; =sup{n >0;5, <t}

where of course we have set Sg =0, and S, =T+ ---+ T}, for n > 1.

Since T; < T; for i > 1, it follows that S,, < S,, for all n > 0, and hence:

(2.16) Ny > Ny, fort > 0.
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Note that 7y = inf{i > 1;T; > 0}, 7o = inf{i > 71; T; > 0},...7j41 = inf{i > 755 T; > 0},
are such that
(2.17) T1, T2 — T, ... Tj41 — Tj, ... are i.i.d. geometric(P[T; > af)-variables

(i.e. P[r =k] =p(1 —p)* 1, for k > 1, where p = P[T} > o]), and

(2.18) S, = jo, when 7; < oo (which is P-a.s. the case).
As a result we see that for j > 0:

(2.19) Njo < Nja < Tj41, (because gTjH > ja).
Since E[7],4] < oo for all r > 1, j > 1, in view of (2.17), the claim (2.12) follows.

e (2.11):

M (t) is non-decreasing and right-continuous, thanks to the monotone convergence theorem
and the properties of (N¢);>0 (non-decreasing, right-continuous and integrable by (2.12)).
Moreover:

monotone

M(t) - E Z 1{Sk §t}] Convoégonce Z P[Sk §t]
k=1 E>1
(2.20)

= El)
k=1

and dM (t) = 3 322, dF**(t) follows by Lebesgue-Stieltjes.

e (2.13):
M(s) = / e () 22V / =T S ARk (z)

0 0 k=1

(221) _ Z e_smdF*k(ﬂj‘) — Z E[e—sSk]
k>1 Jo E>1
indep. -~ ﬁ
dep ST EleTi)F = 3 F(s)k = i, if s > 0.

k=1 k=1 1—F(s)

The equality extends to s = 0, since both members are infinite. ]

Remark 2.4. The renewal function M (t) = 3.7 | F*¥(t) is typically difficult to compute,

and the Laplace transform M(s) is easier to calculate. However, the inversion of the
Laplace transform is not a straightforward operation, see [6], p. 442. O

Theorem 2.5. (elementary renewal theorem)

(2.22) Jim MT(t) :% (: ! ) € [0, 00).




Proof. Before giving the proof we recall the Wald identity, cf. [4], p. 158. When X;,7 > 1
are i.i.d. variables with E[|X;|] < oo, and 7 is a stopping time of the filtration F,, =
o(X1,...,Xpn),n>1, Fo = {¢,Q}, with E[r] < oo, then:

E[S;] = E[Xj] E[r], with S, = X1+ -+ X, n>1

2.23
( ) =0, n=0.

We now continue the proof of (2.22). We begin with the case
e iy < oo: Then P-as., fort >0,

(2.24) SN, <t < SNn,+1,

and moreover

TN, +1 =inf{k > 0, S; > t} is an (F,)-stopping time,

(2.25)
(where F,, = o(Th,...,Ty), for n > 1, = {¢,Q}, for n = 0).

As a result of (2.23), (2.24), (2.25)

2.23 2.8
BlSn) <t < BlSnie] 2V BN, +1] x % (M(t) +1) p
———
/]\
finite by (2.12)
Hence
(2.26) lim MO L
t—o0 t H

Moreover, if we define for ¢ > 0, the truncated variables

(2.27) T; =T; A c (= min(T},c)), fori > 1,

the variables T}, i > 1, are i.i.d., E[T;] < oo, and T; < T}, so that
(2.28) N; > Nyand M(t) > M(t),

with Ny, resp. M(t), the renewal process, resp. the renewal function, attached to the
variables T';, ¢ > 1. Moreover, one has P-a.s.

(2.29) Sy Stte,
so that
_ 28— — (228)
(2.30) t+c> B[Sy, "2 BIT(M@#) +1) > BT(M() + 1),



and hence

M@ _ 11

2.31 lim — )
( ) tiglo t E[Tl] E[Tl VAN C]

Letting ¢ — oo, we find that E[T} A ¢] T E[T1] so that

(2.32) lim M) <

t—00 t

=~

Together with (2.26) this proves (2.22).
® /i = 0C:

Using the same truncation technique, cf. (2.27), we obtain (2.31) and letting ¢ — oo, we
find

(2.33) lim —— =0,

and this proves (2.22). O

We right away state a refinement of the above result using the strong law of large
numbers.

Theorem 2.6.
1) If u < oo,
N1
(2.34) P-a.s., tllglo iy (€10,00)).

2) If E[T?] < 0o and o > 0 (writing o = var(Ty)), then as t — oo,

(2.35) ]f%/t;? converges in law to an N (0, 1)-distribution.

Proof.

- For (2.34), see [4], p. 66, or [14], p. 40.

- For (2.35), see [12], p. 189. O

Example 2.7. (renewal reward process)

A non-profit organization is receiving at the times S;, ¢ > 1, of a renewal process the
donations D;, i > 1, which are independent and i.i.d. distributed (D; > 0, with E[D;] <
00). The cumulative wealth received by the organization at time ¢t is:

(2.36) R(t) = > D;1{S; <t} (reward process).
i>1
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By the strong law of large numbers and (2.34), P-a.s.,

R(t) 1 N N E[D,]
Am == = i X Dex om — =
S——— e 1
+ p
E[D1]
that is
E|D
(2.37) P-as. lim Blt) = D]
t—o0 t 1%

This result can of course be extended to the case where the D; are not necessarily non-
negative (gains and costs), with E[|D;|] < oc. O

2.3 Renewal with delays

This corresponds to the situation where the distribution of 77 does not necessarily coincide
with the common distribution of the T;,7 > 2:

Fig. 2.1

(2.38) T;, ¢ > 1, are independent R-valued, with T;,7 > 2, identically distributed
and such that (2.1) holds (i.e. P[T; =0] <1, for i > 2).

Remark 2.8.

1) Interpretation in terms of delay:

If Ty, i > 1, are i.id. R -valued variables satisfying (2.1), and Sy is an independent
R -valued variable, “the delay”, we can set as in (0.12), for ¢ > 1,

Si=So+T1+T;.
To fall back on (2.38) we simply define
Si = gi_l,i > 1 and T1 = g(], Ti = ﬁ—l) for 7 > 2.

This explains the terminology “renewal with delay”.
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2) Given (N)s>0 a renewal process, one is very naturally led to a renewal process with
delay, if one for instance considers the shifted renewal process after time t:

(2.39) Ng=Ngiy—Niys>0 (P-a.s. well-defined, cf. (2.6)).

Fig. 2.2

So we see that for s >0

Ng= > 1{Sp <s}, with Sy =T1+--+Ty, for k > 1, and
E>1 B
(2.40) Ty = Sn,+1 — t, the “excess at time t”,

T, = TN, +i, for i > 2.
With (2.25), it is straightforward to infer that T, i > 1, defined above satisfy (2.38). O
For a renewal with delay we use the following notation:
G(t) : the distribution function of T}
F(t) : the distribution function of T3, i > 2,
M(t) = E[Ny], with Ny = > 1{S, <t}

1 T k=1

renewal function renewal process

(note that E[N;] < oo because of (2.12) and the interpretation of “delay”).
In analogy to (2.11), (2.13) of Lemma 2.3 we now have:

Lemma 2.9. (renewal with delay)

(2.41) M(t) = G+ F*(t),t >0, and dM(t) = § dG * F**(t)
k>0 k=0

t
(with the notation G x F**(t) = / G(t — s)dF**(s), t > 0,
0
fork>0andt >0,
=0, fort<0).

(2.42) M(s) :% , for s > 0.
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In the case where

(2.43) (= E[Ty]) < oo,

an important special role is played by the following specific delay distribution
function:

1 T
(2.44) G(z) = I /0 (1—-F(t))dt,z>0

=0,z <0.

Remark 2.10.

1) Note that

/OOO (1—F(t))dt = /OOOP[TQ > t] dt F“E“iE[/O

As a consequence:

o0

T, > t}dt] = E[D) = .

lim G.(xz) =1, and G, is indeed a distribution function.
T—00

2) Note that in the case of the exponential(\)-distribution (i.e. F(z) =1—e™?*, 2 >0,
=0, when z < 0),

xr
Gi(x) = )\/ e Mdt=1—¢e forz>0,=0, for z <0,
0

and G, coincides with F' in this special case. O

As we now see the delay distribution function G, induces a stationary behavior of the
renewal process with delay (see also (1.45), in the case of the Poisson process).

Theorem 2.11. (u < oo, stationary behavior)

For the renewal with delay corresponding to Gy in (2.44),
t

(2.45) M(t)=—, fort>0.
1

Moreover, given t > 0, if one considers the inter-arrival times after time t:

(2.46) Ti1=SN4+1—t T;=Tn,1i,i>2, (seealso (2.40)),
then
(2.47) (T';);>1 has same distribution as (7});>1.
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< ————— > 0<
Ty Ts
o<— >0
0 / \ SNt t SNt+1
with distribution with distribution
function G (-) function F(-)
Fig. 2.3
Proof.
e (2.45): Note that for s > 0,
G.(s) = / =5 dG () V2V
0
/ (1—F(z)) e o —/ (1—F(z)) se " dx
0 1% SH J) N ——
I
(2.48) PIT; > 1]
1 [ i 1 2 1
= — P[T5 > z]se” **dx Fubini _ E{/ se_sxdx] = — E[1—e
st Jo s Lo SiL
1 ﬁ’(s)
=
Therefore with (2.42) we find that
— G. 1-F 1 11 [~
(2.49) M(s) = (5] _ (5) — === / e *dx.
1— F(s) s 1—F(s) sk 1 Jo

This equality of the Laplace transforms shows that M(t) = ﬁ, t > 0, and proves (2.45),
(see also [6], p. 432).

e Proof of (2.47):

Using the same argument as below (2.40) (which uses the independence of the T;, i > 1, and
the fact that N; +1 is an (F,)-stopping time, for F,, = o(T1,...,T,), n > 1, Fo = {9, Q}),
we deduce that

(2.50) T;, i > 1, are independent and T}, i > 2, are distributed like T5.
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So we only need to check that T has same law as T} (i.e. has the distribution function
G« (+), from (2.44)). For x > 0, one has:

P[Ty > 2] = P[T1 > @, N, = 0] + P[T1 > z, N; > 0] "2

P[Ty >x+t]|+ Y PlSk <t,Sp+Tht1 >t +z] =,
k>1

(2.51)

conditioning on S} in the last sum this equals

1-Gu(z+t)+ > E[S, <t,1—F(t+xz—Sy)]
k>1

and since Sy, has distribution function G, * F**=1)(.), see (2.41), this equals

1-Gu(z+t)+ 2 t (1= F(t+x — ) d(G. x F*FD)(y)
k>1J0

(241)
t (2.45)

1 -Gz +1) +/ (1-F(t+z—y)dM(y) ="1-Gi(z+1)

0

t dy
—I—/O (1—F(t—|—:17—y))7.

Setting w = t + x — y in the last integral, and using (2.44) for the first term, the above
equals

1 %) 1 T+t
i L, 0 P des S [0 Ry
1

+0o0o
;/x (1 - F(u)) du = P[T} > al.

We thus see that T and T} have the same distribution and using (2.50) our claim (2.47)
follows. -

Remark 2.12. Note that P-a.s.,

N, Nyys — Ny = > 1{S}), < s}, for all s >0,

(2.52) =1
Ti+-+ Ty

and we see that the renewal process with delay (Ns)szo has the same distribution as
(Ns)s>0, when the delay has distribution G, this regardless of ¢ > 0. This amplifies the
statement (2.47) about stationarity of the renewal with delay (2.44). Note also that for
t,s >0

(2.53) M(t +s) — M(t) = i = M(s),

(with M (s) the renewal function attached to N ). O
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2.4 Blackwell’s Renewal Theorem

This is an important strengthening of the elementary renewal theorem, cf. Theorem 2.5.
We begin with

Definition 2.13. A probability v on (R4, B(Ry)) with v(0) < 1 is called arithmetic if
for some a > 0,

(2.54) v({0,a,2a,3a,...}) =1.

The largest a such that (2.54) holds is called the span of v. If there is no a > 0 for which
(2.54) holds, then v is called non-arithmetic.

We say that a distribution function F' is arithmetic or non-arithmetic if the corre-
sponding statement holds for the probability dF'.

Theorem 2.14. (Blackwell’s renewal theorem)

If the distribution function F of inter-arrival times is non-arithmetic, then
(2.55) tli)m M(t+h)— M(t) = %, for h >0, (with p = / zd F(z) < o0).
& 0

Remark 2.15.

1) A version of Blackwell’s theorem also holds for arithmetic distributions, (cf. [12], pp. 221
and 238 or [6], p. 360). In this case one simply needs to restrict h to multiples of the
span of dF.

2) The convergence in (2.55) can be rephrased in terms of vague convergence of Radon
measures on R . Namely, if p; is the measure on R, such that ps([0,s]) = M (t + s) —
M (t), for s > 0, then

o d
(2.56) tli}m /f(s) dp(s) = / f(s) @ , for any f continuous on R
> 0 " with compact support

((2.55) corresponds to f = 1jg ), which is not continuous, but the equivalence can be
proved along similar arguments as for the various definitions/characterizations of weak
convergence, cf. [14], p. 50 and 53, and (2.56) expresses the fact that p;(ds) converges
vaguely to 1[0700)%, as t — 00).

3) Blackwell’s theorem immediately implies the elementary renewal theorem. Indeed, for
t>1,

M)  M@)—M[t]) U= M(E+1) - M) [ M(0)
t t * ,§0 [t] T T
N ast — oo

1

M(0
—>0,and#—>0
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and, since convergence of a sequence implies the convergence in the sense of Cesaro of

the same sequence, [71] z,[:]:_ol M(k+1)—M(k) (t2_>—55>) % We thus recover the elementary

renewal theorem:

Mt 1
lim ()—

t—o0 t 0 ’ 0

For the time being we will content ourselves with a heuristic description of one of the
proofs of Blackwell’s theorem using coupling, initially due to T. Lindvall, see [12], p. 243.
An other proof more analytical in spirit can be found in [6], p. 364.

Sketch of proof by “coupling” (u < 00).

The idea is to consider the basic renewal process as well as an independent renewal process

with the delay distribution G of (2.44), (T%)i>1.

distribution function G*

/ “stationary renewal” S4 = Sk,
|~ T, N Ts - T - T, L /
| g, 5, 3, 3 . .
<, Ty ‘ Ty
6 :5”1 6L2 ‘5;3 H St
basic renewal Sno

Fig. 2.4

At some point Sy, of the basic renewal process, there is “very closely” afterwards a point
Sk, in the stationary renewal. One builds a new sequence S}, with

S* =8, for n < nyg,

n

7*Lo+i = Sn, +§ko+i — gkm for i > 1.

One checks that (S}),>1 has same distribution as S,,. On the other hand, almost surely
for large t,

k>1

>~ S 1{t<S;<t+h}=Nyp— N
j>1
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But we also know that, cf. (2.45) or (2.53),
M(t+h)—M(t) =

and in this way one infers that

M(t+h) — M(t) = E[Niyn] — E[N] = B[N ,] — E[N/]

Of course the above lines are not a proof, but merely carry out the intuition of the real
proof. O

2.5 The renewal equation

An important feature of renewal processes is that “things start afresh” after the times Sy,
k > 1. This element plays a crucial role in the derivation of so-called renewal equations
for a variety of quantities of interest.

We consider

(2.57)  h: Ry — R, measurable and bounded on compact intervals,

(2.58)  F the distribution function of a non-negative variable, not a.s. equal to zero.

The (h, F)-renewal equation:

One looks for measurable functions g on R, vanishing on (—o0,0) with g(t — ) € L*(dF)
for each t > 0, such that

o(t) = h(t) + /0 ot — $)dF(s), for t > 0,

=0, fort <0

(2.59)

13

(the notation “ fg " means t}”)‘ In compact notation (2.59) is

g = h+ g+ F (where g x F' stands for the convolution of g with dF').

There is a rich collection of examples where such renewal equations occur. They are related
with the widespread occurrence of mechanisms of “regeneration” or “renewal”. We will
later introduce a more restrictive notion of solution that will offer a more convenient
functional framework to solve renewal equations, see Section 2.7 in this chapter.
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2.6 Examples

2.6.1 The renewal function

We consider M (t) = E[IN{] (10 o] Fk(t).

Proposition 2.16.

(2.60) M(t) = F(t) +/0 M(t —s)dF(s), fort >0,

=0, fort <0
(i.e. M(-) is solution of the (F, F)-equation).
Proof. We give two arguments:

1) analytic: for ¢ > 0, one has

(2.61)
M(t) = 52 F*(t) = F(t) + X F*0=D 5 F(1)
k=1 E>2
monotone
—FO+ Y [ POV s dEs) = R + / M(t — s)dF(s),
k>2 Jo 0

and (2.60) readily follows.

2) probabilistic: for ¢ > 0, one has

M(t) = B[N] = E[gl YT+ +Tj < t}]

— P[Ty <] +E[k¥21{T1+Sk—Sl gt}] .
= N,

independent

Note that 77 and (Sy+1—S1)n>1 are independent and (.Sy,4+1—51)n>1 has same distribution
as (Sp)n>1. As a result conditioning on 77 we find that

(2.62) E| ¥ 1Ty + S — 51 <t} Tl] P25y —my).

k>2
il /I\
this is =0 for T} >t
We thus find that

M(t) = P[T <t] +E[E[ > YTy + Sk — S1 < t}] Tl]]
k>2
=" P[Ty < t]+ E[M(t — T1)]

= P[T} <t +/tM(t— s)dF(s),
0
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and (2.60) follows. The probabilistic argument we just described highlights the regenera-
tion, which occurs after time 71 (= S1). O

Remark 2.17. (renewal with delay)

In the case of a renewal with delay distribution function G(-), one finds instead that
M (t) = E[N] satisfies the (G, F')-renewal equation:

(2.63) M{(t) = G(t) + /0 M(t—s)dF(s), t >0,

=0,t<0

(with similar arguments as above).

2.6.2 The age and excess distribution functions

At Et

-2 Ay 3
- @

y

0 SN, t SN,+1

Fig. 2.5: (Ng)s>0 renewal process
For x > 0, we define

az(t) = P[A; <z] (=0 for t <0, by convention)

(2.64)
ex(t) = P[E;y < z] (=0 fort <0, by convention).

Proposition 2.18.

az(t) = Ly<ay (1 - F(t)) + /0 az(t —s)dF(s), t >0,

=0,t<0

(2.65)

(i.e. ay(-) is the solution of the (1{.<z) (1 — F()), F)-renewal equation),

(2.66) ex(t) = F(t +x) — F(t) +/0 ex(t — s)dF(s), t > 0,

=0,t<0

(i.e. eg(-) is the solution of the (F(- + x) — F(-), F')-renewal equation).
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Proof.
° @ Pick t > 0, z > 0, and write:
az(t) = P[A; < z] = P[S] > t, Ay < x|+ P[S1 <t,A; < z]
(2.67) t on {18"1 > t}
=1ly<y (1= F(t)) + P[S1 < t,t — Sy, < x].

We also have since {S; <t} = {N; > 1},

13

P[S; <t, t— Sy, <z]= P[N;=n,t— 5, <z|=

1
S Pt—2<S,<t<Spt1]=> Plt—az<T1+85,— 51 <t<Ti+ Sp+1—51].
n=1 a

n

n=1 N N
—_——
independent

So, conditioning on 77, we obtain

118

t
/ P[t—x§8+5n—51 §t<8+5n+1—51]dF(8)
0 v S———
N e
distributed as (S,,—1,Sn)

n=1

t
PAt s<3§‘dF()

(18

Il
S— S

t
/P[t—s—:n<5n 1<t—8<5
0

I
{Nt—s =n-—= 17At—s < (E}

n=1

t
a;(t —s)dF(s).

Coming back to (2.67) we find (2.65).

66): We follow an analogous strategy. We pick ¢t > 0, z > 0, and write:

ex(t) = P|Ey < x] = P[S1 > t,Ey < x|+ P[S; <t,E; < x]

I
Ht<T <t+z}

:F(t+x)_F(t)+P[Sl §t7SNt+1 §t+$]7
and since {51 <t} ={N, > 1}:

=F(t+z)—F(t)+ Y P[S, <t <Suq1, Sny1 < t+ 1]
n=1 —
I

Nt:’n

:F(t—l—l‘)—F(t)—l- ZP[Sn—Slgt—Tl<Sn+1—51§t—T1+:17]

n=1
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and then conditioning on 77:

0 t
=F{t+x)—-F(t)+ P|S,—51<t—s<S,4y1—-51<t—s+z|dF(s
(t+z)— F(t) n; ; [ 1 +1— 51 | dF(s)
N a

same law as (S,—1,Sn)

o0 t
=F(t+xz)—F{t)+ > P[S,1<t—s<S,<t—s+z]dF(s)
n=1 J0O

I
{Nt—s =n—-1,E_,< «T}

:F(t+3:)—F(t)+/tP[Et_s§3:]dF(s)
0

¢
=F(t+z)—F(t) +/ ex(t — s)dF(s),
0
and (2.66) follows. O
We continue our discussion of examples of quantities satisfying a renewal equation.

2.6.3 Cycles of operation and repair of a machine

We assume that (U;, V;);>1 are iid. R%-valued (but Uy, V; are possibly dependent, for
instance V; = Uf + 1, with the U; > 0, i > 1, i.i.d. variables), and set for i > 1

(2.68) T, = U; +V;, by assumption not a.s. equal to 0,
’ F(t) = P[Ty <t].
We consider the times

(2.69) Sp=Tr+To+---+T, k>1, 5 =0.

periods of repair of the machine

periods during which the machine functions

Fig. 2.6
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We interpret the U;,7 > 1, as successive periods during which a given machine is oper-
ational and V; as the repair time of the machine consecutive to the period of length U;
during which the machine was operational.

We introduce ¢(t) the probability that the machine is operational at time ¢ > 0:

g(t) = PlY; =1] = > P[Sp <t < Sk + Uky1], where

k>0
(2.70) Y, =1{se U [S,S; + Uit1)}, for s > 0.
>0

By convention we set g(t) = 0, for t < 0.

Proposition 2.19.

g(t) = PlU; > t] + /Ot g(t — s)dF(s), fort>0,

=0, for t<0

(2.71)

(i.e. g(+) is the solution of the (P[Uy > ‘|, F')-renewal equation).
Proof. For t > 0, we have
git) =PV =1,T1 >t]| 4+ P[Y; =1,T1 <{]
{U1>t}

(2.72) and since {T} <t} = {N; > 1},

= P[U; > 1] +E[]§11{Sk <t< Sp+ Uk+1}} .
=1 —

N
Ty + Sk — 51 T1 + Sk — S1 4+ Uk41

Conditioning on 77 we find that due to the independence properties

E[kgl 1{T1 + S, =51 <t<Ti+Sp—51+ Uk-i—l} ’ Tl] = ®(T1), where

(2.73) @(S)ZE[Z1{s+sk—slgt<s+5k—51+Uk+1}
k>1

:E[Z 1{Sk-1 St—s<Sk_1+Uk}] =g(t —s).
k>1

Coming back to (2.72) we find that
g(t) = P[Uy > t] + E[g(t — T1)]
= P[h >t]+/tg(t—s)dF(s), t>0
(and g(t) = O,Ofor t < 0, by convention).

This proves (2.71). O
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2.7 Well-posedness of the renewal equation

Our next step is to provide an existence and uniqueness result for solutions of the renewal
equation.

Theorem 2.20. (existence and uniqueness)

Let h(-) vanish on (—00,0) be measurable, locally bounded, and F(-) with F(0) < 1, be the
distribution function of a mon-negative variable not a.s. equal to 0. There is a unique g
measurable, locally bounded, vanishing on (—00,0), solution of the (h, F')-equation:

(2.74) g=h+gxF,

namely

(2.75) g=h+hsM(=h+U, ifU@t) L 1{t >0} + M(1)).

Proof.

e Existence: Define
t
go(t) = (h+h* M)(t) = h(t) +/ h(t —s)dM(s), if t >0,
0

=0, if ¢t <0.

Then gp is indeed measurable, locally bounded (because h is locally bounded), vanishes
on (—o00,0). Moreover, one has:

h+goxF=h+(h+h«M)xF=h+hxF+(hxM)xF =
h+hxF+hx(MxF)=h+hx(F+Mx*F)=h+hxM = g,
N———

I (2.60)
M

(2.76)

and go is a solution of (2.74). Incidentally, the equality (h*xM)*F = hx (M % F') follows by
noting that both members coincide with the “distribution function” of the image measure
of h(u)du ® dM(v) ® dF (w) under the map (u,v,w) — u+ v + w.
e Uniqueness:
If g1, g2 are two solutions of (2.74) which are measurable and locally bounded, then:
— gy = — x F, and iteratin
(2.77) 91— 92= (91— 92) ] &
= (g1 —go) * F*" foralln>1.
Therefore, for ¢ > 0,

00 = (0] = | [ (o1~ gt =5 4P )| <
(2.78) (S[U5)|91(')| +S[815)|92(')|) P[Ny > n] — 0,

n—o0
)

(2.12)
since B[Ny = M(t) < oo.

Hence, g1 = g2 and the theorem is proved. O
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2.8 Asymptotic behavior of solutions of the renewal equation

We are now going to discuss the large ¢ behavior of the solution g(-) of the renewal equation
(cf. Theorem 2.20 for the precise formulation)

g=h+gxF.
We begin by the discussion of an example.
Example 2.21. When h = 11,3), where 0 < a < b < 0o, we know from (2.75) that the
unique locally bounded measurable solution g of
t
o(t) = h(t) + / ot — $)dF(s), for t > 0,
0
=0, for t <0,
is given by
since h(t —s) = 1{a <t —s < b}

(270)  9(t) = h(t) + /0 Wt — ) dM(s)  h() + /[O RUSYSHORYO

)

= ligp)(t) + M(t —a) — M(t — b) (by convention M (u) = 0 for u < 0).

As a result of Blackwell’s renewal theorem, cf. (2.55), we see that when F' is a non-
arithmetic distribution function, then

. (2.55) b—a 1 o
2.80 1 t) = == h(uw) du.
(2.80) Jim g(¢) = /0 (u) du
Clearly, a similar statement “lim; o g(t) = % fooo h(u)du”, will hold when h is a finite

linear combination of indicator functions of intervals of the form 1y, 3,), 1 < k < ¢, with
0 <ap < by < oo, for 1 <k < ¥ We are now going to vastly generalize the class of
functions h for which this statement holds. 0

Definition 2.22. h: Ry — R, measurable, is called directly Riemann-integrable
(abbreviation: d.R.i.) if

(2.81) for all A >0, > sup h(t) < oo,
k=0 te[kA,(k+1)A)
and
(2.82) lim A > sup h(t) = lim A > inf h(t).

A=0 k20 telkA,(k+1)A) A=0 (=) telkA,(k+1)A)

h: Ry — R is said to be d.R.i. when hy = max(h,0) and h— = max(—h,0) are both d.R.i.
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Remark 2.23. h(t) = > 52, 1j o+ (t) is not d.R.i. (indeed (2.81) does not hold, pick
A =1). On the other hand

/ h(t)dt = lim h( du

UuU—00
T

R1emann—integra1

exists, and h is Riemann-integrable. O
Lemma 2.24.
(2.83) h >0, d.R.i., then h is bounded, continuous at a.e. point of Ry,
and lim h(t) = 0.
t—o00
(2.84) h measurable bounded on R, vanishing outside a compact and

continuous at a.e. point of Ry is d.R.i..

(2.85) h > 0, non-increasing with / h(s)ds < o0, is d.R.i..
0
(2.86) 0<h<H, H d.R.i, h continuous at a.e. points of Ry, measurable,
then h is d.R.i. .
Proof.
o (2.83):

Because of (2.81) with A = 1, h is bounded and lim;_,, h(t) = 0. Moreover, (2.82) implies
that h is Riemann-integrable on each [0, 7.

This fact implies that h is continuous at a.e. point of [0,7], see [7], p. 184. This proves
(2.83).

e (2.84):

This implies that A is Riemann-integrable on [0,7] and equal to 0 on [0,7]¢, for some
T > 0 (same reference), and (2.81), (2.82) follow.

o (2.85):

00 00 nA 00
00 > /0 h(s)ds =3 h(s)ds > > Ah(nA) =A 3 sup  h(),

1 J(n-1)A 1 n>1 [nA,(n+1)A)

and (2.81) follows. Moreover, we have:

AS  sup h(-)z/oooh()ds>AZ inf  h()

n=0 [nA,(n+1)A) n=0 [A,(n+1)A)

= >
A ngoh(nA) A Zoh((n +1)A) .
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However,

A S h(nA) — h((n+1)A) = AR(0) = 0, as A — 0,

n=0

and hence (2.82) follows.

o (2.86):

h is then Riemann-integrable on any finite interval and (2.81) holds. Then (2.82) easily
follows. O

We now come to our main result concerning the asymptotic behaviour of solutions of
the renewal equation.

Theorem 2.25. (Smith’s key renewal theorem)

Let h be d.R.i. and F be a non-arithmetic distribution function, then the unique
measurable, locally bounded, vanishing on (—o0,0), solution g of the equation g = h+ g F
satisfies

(2.87) tllglo g(t) = i /000 h(u) du.

Proof. We know from (2.75) that
t
g(t) = h(t) + / h(t — s)dM(s), fort >0,
0
and (2.83) implies that lim; ,~ A(t) = 0. We thus only have to show that:

(2.88) lim th(t —s)dM(s) =1 / ~ hw) du.
0

t—=oo Jg 2

e Assume first that:

(2.89) h(t) = > cnljm—1)ana)(t), with ¢, >0, > ¢, < oo and F(A) < 1.

n>1

Then, by monotone convergence and the calculation of (2.79), we find that

(2.90) /0 Bt — s)dM(s) = 3 en(M(t — (n — )A) — M(t — nA)).

n>1

We will dominate the terms of the above series with the help of the following

Lemma 2.26.

(2.91)  sup (M(u) — M(u—A)) < (1- F(A))_1 (recall that M(v) =0, for v <0).
u>0
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Proof. M satisfies the (F, F')-renewal equation, cf. (2.60), and since M * F' = F' x« M, we
find:

M(t):F(t)—i—/OtF(t—s)dM(s), fort >0,

and hence
1> F(t)=M(t) — /t F(t—s)dM(s)
0
(2.92) _ / (1 F(t —s)) dM(s) > / (1 F(A)) Lag(s) dM(s)
0 0
= (1= F(A) (M(t) - M(t - A)),
and (2.91) follows. O

Coming back to (2.90), we see that each term in the series in the right-hand side of
(2.90) is dominated by const(A) ¢,, which is summable. By Blackwell’s renewal theorem,
cf. (2.55), each term converges to ¢, %, as t tends to infinity. Thus, with dominated
convergence in the right-hand side of (2.90), we find that

(2.93) lim th(t —8)dM(s)= > ¢ a_l /OO h(u) du.
0

This proves (2.88) and hence (2.87) when h is of the form (2.89).

o Assume h > 0 is d.R.i.: We write

ha(t) = inf h LA (n t
ha(t) %0 i) Tmac +1ya)(t)

ha(t)= > sup & Ilpa mena)(t),
n>0 [nA,(n+1)A)

so that ha < h < hn.
Using the previous step we find that when A > 0:
t t t
/ ha(t — 5) dM(s) < / h(t — s) dM(s) < / Fa(t— ) dM(s)
0 0 0
(2.98) | =00 (298) | o0

%fOOOQA(u)du %IOOOEA(u)du.

(2.94)

Moreover, in view of (2.82), we see that

ilino ; ha(u du-ilglo/ ha(u du—/ h(u
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We thus find from (2.94) that
t

tim [ bt~ ) dM(s) = | /0 " hw) du,

t—o00 0

i.e. (2.88) holds and (2.87) follows.

e The general case of h d.R.i.:

We simply write h = hy — h_, with hy = max(h,0), h— = max(—h,0), so (2.88), and
hence (2.87), follow from the previous step. O

2.9 Applications
2.9.1 The age and excess distribution functions

We keep the same notations as in Section 2.6.2. We know that for x > 0, a,(t) = P[A; < z],
ex(t) = P[E; < x| are solutions of (h, F')-renewal equations, where

e In the case of a,(-):

h(t) =119, (t) (1 = F(t))  (d.R.i. thanks to (2.84)).

e In the case of e, (-):

h(t) = F(t+x) — F(t)(> 0), which is d.R.i. when u < oo, because

non-increasing non-increasing
{ +
—N— e e
h(t)=1-F(t) — (1-F(t+z)) and

(e}

/ (1—F(t))dt Hemark 2100) < 00, / (1-F(t+z))dt= / (1—F(s))ds < p < oo,
0 0 T
so that with (2.85) and (2.86), we find that h is d.R.i. Note also that
/ h(t) dt :/ (1—F(t)) dt.
0 0

Thus, when F' is non-arithmetic, we find that

1 xT
(2.95) lim a,(t) = — / (1 — F(t)) dt = G+«(z) in the notation of (2.44);
0

t—o0 il
(296)  Jim es(t) = % /OOO (F(t +2) - F(t)) dt = % /0 (1- F(z)) dt = Gu(a).
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In particular, when p < oo, we see that when t tends to infinity, both A; and E; converge
in distribution to a random variable with distribution function G.,.
(Incidentally, the statements (2.95), (2.96) hold even when p = oo, because in fact

eo(t) = P[E, < 2] = P[Npsy — Ny > 1] < M(t +2) — M(t) iﬂ) 0, and
—00

as(t) = P[A; < 2] < P[N; — Ny_oy > 1] < M(t) — M{(t — 2z) (f'—“Q 0
—00
when p = 00.)
2.9.2 Cycles of operation and repair of a machine

We keep the same notations as in Section 2.6.3. So the probability that the machine is
operational at time ¢ is g(¢) which is the solution of the (h, F')-renewal equation with

h(t) = P[U; > t], which is d.R.i. when E[U;] < oo (cf. (2.85)).

Therefore, when F' is non-arithmetic and E[U;] < oo, we find that

, 1 [ E[U|
2.97 1 == [ Pl >tdt = ——1
(2.97) dm 9(t) = /0 0> 14t = FrT B
( (2.68) E[Uy]+ E[V;] is the expectation of the duration of a cycle of operation and repair).

2.10 Renewal with defect

This corresponds to the case where the random variables (7;);>1 are i.i.d., [0, co]-valued
with P[T} = oo] =1 — F(c0) > 0, and for t € R, F(t) = P[T1 < t]. Just as in (2.3), (2.4),
(2.8) one defines the renewal process with defect:

(2.98) Ny = > 1{Sx <t} =sup{n >0;S5, <t}, fort >0,
E>1

where
Sp,=Tr+To+---+1T,, whenn > 1, and Sy =0,

as well as the corresponding renewal function:
(2.99) M(t) = E[Ny], for t > 0.
The renewal equation

(2.100) g=h+gx*F,

with F(00) < 1, is called renewal equation with defect.
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Remark 2.27. The renewal equation with defect often occurs in practice when considering
equations of the type
g=h+~g*F,

where F'(-) is a distribution, with no defect (such that F'(u) = 0, for u < 0, F(0) < 1, and
F(o0) = 1), and 7 some parameter in (0, 1). O

Proposition 2.28. Let h(-) be a function vanishing on (—00,0), which is measurable and
locally bounded. There is a unique g measurable, locally bounded, vanishing on (—o0,0),
solution of (2.100), namely:

(2.101) g="h+hxM.

Proof. Just like the proof of (2.74). O

Proposition 2.29. Let h(-) vanishing on (—00,0), be measurable and bounded with

(2.102) h(t) tending to h(co) as t tends to infinity.

The unique measurable, locally bounded solution of (2.100) vanishing on (—o0,0) satisfies

(2.103) Jim o) = T2 gtoc).

Proof.

(2.104) M(t) =3 F*(#) = 3> P[Ty+--- + T, < 1, for t > 0.
k=1 k=1

Observe that

lim PTh+--+ Ty <t]=P[T1 + -+ T} < 9]

(2.105) tmoo
= P[T; < o0, for 1 < £ < k] = F(c0)*.

Coming back to (2.104), it follows from monotone convergence that

F(o0)

im = M(o0) & ¥ Floo)f = =2
(2.106) lim M (t) = M(o0) k;F() 1— F(co)

t—o00

As a result we see that

oo

g(t) o0 h(t) + /t h(t —s)dM(s) = h(t) + / Lo, (s)h(t — s) dM(s)
' ' t=voo | (2102)
h(e0)
and using dominated convergence and (2.102):

(2107)  lim g(t) = h(oc) + h(co) /OOO dM (s) = h(oo) (1 + M(c0)) “2 o f(;?io) ,

and this proves (2.103). O
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Sometimes, if for some o > 0,

(2.108) /Oo edF(z) =1
0

(we recall that on the interval of values of a where [°e**dF(x) < oo, the function
o — log([,° e**dF (x)) is convex, as follows from Hélder’s inequality), one can go further
than (2.103). Indeed, if h is as in (2.102) and ¢ as in (2.103), we find that for ¢ > 0:

g(t) — g(00) = h(t) + /0 g(t — ) dF(s) — g(c0)

(2.109) = h(t) + /0 (g(t —s)— g(oo)) dF(s) — g(oo)(l — F(t))
(2.107) Q-F@) [
=" h(t) — h(o0) T F(x) +/0 (g(t —s) — g(00)) dF (s).

If we multiply both members of (2.109) by e®, with « as in (2.108) and set

Ja(t) = (9(t) — g(c0)) e 1{t > 0},
ha(t) = (h(t) — h(o0) %) et 1{t > 0},
dF,(xz) = e*dF (x),

we obtain:

Ga(t) = ha(t) + /0 Jo(t — 8)dF4(s), for t >0

=0, for t <O0.

(2.110)

In other words: g, solves the (lNLa, F,)-renewal equation. We can then apply Smith’s key
renewal theorem to find

Proposition 2.30. When h is as in (2.10?), g as in (2.101), and for some a > 0,
IS e**dF (x) = 1, F, is non-arithmetic and hy d.R.i., then

(2.111) lim (g(t) — g(o0)) € = m /Ooo he(u) du.
0

Complement: 1) A beautiful application of the above result concerns the so-called risk-
process, cf. [12], pp. 205 and 259. Claims arrive at an insurance company according to a
Poisson process of rate A > 0, and the claims are marks of this Poisson process given by
i.i.d. variables Xy, Xs,...,X,,..., which are non-negative.

The capital at time 0 of the insurance company is z, and it receives ¢t premiums by
time £. So the fortune at time ¢ of the insurance company is

(2.112) f(t) =x+ct— Z Xy 1{Sk < t}.
k>1
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An important quantity is the so-called probability of no-ruin of the insurance company:
(2.113) R(z) = P[f(t) > 0, for all t > 0].

In the above reference it is shown that when

AE[X1] < ¢, then: R(oo) =1, R(0)=1— % E[X;]

(2.114) L,
R(t) = R(0)(1+ M(t)), t >0,

with M (t) the defective renewal function attached to
D)
(2.115) Ft) = / 2 Py > udu
0

One can then use (2.111) to find a rate of convergence to zero of 1 — R(t) as t — oo. If
a > 0 can be chosen such that % fooo e P[X, > z]dx =1, then

e—at

1 - R(t)

~Y A %) .
oo 24 e P[Xq > z|dx
¢ Jo

2) In the case of an equation,
(2.116) g=h+gx*F,

where h, g vanish on (—o00,0), and F(u) = 0, u < 0, with F(0) <1 < F(00) < 00, one
can choose a < 0 so that

[e.e]
/ e dF(x) = 1.
0
Then, multiplying both members of (2.116) with e**, one obtains the equation

Ja = ha + ga * F, where
ha(t) = e h(t),

(2.117) N
ga(t) = e g(t),
dF,(t) = e™dF(t),
which is a usual renewal equation. O
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3 Discrete time Markov chains
We consider the state space
(3.1) E: an at most denumerable non-empty set.

We begin with the discussion of discrete time Markov chains on F.

Definition 3.1. A sequence (X,,)n>0 of random variables with values in E defined on
some (2, A, P) is a discrete time Markov chain with state space E when:

P-éz.s.

(3.2) E[f(Xn+1) ‘ X(), Xl, N ,Xn] E[f(Xn_H) ’ Xn], fO’I” n > 0,

for any bounded function f: E — R.

Intuitively:

The best prediction of the future of the sequence (X,,) knowing
its past only relies on the information contained in the present.

Of special interest to us will be the situation when the chain is time-homogeneous and we
have a fixed transition probability on E:

(Tey)zyeE, With 7y, >0, for 2,y € E,
(3.3) Y ray =1, forz e E.

yeE
N

“time-homogeneous”
In this case one has

Definition 3.2. A sequence (Xy)n>0 of random wvariables with values in E on some
(Q, A, P) is a Markov chain with state space E and transition probability (r4.y)zyecr when:

P-éz.s.

(3.4) Elf(Xn+1)Xo0, -+, Xn] > X0y f(Y):

yek
for all n > 0, and bounded functions f: E — R.
Given the transition probability (r5,) on E one defines

rzy(n) for n >0, z,y in E, via:

Kronecker symbol

3.5
(3:5) T2,4(0) = 0gy, Tzy(l) =rzy, and by induction:
reyn+1) = > rp.(n)r.y.
z2€E
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Proposition 3.3. Given a Markov chain (X,,)n>0, with state space E, transition proba-
bility (rz,y), and initial distribution

(3.6) u(e) = P[Xy =a], z € E,

one has

(3.7) rey(n+m)= > ry.(n)r,,(m), forn,m >0, z,y € E,
zelR

(the so-called Chapman-Kolmogorov equation)

(3.8) Tey(n) = (R"1gy)(z), n >0, 2,y € E, with
R the linear operator on the set of bounded functions on E
defined by Rf(x) = Y 14 f(2) for f bounded function on E,
zeE

(3.9) for zg,x1,...,xy € E, P[Xg =120, X1 =21,...,Xp =) =

(o) Tzo,x1T21,22 - Topn_1,2n>

(3.10) forye E;n >0, P[X, =y|] = (uR")(y), with
(KB")(y) & 5 (=) (R 1) (2)

Proof.
e (3.7): One fixes n and proves (3.7) by induction on m.

e (3.8): The claim holds for n = 0 and n = 1, and then by induction

roy(n+1) & 23 re2(n)rey = [R*(R1gy))(@)

= (R"1g) (@),
and (3.8) follows.

e (3.9): The claim holds for n = 0, and then for n > 1,

Plzg = mo,..., X, = xy) = E[P[X;, = 2, | X0, ..., Xpn—1],
Xo=10,..., Xp—1=ap_1]

3.4
(22 Elrx, 1o Xo=20,...,Xn-1=Zn-1] =72, 1 2. P X0 =20,..., Xp-1=Tp_1]

induction
- (/‘(ZEO)rIo,wl cee rmn72yfbn71) T2 _1,@n,

and this proves (3.9).
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e (3.10): The claim holds for n = 0, and then for n > 1:

3.4
P[X, =] = E[P[X, = y| Xo...., Xo1]] & Blrx, ] =
induction (3.5) (3.8) n
ZEP[Xn—1 = 2]y iy S (@) raz(n —1)rey =" 3 w(@) ray(n) =" (uR")(y),
ze . X,z x
and this proves (3.10). O

One can in fact construct a canonical homogeneous Markov chain as follows. One
introduces

Qo = EN = {sequences (v;);>0, with z; € E, for all i > 0},

(3.11) Xn(w) ey w(n), n > 0, the canonical coordinates,
' Ap = 0(Xo, X1,...), the canonical o-algebra,

Fn = 0(Xo, X1,...,Xy), n >0, the canonical filtration.
Proposition 3.4. Given (ry,) transition probability on E, for each z € E, there is a
unique probability P, on (Qo,Ap), under which the (X,)n>0 are a Markov chain on E
with transition probability (ry ) and initial distribution 8, (= point mass at z). Moreover,
for u probability on E, under

def
(3.12) P,= Y p(x) Py,
zeFE

(Xn)n>0 is a Markov chain on E with transition probability (ry,) and initial distribution
p (i.e. Xo has law p under P,).

Proof. First given z € FE, with the help of (3.9), we only need to show that there is a
unique probability P, on (g, .4¢) such that for any n > 0, =g, x1,...,Tn,

(3.13) P.[ Xo =20, X1 =21,...,Xp = 2n) = 6:(20) "zpm1 - - s Tzn1,2n
(such a probability then automatically makes (X, )n>0, a Markov chain

with transition (r,) and initial law 6).

e The uniqueness of P, follows from Dynkin’s lemma, cf. [12], p. 41.

e The existence of P,:
Denote by @ the Lebesgue measure on ((0,1),8(0,1)), and for each x € E, let

(3.14) ®(x,-) be a measurable function (0,1) — F under which @
has image measure r,. on I,

(this is easily done by partitioning (0,1) into intervals with respective
lengths r, ,, with y € E, on which the function ®(z,-) takes the value y).

Consider now on some probability space (ﬁ,ﬂ, ﬁ) an i.i.d. sequence U;, i > 1, of (0,1)-
valued uniformly distributed variables and set

(3.15) 5(:0 =z, 5(:1 = (I)(Z, Ul), 5(:2 = (I)()Zl,Ug), e 7)/\(:71-{-1 = (I)(X:mUn—i-l)a cee
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Then for any n > 0, xg,...,x, € E, one has
P[XO = X0, Xl =T1y--- 7Xn = xn] = 5z(x0) Txow1s- s Ten_ 1,20

as follows from induction from (3.14) and the fact that the variables U;, i > 1 are i.i.d.
uniformly distributed on (0, 1).

Then P, % the law of (X0, X1,-.., Xn...) on (Q0, Ag), satisfies (3.13).

e To check the last statement, let u be a probability on E, then for f bounded £ — R and
n >0, xg, T1,...,T, in B,

Bulf (Xug1), Xo=a0,..., Xy = 2] =7 5 ) Balf (K1), Xo = 0,0, X = 0],
Pu—ejpectation and since (X,,)p>0 is a Markov chain under P,

= x%:E,u(x) P.[Xo=z0,...,Xpn =) (Rf)(xn)

= x;ﬂu(ﬂf) E,[Xo = x0,..., Xn = 2, Rf(X,)]

= EM[(Rf)(Xn), X() = Ty -- ,Xn = xn]

The Markov property of (X, )n>0 under P, follows. Moreover, P,[Xo = zo] = pu(xg), and
p is the initial distribution (under P,). O
3.1 Examples

3.1.1 Simple random walk on Z¢

E =7¢% d > 1, the corresponding transition probability is

1
=—,ifly—z| =1, z,y i 72
(3.16) Tay 5 if |y — 2| T,y in

=0, otherwise.

Fig. 3.1
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3.1.2 Reflected random walk
0 1 2 3 4

Fig. 3.2

The state space is F = N, p,q > 0 are such that p + ¢ = 1, and the transition probability
is:
rey =1, fx=0,y=1,
=p, ife>1, y=x+1,
(3.17) .
=gq,ife>1,y=xz-1,

= 0, otherwise.

3.1.3 Galton-Watson chain

The state space is F = N, we have a probability 7 on N with 7(0) # 1, 7(1) # 1, so that
each individual has k descendants with probability 7 (k).

The chain describes the evolution of a population generation after generation, with the
assumption that each individual in the population has a certain number of descendants,
which has distribution 7, independently from the other individuals.

The transition probability of the chain is:

Ty = 1, ifex = 0,y =0, convolution
3.18 :W*x lfle 7T*xd§f7r* Tk oo kT
(3.18) Y), :
=0, ifx:O,y;éO. \:ctimes/

3.1.4 Ehrenfest model of diffusion

O O
O N=5
O O

A B

Fig. 3.3

N molecules are distributed in two containers A and B, and at each step a molecule is
chosen at random and placed in the other container. The chain describes the number of
molecules in container A.
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The state space is E = {0,1,2,..., N}, and the transition probability is

Ty = 1—

(3.19) -

9

o =2ls z|s

)

3.1.5 Residual waiting time

ifr<Nandy=x+1,
ifz>0andy=x—1,

otherwise.

7 is a probability on N\{0}, and the state space is E = N\{0}.

The transition probability is
Tey = 7T(y),

(3.20) = 1,
= 0,

ifr=1and y > 1,

ife>landy=2—1,

otherwise.

The chain describes the excess process Ey, at integer times t € N, if the inter-arrival times
(T3)i>1 have distribution 7 (the initial distribution of the chain is 7)

E,

T -

SQ n S3

Fig. 3.5
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3.2 Markov and strong Markov property
We consider the canonical shift on €, see (3.11),

0 Qo — Qo, for n > 0, defined via 6,(w)(-) = w(n + ),
(3.21) for w € Qq, (the “trajectory w(-) shifted by n units of time”).

Proposition 3.5. (simple Markov property)
If w is a probability on E, Y is a bounded Ag-measurable variable on g, then for n > 0,

(3.22) BulY 00, |Fa) 2% By, Y], (see (3.11), (3.12) for notation).
T

function of the “future after time n”

Proof. 1t suffices to prove (3.22) for Y = 14, with A € Ap. Indeed, (3.22) then follows
for linear combinations of indicator functions and then by monotone convergence for Y >
0, bounded and Ag-measurable, and then for general Y as claimed in (3.22) by taking
differences.

Since F,, is generated by an at most countable partition of Qg into sets { Xy = z¢, X1 =
Z1,..., Xy = xp}, with xo,..., 2, in E, we only need to prove that for zg,...,x, in E:

(3.23) Eu[1a060n; X0 =x0,..., Xy =] = Py[Xo =20,...,Xn =2, Py, [A].
When A = {Xy =vo,...,Xm = Ym}, one has

laoby =H{Xn =yo, Xns1 =v1, -, Xntm = Ym},
and (3.23) follows from (3.9).

The class of sets A, which are either empty or of the above form is a m-system generating
Ap. By Dynkin’s lemma, see [12], p. 41, the claim (3.23) follows for general A € Ay, and
this concludes the proof of (3.22). O

We will now replace n in (3.22) with an (F,)-stopping time, to obtain the so-called
strong Markov property. We recall that for N an (F,)-stopping time (i.e. N is NU {o0)-
valued and {N = n} € F,, for each n > 0), one defines the o-algebra Fy of the “past of
N7, via:

(3.24) Fy {A e Ay; AN{N =n} € F,, for each n > 0}.
Theorem 3.6. (strong Markov property)

Let N be an (F,)-stopping time, Y a bounded Ay-measurable variable, u a probability on
E, then one has:

P,-a.s.
(3.25) E,[Y oOn|Fn] "= Ex,[Y] on {N < oo},
/]\

Fn-measurable
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(here Y o Oy is understood as 'Y o0y (w), if N(w) < oo, and 0 otherwise, and Ex[Y]
is understood as Ex () Y], when N(w) < oo, and 0 otherwise).

Proof. Observe that on {N =n}, Ex,[Y] = Ex,[Y] < F,-measurable, and hence
(3.26) Xy is Fy-measurable.
Moreover, for A € Fy, we have

EY 00y AN{N < 00}] = 3 Eu[Y 00y; AN{N =n}] =

n>0
p simple Markov property
3.27
(3:27) S BV ol An{N =n}] ®2) S B, [Ex, [Y]; AN {N =n}] =
n>0 N—— n>0

€Fn

E,[Exy[Y]; AN{N < oo}], and this proves (3.25).

3.3 Recurrence and transience

We consider the canonical Markov chain with state space E and transition probability
(ray)eyeE, cf. (3.11), (3.12). Given x € F, we define the hitting time of x:

(3.28) H,=inf{n>1; X,, =2} <o0.

It is an (F,)-stopping time (indeed one has:

(Hy =k} ={X1#2,...,Xp_1#z, Xp =1} € F, for k>1,and {H, =0} = ¢ € F.)
It is also useful to consider the entrance time in z € E:

(3.29) H, =inf{n >0; X,, =z} < 0.

It is also an (F,,)-stopping (via similar arguments as below (3.28)). The difference between
hitting and entrance times only has to do with whether the state of the chain at time 0 is
taken into account or not.

Definition 3.7.

(3.30) Py def Pw[ﬁy < 0], forx,y € E.
A state x € E is said recurrent if

(3.31) Prz=1.

It is said transient if

(3.32) Paz < 1.
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In general it is not easy to decide whether a state is recurrent or transient. Given
x € E, one defines the successive times of visit of the chain to z, H)), n > 0, via:

ﬁgzo,ﬁ; :]?Ix < o0, and for n > 1,
(3.33) _ - _ _
H'"W'=H'4+ H,o 07, < oo (understood as +oo on {H} = oo}).

Proposition 3.8. (z,y € F)

P,[H" < 00] = ,ifn=1,
(3.34) x (Hy | = Py Z_l .
Pzy Pyy > ifn>1

Proof. For n = 1, this is the definition (3.30). For n > 1, we write:

Pm[ﬁ; < o] (3.3 Pm[}NI;‘_l < oo and I;Ty o Hﬁ;]—l < o0),

applying the strong Markov property (3.25) we find

(3.30)

=F, []?I;L_l < 0, PXFI"” []?Iy < o] = Py.y Px[ﬁg_l < o0
Hﬁ-’ induction n—1
_ / = Py Pyy >
on {Hy ' <oo},=vy
and this proves (3.34). O

Remark 3.9. (link with renewal processes)

Note that as a consequence of the strong Markov property, under P,

(3.35) S, &

ﬁg , n>0,
has same distribution as the sum

T+ ---+1T,, when n > 1, and equals 0, when n = 0,

for i.i.d. variables (T});>1, with values in NU {oo} having same distribution as H, under
P,. So the counting function

(3.36) Ny = > 1{Sp <t} =sup{n>0; S, <t}, t>0,

E>1
is a renewal process, which is defective when z is transient, and has no defect when x is
recurrent. O

Given a state x € E, we define

(3.37) N, = S 1{Xp =z} = 3 1{H" < co}.
k>1 n>1
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Proposition 3.10. (y € F)

If y is recurrent, then

(3.38) Py-a.s., Ny = .

If y is transient, then for x € F,

(3.39) BN, = 22 < o,
L= pyy

Proof.

Ex[Ny] = Px[Ny >nl= ) Px[ﬁg < oq]
n>1 S—— n>1

:{ﬁ;<oo}
(3.34) - Pz,
= pr,yp;iyl:li < 0.
n>1 ~ Pyy
. . . . O
One immediate consequence is the following
Corollary 3.11.
(3.40) When E is finite, at least one y € E is recurrent.
Proof. Indeed, otherwise all y € E are transient and for any =z € FE
(3.39) Pz, (F finite)
By N O s L T
yeEE yeE 1 = Pyy
On the other hand:
(3.37)
LN, =1 Y X =yh= ) 1=o00,
yeE yeE k>1 E>1
a contradiction. O

We will now devise a decomposition of the state space. To this end we will first
see that “anything that can be reached from a recurrent state is recurrent as well”.

/

e @ ——— > @ > @ > Qe

x
recurren‘c\&
o
\ ..

Fig. 3.6
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Proposition 3.12.

If x is recurrent and p, > 0, then y is recurrent and py, =1

(3.41) (and therefore, switching the role of x and y, pyy =1 as well).

Proof.
e We show that p,, = 1.

We assume y # x, otherwise this is clear (since x is recurrent, cf. (3.31)). Let & > 1 be
the smallest integer such that P,[X} = y| > 0. Then

(3.42) 0<Pm[Xk:y]: Z Px[Xl ::El,...,Xk_l:l‘k_l,Xk:y] .

T1,..,Cx_1€EE

1(3.9)

TSC,SCl oo TSCk,l,y

One of the above terms is > 0, and since k is minimal, the corresponding z1,...,z_1 are
different from x and y:

(3.43) Twzi Tar,ws - Tay_q,y > 0, for some xq, ..., x5 different from x,y.

Since z is recurrent, we find that

different from z

_ TN
0= P,[H, =00] > P [X1 =21,..., Xk =y, Hy 00 =]
Markov,(3.22) ~

Tazis-- s Tap 1y Py[Hy = 00
—_——
T1=py,a
and therefore we find that
(3.44) Pyz = L.

e We show that y is recurrent (recall y # x, otherwise this is trivial). Since p, , = 1, there
is an ¢ > 1, such that P,[X, = z] > 0. Then for n > 1, and k as above (3.42) we find

Py[Xé+n+k =yl > Py[Xé =z, Xopn = 2, Xognir = Yl

with the Markov property at time ¢ + n, cf. (3.22), this equals

3.22) at ti ¢
= P)[X; = 2, Xpsn = 7] Pu|Xp =y O 20

P, X = z] Pp[X,, = 2] Py[ Xy =y
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Therefore with the notation of (3.37) we find

EyINy| = 32 Py[Xesnsr =yl = Py[Xy = 2] Po[ Xy = y] 3 Po[Xn = 7]

n>1 n>1
3.45
——
>0 >0 =00, (recurrent)
In view of (3.39) this show that y is recurrent. O

Example 3.13. Consider the Galton-Watson chain (see Section 3.1.3), and assume that
the probability m on N describing the number of descendants of an individual satisfies:

(3.46) 7(0) > 0.

Under (3.46) all states x > 1 are transient and 0 is the only recurrent state. Indeed, 0 is
clearly recurrent, cf. (3.18), and for > 1, we have

pz,0 > m(0)* > 0 (“none of the x individuals has a descendant”).

Thus if x is recurrent, then pg ; (?él) 1, which is a contradiction since pg, = P [ﬁx <
oo] =0, in view of (3.18). O

We continue the discussion of recurrence and transience and will introduce a certain
decomposition of the state space.

Definition 3.14. Two states x,y € E are communicating (one writes x <> y), if
(3.47) P.[H, < o00] >0 and Py[H, < oo] >0,
(in other words: x <>y means £ =y Or Pypy Py > 0).

Note that z <>y, z,y € F, is an equivalence relation on F. The only point to
check is the transitivity, which follows from the fact that for x,y,z € E,

Py[H. < o0] > Py[H, < 00 and H. 00, < oo] “2” P,[H, < o] P,[H. < cc].

When there is only one equivalence class in E, the chain is called irreducible, (i.e. for
all z,y € E, x <> y).

Proposition 3.15. (state space decomposition,)

One can partition E into

(3.48) E=TURIURyU...,

where T is the collection of transient states and each R; is an equivalence class for “7”
of recurrent states.
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Proof. The only point to observe is that an equivalence class for “” is either included
in T orin 7° < R (the set of recurrent states), as follows from (3.41). O

Remark 3.16.

1) It follows from (3.41) that for x € R; (one of the recurrent classes) one has
(3.49) P.[X, € R;, foralln >0]=1
)

3.41 . .
(because for  recurrent p,, > 0 (:> x <> y). Hence, when the process starts in R;, it
remains in R; for ever.

2) When the process starts in 7" it may remain in 7" or at some point enter one of the R;
(which it then never leaves).
O

Example 3.17. Consider again the Galton-Watson chain, cf. (3.18), and assume that

(3.50) 0<m(0) <1,and m= > kn(k) € (1,00), i.e. the “supercritical case”.
k>0

Then, it is known (see for instance [14], p. 101) that
(3.51) P,[X,, #0, for all n > 0] > 0, for any = > 1.
At the same time, we have seen that p, ¢ > 0, cf. Example 3.13. This is a situation where

E = N is partitioned into E =T U R, with T'=N\{0}, R = {0}.

T /
Ry called “absorbing state”

When starting in 7', the chain may either remain for ever in 7', or at some point reach
R = {0}. O

Definition 3.18. A recurrent state x € E, is called positive recurrent if
(3.52) E.[H;] < o0,
it is called null recurrent if

(3.53) E,[H,] = oo.

(To explain the terminology, recall that in view of the link with renewal processes in (3.36)
and the law of large numbers in (2.34), when x is recurrent, then one has

P,-a.s.,

S|

n 1
Y WXy =2} — — >0, if z is positive recurrent
h—1 n—oo Em [Hx]

=0, ifx is null recurrent .)

(3.54)
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3.4 Stationary distribution

A probability m on FE is called a stationary distribution of the Markov chain with transition
probability (ry,,) if

(3.55) forall y e B, n(y) = > m(x)rey.
zeE

Remark 3.19. Note that 7 being a stationary distribution is equivalent to:

0, 0 Pr = Py, for any n > 0.
(3.56)

image of P, under 6, (on ), in the notation of (3.11)
Indeed, (3.56) implies (3.55) because applying (3.56) with n =1

3.56
m(y) = Pr(Xo =) (35

:PT([Xl :y]

61 0 Pr[Xo =y| = Pr[Xo 001 =y]
> m(x) Tz,y-

zelR

(3.10)

Conversely, (3.55) implies (3.56) because for any A € Ay

3.22
010 Py[A] = Ey[14060)) = B [Bx[1a 001 | 7] 20 B, [Py, [A]]
3.10 3.55
G T S (@) rey B4 P2 T x(y) BlA] = PAlA]L
(swapping yeE z€E yer
summations)

Since 6, = (01)", and we have 6 o Pr = Py, the identity (3.56) follows. Thus (3.55) and
(3.56) are equivalent.

Thus (3.56) provides an interpretation for the terminology “stationary distribution”:
such an initial distribution 7 will make P, invariant under the shifts ,,, n > 0. O

We continue our discussion of stationary distributions of Markov chains. They play
an important role in the study of the asymptotic behavior of the chain.

A special class of stationary distributions comes in the next definition.

Definition 3.20. A probability m on E is called a reversible distribution of the Markov
chain with transition probability (ry,) when

(3.57) w(2) gy = 7(Y) rye, for all x,y € E;
(this is called the detailed balance condition).

Proposition 3.21.

(3.58) A reversible distribution is a stationary distribution.
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Proof. Let m be a reversible distribution, then for y € F,

(3.57)
Z 7T($) Ty = Z W(y) Tyx = W(y) Z Tyx = W(y)a
zel zeFE el
——
N 1
i.e. m satisfies (3.55). O

Remark 3.22. The detailed balance condition (3.57) is easier to check than (3.55) (be-
cause the condition is local in nature, in the sense that it involves only two states x,y at
a time, as opposed to (3.55), which may involve many states at a time). The terminology
“detailed balance” comes from the fact that when 7 is reversible

77(517) Tey = Pﬂ'[XO :l‘,Xl :y] = PT('[XO :anl ::E] :7T(y) Ty -
“flux from x to y “flux from y to x
under the #-invariant under the #-invariant
measure P.” measure P.”

O
Example 3.23. Consider the Markov chain on £ = {1, ... N}, with transition probability
ey =1 fx=N,y=1
Life<N,y=x+1

0, otherwise.

Fig. 3.7

Note that 7,47y, = 0, and this Markov chain cannot have a reversible distribution. On
the other hand, the uniform distribution on E:

1
ﬂ(l’)zﬁ, rze{l,....,N},

is clearly stationary.
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Example 3.24. Reflected random walk (cf. (3.17)):

We look for a reversible distribution 7 so that:
(3.59) 7(0) = g (1), and for = > 1, pr(z) = qm(x + 1).

Necessarily, we have for x > 1:

_(P induction (P x _ (P z 1
7T(a:+1)—<q> () O (q) m(1) = (q) , m(0), and
1
m(1) =— w(0).
(1) . (0)
As a result:
c (p z—1
(3.60) when p < ¢, we can define 7(0) = ¢, 7(x) = p (5) , for z > 1,

with ¢ the constant defined by

1 P\ 1 1 1
1:c(1+— (—))zc(l—i—— ):c(l—l——),i.e.
q Eo q q1-= q—p
L N\t g—p
(3.61) c= (1 + —) = (recall that p+ ¢ =1).
q—p 2q

On the other hand, when

(3.62) p=4q,

one can prove with the help of results discussed below (see Proposition 3.26) that the
Markov chain has no stationary distribution.

Example 3.25. Ehrenfest model of diffusion (cf. Section 3.1.4):
The state space is E = {0,1,...,N}.
We consider the binomial distribution with parameter N and p = %, ie.

(3.63) m(z) = (f) 27N o<z <N.

(Recall the total number of molecules is N, and the chain records the number of molecules
in the container A. The choice of 7 in (3.63) corresponds to deciding at time 0 in an i.i.d.
fashion for each molecule to place it with equal probability in container A or in container
B.)

(3.64) 7 is a reversible distribution for the Markov chain with
transition probability (3.19).
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Indeed, we only need to check (3.57) for 0 <z <y =2+ 1 < N. Observe that

.z =92 N 1——=) =27V =277
() T2 241 <x>< N> z!(N—z)! N ( r >’

and that

N 1 N! 1 N -1
W(x‘i‘l)rx-i-l,x:z_N( >$+ :2—N T+ :2_N< >7

zr+1) N (z+1D(N—-1—2)! N x

and this proves (3.64).
We will now see that a stationary distribution can only give positive mass to positive

recurrent states, cf. (3.52).

Proposition 3.26. Let w be a stationary distribution, then for x € E

(3.65) mw(x) > 0 implies that x is positive recurrent.
Proof.
356) 1 & 1 &
(3.66) n(a) ®2Y 2 3 Pl =] = Eel= > 1{Xy =a}].
n k=1 N k=1

We will now introduce a lemma that will also be useful later

Lemma 3.27. (this does not assume the existence of 7).

(3.67) [ Z WX, = x}} py’~ , forx,y € E.

[% é X = 2}] = B,[H, < oo, % é 1{X; = o} =
m221 E, [ﬁx - ( mzl\jn1{Xk - a:}—i—( n_; 1{X, = x}) o em)]
B
1{m<n)

Markov property (3.22)
(3.68) at time m

1 ~ ~ 1 (n—m)y
= P[H, <n)+ ¥ P[H, :m]Em[— S 1, ::g}] .

N , m>1 n 4=

n — 00 \L (3.54) when z recurrent

3.39) when z transient

E.[H, ™!
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As a result, using dominated convergence, we find that

1 &2 ~ 1
E,|— 1Xk:$]—>PHm<oo —,
i g e T m B <

and this proves (3.67).

Coming back to (3.66), we see using dominated convergence that

n—o0

wa) = 5 wl) B[ 1% =a)] 2 5 wly) oy Balld

(3.69) yekb yeE
<1 = Py[H, < c0| Ez[H,]™".
However, when z is transient or null recurrent F, [ﬁx] = 00, and hence 7(x) = 0. O

Theorem 3.28. Consider an irreducible Markov chain on E. One has the equivalences

(3.70) some x € I is positive recurrent,
(3.71) all x € £ are positive recurrent,
(3.72) there is a stationary distribution.

Furthermore, if one of the above equivalent conditions holds, then

1
(3.73) m(x) = —(>0), x € E, is the unique stationary distribution.

m[:v

o (3.70) = (3.71):

Let 29 € E be a positive recurrent state. From (3.41) or (3.48) we know that all states in
E are recurrent and communicating. Set for xz € F,

well-defined by

@ "2 i B [E 3 1x = 0] O B (L) (recall p = 1)
(3.74) vle) = b~ P r=x}| =" Ey[H, recall p, , = 1).
arbitrary z € E
From Fatou’s lemma, we know that
1 n
v(x)<l=lm )6 E.,|— > H{X;==z}
z€E " 2€E n =1

(3.75)
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Since we have for any z € E

(3.76)
5 1 n+11 X 1 ntl Pix
i 2= = g X Rl
’I’L—)OO\L
- LS Y PXea=pXi=a
= 2| Ak—1 =Y, A =T
n+1 (2 ek
Markov
P LS S P =i = X B[ S X = )
= 2| Ak—1 = Y[ Ty = z|:— k:y}r,xa
n+1 (2 ek = n+1 ;= Y
n—)oo\l/ (3.74)
v(y)
we can again apply Fatou’s lemma and find:
(3.77) v(z) > Y v(y)rye, forall z € E.

yeE

Summing over z in E we obtain:

2 v(@) = X v(y) X rye = 2 YY),

reE yer zeE yekr

and in view of (3.75), we see that (3.77) has to be an equality:

(3.78) v(z) = > v(y)rye, forall z € E.

yelk
Assume that T is a null recurrent state. Since py,z = 1, as in (3.42), we can find
Lo, T1,..., Ly = T With 74, ., > 0, 0 < i < n. Since v(T) (629 Ef[ﬁf]_l =0, it

follows from (3.77) with T in place of = that v(x,—;) = 0 and by induction that

v(T) =v(xp—1) =+ = v(xg) =0, a contradiction since x( is positive recurrent.

o (3.71) = (3.72):
We see that v in (3.74) has a positive mass < 1, and it satisfies (3.78). As a result

T = ——— U is a stationary distribution.
>, v(x)

zel

e (3.72) = (3.70): This follows directly from (3.65).

o (3.71) = (3.73):

We consider 7 a stationary distribution, and we know that p, , = 1, for all y,z € E. Then

with (3.69) 7(z) = E,[H,]™ !, for z € E, and this proves the claim.
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Remark 3.29. One can give an alternative formula to (3.73), namely:

Hy—1
B[ 1{Xk:a;}]
k=0 _

Ey[H,]

(3.79) () =

, x,y € E, (when y is chosen as z,
this coincides with (3.73)),

where 7 is the unique stationary distribution under the assumptions of Theorem 3.28.
Indeed, note that Py-a.s., when for m > 1, H» <n < H;”H (cf. (3.33)), one has

m 1 m=1 Hy-1
—_— HXy=x})obz, <

- T m (=)o

| Dm0 x = a}) o, - T2
nis U T & % b Hy ]?Igﬂ’

Hy—1

By the strong Markov property (D, WXy =a})olz, £=0,1,... areii.d. variables
Yy

under P, and ﬁy 00z, £=0,1,... are also i.i.d. variables. As a result of the strong law
Yy

of large numbers, the expressions on the left and the right of (3.80) converge Py-a.s. to the
expression in the right-hand side of (3.79), when n tends to infinity. On the other hand,
we know from (3.67), (3.73) that

1 n
E, - 1;::1 WX, =x} — m(x).
The formula (3.79) now follows. O

3.5 Asymptotic behavior
We know from (3.67) that for y,z in F,

1 2 1 2
Byl LiX=al| = S ANe=a] = oy B, [H,)

n n—o00

We are going to derive further results concerning the asymptotic behavior of P,[X,, = z],
as n — oo, and replace, when possible, Cesaro convergence (as above), with convergence.
We will see that there are some obstructions to this program. We begin with the

Proposition 3.30. Assume x is transient, then fory € F,

(3.81) P,[X, = 2] — 0.

n— oo

Proof. We know that, cf. (3.39), Py-a.s., > ;5 1{X} = 2} < oo, and therefore

(3.82) L, dof sup{k > 1; X}, = 2} < 00, Py-a.s., “time of last visit to z”,
(L, = 0, by convention when {...} =0).
But for n > 1, Pj[X,, = z] < Pj[L, > n] — 0, and (3.81) follows. O
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The above proposition handles the case of transient states. We will need the

Definition 3.31. For x € E, the period of x is

d, = greatest common divisor of I, def {n >1; PX,=2] > 0}
(3.83) —
(with the convention dy, =1, if I, =0) 0

Tz.z(n), cf (3.5)

Proposition 3.32. If z and y are communicating (see Definition 3.14), then
(3.84) dy = dy.
Proof. We can assume x # y. Let k,¢ > 1, be such that r, (k) > 0, 7y o(¢) > 0, cf. (3.5).

3.7)
Then ry ,({ + k) > 1y2(0)ryy(k) >0, so that £ + k € I,, and thus

(3.85) dy divides £ + k.

(3.7
If n €I, then ry (0 +n+k) > ry () rz2(n)ryy(k) >0, and dy divides £ +n + k, and
in view of (3.85), d, divides n. So d, divides d,. Interchanging x and y, d, divides d,,
and the claim (3.84) follows. O

Definition 3.33. An irreducible Markov chain is called aperiodic if d, = 1, for allz € E.

Theorem 3.34. Consider an irreducible recurrent Markov chain. Then, if it is null
recurrent (cf. Theorem 3.28),

(3.86) Py X, =2x] — 0, for all z,y € E.
n—oo
If instead it is positive recurrent and aperiodic

(3.87) By[ Xy, = 2] v E,[H,] ' (= W,{x)a cf. (3.73)), for all y,xz € E.

unique stationary distribution

Proof. For n > 1, y,z € E, one has

n ~

P)[X, =x] = P,[H, <n,X, =1] = P,[H, =m, X, 00y, = 7]

m=1
(3.88) Markov
property n ~

m=1

Applying Blackwell’s theorem in the case of an arithmetic distribution, cf. Remark 2.15
1) and Remark 3.9, we know that

(3.89) P.[Xy—m = 2] — 0, if = is null recurrent.

n—oo
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On the other hand, if the chain is aperiodic and = positive recurrent,

(3.90) Po[Xpom = a] — E,[H,]™".
Using dominated convergence in (3.88), the claim (3.86), (3.87) follow. O
Remark 3.35.

1) We based the proof on Blackwell’s theorem for arithmetic distributions. We also refer
to Resnick [12], p. 134, 128, or to Durrett [4], p. 263 for further details.

2) In case the chain is not aperiodic, then (3.87) can clearly break down. For instance
this is the case for Example 3.23 (deterministic motion on the discrete circle).

This example captures what happens when the chain is not aperiodic because:
when the chain is irreducible and recurrent, and all states have period d, one
can partition F into

E=FEyUFEU---UE; 1,
(3.91) so that when « € F;, r5, >0 implies y € E;1q, if i <d—1,
implies y € Fy, if i =d — 1.

If one considers the chain at times, which are integer multiples of d, it is a
Markov chain on E with transition kernel (ry ,(d))syer, which has recurrence classes
Ey,E1,...,E4 1, and each of these recurrence classes is aperiodic (so one can apply
the previous theorem to this chain). The decomposition (3.91) is called “cyclic decom-

position”, cf. [4], p. 286.
]
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4 Continuous time Markov chains
We consider as in the previous chapter the state space
(4.1) E: an at most denumerable non-empty set.

Definition 4.1. A collection (Xi)i>0 of random variables with values in E defined on
some (2, A, P) is a continuous time Markov chain with state space E, when:

P-a.s.

E[f(th+1)|Xto7'--7th] - E[f(Xt |th]7
for any f bounded E - R, n>0, and 0 <tg <ty < -+ <tp <tpni1

7L+1)

(4.2)

Of special interest to us in this chapter will be the study of the so-called pure jump
processes (with no explosion).

Loosely speaking this corresponds to temporally homogeneous Markov chains that
remain at a location for a positive duration and perform only finitely many jumps during
a finite time. More precisely, we endow E with the discrete topology and introduce the
canonical space

(4.3) Q = {functions w(-) from Ry into E, right-continuous with
' finitely many jumps on each compact interval}

(in other words; an w € Q is a function of the form:

E
| ‘ ¢
Fig. 4.1

One has a canonical o-algebra on Q:

(4.4) F =o0(w(s),s > 0), i.e. the smallest o-algebra on Q, for which all canonical
coordinates: w(s): Q — E, s > 0, are measurable,

a canonical filtration on :

(4.5) Fr=o0(w(s),0<s<t), t>0,
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a canonical process:

(4.6) Xi(w) =w(t), t >0, for w € Q,

as well as a canonical shift

(4.7) O (w)(-) =w(t+-)eQ, fort >0, we

Definition 4.2. A pure jump process (with no explosion) on the state space E, is a
collection Py, x € E, of probability measures on (2, F), such that:

Pz—_a.s.

i) Ey [f(th+1) ‘Xtov cee 7th] - Eth (w) [f(th+1—tn)]7
forallzx e E,n>0,0<ty<ty < <tp,<tpyi, and f:

(4.8)
E — R, bounded, and such that

i) Py[Xo==z]=1, forallz € E.

One can replace (4.8) i) with the equivalent formulation:

(4.8)" i) Eulf (Xeen)| Fo) T2 Exy ) lf(Xa)],

for any x € E, t,h > 0, and f: E — R, bounded, (4.8)" i) = (4.8) i) is immediate and
(4.8) i) = (4.8)" i) uses Dynkin’s lemma). These conditions (as in (3.22)) yield the

(simple) Markov property:

(4.9) E.[Y o0, | F] Pops. Ex,[Y], for t > 0, Y bounded F-measurable.

One can then define the transition probability of the chain:
(4.10) Tey(t) = Pp[Xy = y], fort >0, z,y € E.

As a direct consequence of the above definition, we obtain

Proposition 4.3. Given a pure jump process (with no explosion) in E, one has

(4.11) Tey(t) >0, Y rp.(t) =1, fort >0, z,y € E,
z€EE

(4.12)  ray(t+s)= > 10:(t)ray(s), fort,s >0, z,y € E

=k (Chapman-Kolmogorov equations),

(4.13) lim 7y, (t) = Liz—y) = 72,4(0), for v,y € E,

t—0

(4.14) R f(x) o Yooraz(t) f(2) = Eg[f(Xy)], t >0, f: E— R, bounded, defines
2€l

a semi-group of bounded operators on L>®(FE) (i.e. Riys = Ry Rg,t,s > 0).

84



e (4.11): obvious.

o (4.12): ryy(t+s) =P[Xips =y|=E, [Px[XH_S =y XtH
(4.

8)i) (4.10)
=" By [Py, Xs =] = 2 Ta=(t) Ty (5)
S

dominated
convergence
L] (4.13): Tx,y(t) = Px[Xt = y] E) Px[XQ = y] = 1{x:y}'
e (4.14): This is a direct application of (4.12). O

We now continue the investigation of pure jump processes (with no explosion)
introduced in Definition 4.1. To this end we further introduce on €, cf. (4.3),

(4.15) T =inf{s > 0; X, # Xo}(< 00).
T is an (F;)-stopping time, indeed for any ¢ > 0,
{T<t}= U {X, #Xo}U{Xy # Xo} € F.
re(0,t)NQ

N

rational numbers
Proposition 4.4. Given a pure jump process (with no explosion) on E, then for x € E,

there is M(x) € [0,00) such that Py[T > t] = e A&t fort >0
(4.16) (i.e. when \N(x) >0, T is exponential(A(z))-distributed, and when
Az) =0, T is P-a.s. infinite, and x is then called “absorbing”).

If X(z) > 0, then

(4.17) T and XT( = X1, (w)) are independent under Py,
(4.18) for A€ F, Ey[la 007 |T, X1] "% Py, [A].
Proof.

(4.9)

° (416) Pm[T>t+S] :Ew[T>t, 1{T28}00t] =
(S

E.[T > t,Px,[T > s]] = Py[T > t] [T > s].
s

zon {T >t}
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As a result, ¢(t) = Py[T > t] is non-increasing and tends to 1 as ¢ — 0, and satisfies
o(t+s) = ¢(t) p(s). The claim easily follows.

e (4.17): Let f: E — R be bounded, then for ¢ > 0:

BT > t, f(Xr)] = Eu[T > t, f(Xr) 06 =

(4.19) By [T > t, Ex,[f(X7)]] = Po[T > #] Eo[f(Xr)].
N
zon {T >t}

The claim now follows with the help of Dynkin’s lemma.

e (4.18): Define for n > 1:

 (Pz-negligible event)

(4.20) T = zk“ {k T<k2i}+ool{T=oo},sothat

— 2n 2n =
(4.21) T™) are (F;)-stopping times, and T | T’ as n — oc.

With & bounded continuous on Ry, f, f; boundedon E, 0 < i <m,and Y = [[I", fi(Xy,),
where tg =0 < t; < -+ < t,,, we have (note that P,-a.s., all T}, are finite)

E, [h(T(n)) f(XT(n)) Yo HT(n)] =

k>0 {h< ) {2ﬁnST<k+1}f<Xk+l>Y09M] (4.9)

k>0 [h<k2t ) {2" =T< 2n1} f<X"';L1) EX%# [Y]} =

E, [h(T(n)) f(XT(n)) EXT(n) [Y]] :

(4.22)

Note that P,-a.s.,

h is continuous, s — X, (w) right-continuous,

m J and (4.21)
W) fXp) Y 0 bp = h(T™) f(Xren) 11 FiXrw ) =2

hT) f(X7)Y ofp, as well as

WT™) f(Xp) Bx, g [Y] — W(T) f(X1) Ex,[Y],

n—o0
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and all these quantities are bounded. It thus follows by dominated convergence in (4.22)
that

(4.23) E [h(T) f(X7)Y 067r] = E [MT) f(X7) Ex,[Y]].

Using Dynkin’s lemma, (4.18) follows. O

In view of the above proposition, given a pure jump process (with no explosion) on E,
we can introduce

4.24 Mz) € [0,00),z € E, such that P,[T > t] = e *®* for t > 0,
(

the jump rate,
(4.25) Qoy = P[ X7 =y], for x € E, with A(z) > 0, and y € E,
= lfz—y), for z € £, with A\(z) =0, and y € F,
the jump transition probability.

Remark 4.5. With the help of (4.18) it is not hard to see that given a jump rate func-
tion A(-): £ — [0,00) and a jump transition probability (¢;y) on E, compatible
with A(+), i.e., such that:

(4.26) oy >0, > quy=1, and ¢z, =0, if A(x) >0, ¢z o = 1, if A(z) =0,
yekE

then there is at most one pure jump process with no explosion which has jump
rate A(-) and jump transition probability (¢zy)eyeE-

This simply comes from the iteration of (4.18), which shows that the law of the
(S, Xs, )n>0, under each P, where we set

(4.27) So=0,5=T,...,54+1=Tofg, +5, < oo,
are the successive times of jump, and by convention we set

Xs, = Xgs, ,, if Sy, = o0, (ie. Xg, = Xg, with k <n,
the largest integer such that Sy < o0),

is uniquely determined (to this end, note that S,,+1 =T + S, 0 07 and Xg
for each n > 0, and use induction together with (4.18)).

= XSn o 9T7

n+1

Since the canonical space € in (4.3) rules out explosions, i.e. lim, S,(w) = oo,
for w € , w is fully determined by (S, Xs, )n>0. Indeed, one has

(4.28) w(t) = Xg, on {Sp, <t < Spt1}, t>0,n>0.

This settles the question of the uniqueness of pure jump processes with no explosion. [
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Example 4.6. (Poisson process with rate \)

We consider E =N = {0,1,2,...} and for x € N,
(4.29) P, = the law on Q of (z + N¢)i>0,

where (N¢)¢>0 is a Poisson process with intensity A > 0. Then we deduce from (1.34) that
P, defines a pure jump process on N with

y—T
Tyy(t) =N ((/\t) Ik ify>2zinN,¢t>0
y—x)!

0, ify <.

(4.30)

Since for a Poisson process the jump inter-arrival times are exponential(\)-distributed,
and the jumps have size 1, we see that

(4.31) A(+) = Ais the jump rate,

(4.32) Qzy = l{y—z+1}, is the jump transition probability.

4.1 Construction of pure jump processes (with no explosion)

As explained in the Remark 4.5, given a rate function A(-) on F and a jump transition
probability (¢, ) satisfying the requirements (4.26), there is at most one pure jump process
with no explosion satisfying (4.24), (4.25).

We will now investigate the existence of such an object. This will lead to additional
conditions to rule out “explosions” (i.e. accumulations of jumps in finite time). We thus
consider

(4.33) At E = [0,00)

(4.34) (Gzy)zyeE, With gz >0, > ¢z =1, for z € E, and
yeE

oz =0, ifANz) >0, ¢z =1, if A(z) =0.

The transition probability (¢z,y) on E enables us to construct the laws P,,z € E, on
Q = EN of the canonical discrete time Markov chain with transition probability (Qz,y), see
Proposition 3.4. We denote by X,, n > 0, the canonical process on 2.

We then consider on some auxiliary probability space (Qaux, Aaux, P), independent
variables T,,(y), n > 0, y € E, with
P[T,(y) > t] = e *¥! when A(y) > 0, and

(4.35)
T, (y) = oo, when A(y) = 0.
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We then define on  x Q.. the variables
(4 36) So =0, Sy :To(Y(]), So :TQ(Yo)—i—Tl(Yl),...,
' Sn:T()(YQ)—i-"'—l-Tn_l(Yn_l),... .

The idea is to exploit (4.28) to try to construct the pure jump process attached to (4.33),
(4.34), with S,, as in (4.36) and X,, playing the role of Xg, in (4.28). We now make a
crucial assumption:

Non-explosion assumption:

(4.37) For all z € E, P, x P-a.s., hm Sn = 00.
——
1| def n (4.36)

x

Lemma 4.7. The assumption (4.37) is equivalent to

(4.38) forx € E, Py-a.s., . MNX,)™ ! = oo.
n>0
Proof.
e (4.37) = (4.38): We prove the claim by contradiction.
Ay
|| def

Assume that for some x € E, M > 0, ﬁx[znzo)\(yn)_l < M ] > 0. Observe that

(4.36) (4.35)

(4.39) B9[S, |(X.)] ZEQ””[TZ(XZH( )l EA( 07!

Hence, using monotone consequence, we find that
pR— o0 pE—
E9[lim S, [(X)] = > MX,)~! < M, on Ay, and therefore
n

£=0
E®=[lim S, Ay] < oo, so that lim S, < 00, Q,-a.s. on Ay,
n n

with Q.[An] = Px[An] > 0, a contradiction.

As as result (4.38) holds.

e (4.38) = (4.37): Note that for s > 0, n > 1, one has:

EQfexp{—sS,}] = E9 :EQ”” [exp{ - SETZ(YZ)} ‘ (Y)H

o0

“é“Eﬁz:nljl M) exp{ (s + A(X)) u} du]

Sl o A 5 el s
=271 (G o)) =20 0057
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and since 1 —a < e ¢

_ n—1 s
< B eo{- ¥ sl

Letting n — oo, we can apply monotone convergence and find:

EQ= [exp{—sligln Sp}] < EP= [exp{ - ;H 135

(4.40) >0 )\(75) + s

(as we explain below).

Indeed, on {2520()\(7@) +5)7t < o0}, Pyra.s. AM(X,) # 0 for all £ > 0 (since A(y) = 0 im-

plies y is absorbing for the discrete time chain, so that P,-a.s., on {)iyz) =0}, A\(X,,) =0,

for all m > £), and also A\(X;) — oo, so that (A\(X,)+s)~! Py A(Xy)~L. This shows that
—00

P,-a.s. on { S (MX ) +5)7t < oo}, one has > A\(X,)~! < oo,

>0 >0
so that by (4.38), P, [ S(MX ) +s)" < oo] = 0.
>0
So (4.40) shows that @,-a.s., lim S,, = oo, i.e. (4.37). O

We will now see that under the equivalent conditions (4.37) or (4.38) we can construct
a pure jump process with no explosion attached to A(-) and (g,) in the sense of (4.8),
(4.9), (4.24), (4.25).

Theorem 4.8. Given A(-), (qzy) as in (4.33), (4.34), for which the non-explosion as-
sumption (4.37) (or (4.38)) holds. Then, there exists a unique pure jump process with no
explosion, cf. Definition 4.2, attached to X(-) and (qqy) (i.e. so that (4.24), (4.25) hold).

Proof. We already know the uniqueness part of the statement, cf. Remark 4.5. We turn
to the existence part. We define on € x Q,,, cf. above (4.36),

(4.41) Zy =X, on {8, <t< Sy}, for t >0, n>0.

Since the non-explosion condition (4.37) holds, for each x € E, Q,-a.s., Z. is an element of
Q (cf. (4.3)), and in fact Z, is a measurable map from {lim,, S,, = oo} (of full Q,-measure)
into €, in view of (4.41). We thus define

(4.42) P, = the image measure of (), under 7.
Note that

4.42 4.41 —
(4.43) PoXo = 2] "2 Q.17 = 2] "2V Q. [Xo = o] = 1.

We will now check that

(444) B9 [fo(Zso) - Fu(Zs) F(Zopsn)] = B9 [foZsy) - fi(Zey) BV [£(21)],
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forany x € £, 0 < s9 <81 < -~ <8, h >0, fo,f1,..-,fe, [+ £ = R, bounded. By
(4.42) it will then follow that P,, x € E, fulfill (4.8), and this will complete the proof of
our claim. We will only prove (4.44) when

(4.45) Az) >0, for all z € E.

The general case when there can be absorption points is handled in a similar fashion,
simply the notation is a bit more cumbersome. We introduce, cf. (4.36),

Ny =sup{n > 0; S, <t},
and denoting by A the left-hand side of (4.44), we find with (4.41) that:
A= E%[fo(Xny) - eXng,) F(X N, )]
= > EC[fo(Xng) - - - f&(Xny) fF(Xnptn), C]
(4.46) e

with C = {Nso =ng,... 7Nsk = nk,Nsk+h = ng —|—n}

(summing over possible values of Ny, ..., N, +p).

For zg,x1,...,z, in E we write

I/mo,...,iltm(dto,...,dtm) = H Hox(x) (dt;)
(4.47) 1 T 1

m—+1

probability on (0, c0) exponential (A(x;))-distribution

and we define

h(gjOa s ,ﬂﬁ‘nk_l,-n) =

Vw07...7-’Enk+n (t(] +---+ tm—l é Si < tO +e tni’ fOT 0 é i S k’ and
t0+"'+tnk+n—1 §Sk+h<t0+--.—|—tnk+n)

(we use the convention tg + - -+ + t;,—1 = 0, when m = 0).

(4.48)

From (4.35), (4.36), we see that under @, conditionally on 70,71,...,Xnk+n,_the
variables Tp(Xo), ..., Tn,+n(Xn,+n) are independent, respectively exponential (A(X;))-
distributed, 0 < i < ng + n. Hence we find that

(4.49) QulC 1 Xor -+ Xnesn] = h(Xor -+ s Xpin)-
)
last line of (4.46)

In the right-hand side of (4.48), we can express the condition on t,, as

(4.50) tp, > Sk — (t() + -+ tnk—l) and by —U+tp 11+ Filpin1 <

ng(f) h<tp, —u+--+ty4n
u =z
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Note also that for p > 0, ¢(-) bounded measurable, u > 0,
(4.51) / ot —u)pe Pdt = e_”“/ o(s)e Pds
t>u 0

(this reflects the “lack of memory of the exponential distribution”).

Applying this identity with p = A(zy, ), t = t,, in (4.48) and using (4.50) we find:

h(zo, ..., Tn4n) = hi(xo,. .., Tn,) ha(Tn,, - - - Tnytn), With
hi(zo, ... ,xnk)) = Vi, (to+--+tn,—1 <
si<to+---+tn; 0<i<ng), and

ha(Yos - -3 Un) = Vyg,.ogn(to+ - +tno1 <h <tog+---+1ty).

(4.52)

Coming back to (4.49) we see that we have the crucial factorization:

(4.53) Qz[C X0y, Xnpin] = h(Xoy ooy, Xy ) ha(Xngy o ooy X))

Therefore the term under summation in the last line of (4.46) equals

ngf

EP[Fhi(Xo,..., Xn) haXnps -+ s Xy tn)]
and using the Markov property of the discrete time Markov chain X

at time ny:
(454) 5. — _ _ _ A _ _
=B [ fo(Xng) -+ [e(X ) i (Xo, ..o, X)) BV [f(X ) ha(Xo, ..., X )] |
|| def
Gn(Xny)

= B [fo(Xno) -+ (X)) Cu(Ke) 11 (X, . Xy )]
and using a similar identity for h; in place of h in (4.49), we obtain

— W= [fO(YnO) e fk(ynk) Gn(ynk), Ngy =ng,..., Ny, = nk]

As a result, inserting this identity in the last line of (4.46), we find that

(4.55) A= Z;O E9[fo(Xn,,) - fe(Xn,, ) Gu(Xn,, )]

Similarly, we see that for y € £, n > 0,

(4.56) Gn(y) = B9 [f(Xn,), Np=n],
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so that

A=E%[fo(Xn,)- - fr(Xn,) B, [f(Xn,)]]

(4é1) EQQE [fO(Zso) e fk(ZSk) EQZSk [f(Zh)H ’

and this proves (4.44)! O

Terminology:

The canonical discrete time Markov chain 7n,n207 with transition probability (¢zy)zyecE
is sometimes called the discrete skeleton of the pure jump process (X;)>o.

As an application of the main theorem concerning the construction of pure jump pro-
cesses with no explosion, i.e. Theorem 4.8, we discuss the so-called birth and death pro-
cesses.

Example 4.9. (Birth and death processes)
/\0 i Ai

0 1 1—1 ? t+1

Fig. 4.2

We introduce the jump rate function and the jump transition probability

A(i) = A+ p; > 0, for i € N, with A, p; > 0, up = 0, and
(4.57) A

qii+1 = m, Gii—1 = \

, when ¢ > 1, and ¢o1 = 1.
i T i

An easy sufficient condition for (4.38) is for instance:
1

4.58 = 00
(459 &N

Indeed, if we set V; = > - 1{X, = j}, the total number of visits to j of the discrete
time Markov chain, we have for any 7 > 0,

_ _ V.
P;-a.s., MNX,) = J .
ngo ( ) ggo )‘j + H

For any given i, we partition the canonical space 0 (where (X, ),>0 is defined) into the
two events {V; > 0, for all j > i} and {V; = 0, for some j > i}. Then, on {V; > 0, for all
j>1i}, Pras.,

V; 1 (4.58)

> EDY =

iS00 Aj TR T S Ay
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On the other hand, for j > i, on {V; = 0}, Pi-a.s. Vp = oo, for some ¢ < J, and hence
Pi-a.s. on {V; =0, for some j > i}, V; = oo, for some £ > 0, so that > ., A(X,,) ™! = .
So we see that when (4.58) holds, the condition (4.38) holds as well.
We will see below that for any ¢ > 1, as t — 0, in the notation of (4.10),
riii1(t) = XNt +o(t), rii_1(t) =p;t+ o(t),
(4.59) i+1(t) (t) i—1(t) = p (t)
To,l(t) =MXt+ O(t).

This gives the interpretation of \; as a “birth rate in state ¢”, and of u; as a “death rate
in state ¢”. g

We now discuss the small ¢t behaviour of the transition probability r, ,(t).

Proposition 4.10. Given a pure jump process with no explosion on E, we have for x € E

(4.60) rzz(t) =1—=Az)t+o(t), ast — 0 (see (4.10) for notation),

(4.61) Tey(t) = ANx) quyt +0(t), ast =0, fory #x in E.

Proof. We assume A(z) > 0, otherwise the claim is obvious. We first show that
(4.62) P, [T+Tobp <t]=o(t), as t — 0.

“two jumps before time ¢”
Indeed, one has for t — O:

PAT +Tobp <t] < PT <t,Tobp <] "2

Pl < B, [Py, [T < 1] “2Y (1 @) 3 g, (1 — e X0ty = ot),

(4.63) (4.25) ~~——— ,E

dominated \L t—0
convergence

and (4.62) follows.
(4.60)

T22(t) = Pp[T > t] + P,[Xy = z, and at least two jumps occur before time ¢]
= e @ L ot) =1— A=)t +o(t), as t — 0.

(4.61)
(4.62) . .
r2y(t) =" Py[X; =y, at most one jump occurs up to time t] + o(t)
4.16
= PolXr =y, T < 1)+ o(t) | 27 (1= ) gy 0(t) = Mw) gy £+ ol0),
as t — 0. This concludes the proof of the proposition. O
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Remark 4.11.
(4.64) Aoy def @) @y, for x #yin E,
can thus be viewed as the “rate of jump of the chain from « to y”.

We have already seen a similar infinitesimal description as in (4.60), (4.61) for the
Poisson process, cf. (1.6). O

4.2 Backward and forward Kolmogorov equations, generator

We consider a pure jump process (with no explosion) on E, and we are going to derive in-
tegral and differential equations for the transition probability r; ,(t) of the chain, cf. (4.10)
for the notation.

Proposition 4.12. (A(-),qx,y) as in (4.24), (4.25))

Given a pure jump process (with no explosion) on E, then for x,y € E, t > 0, we have
(with 6, the Kronecker symbol)

t
(4.65) Tay(t) = 02y e @)1 —I—/ Az)e @3 S g T2 y(t — ) ds,
0 zF#x

(Backward integral equation),

t
(4.66) Pay(t) = 0ey e 2D 4[5 10 () A(2) gz e W) ds,
0 27y

(Forward integral equation).

Proof. Loosely speaking, the backward equation will correspond to conditioning in
the first jump of the chain before time ¢, and the forward equation to conditioning on
the last jump of the chain before time ¢.

o (4.65):

Tey(t) = Pe[ X = 9]
(4.67) = DBXi=yT>t+PXi =y Tt

]
(4.16) e~ M@)t5,

So we only need to concentrate on the last term. We note that P.-a.s.:

& k—1 k
(4.68) Lix,=y 1<t} = lim > 1 {%t<T§ Et} 1{X(n75+1)t:y}097“

i

pairwise disjoint as k varies
the trajectory is

right-continuous
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Hence it follows from dominated convergence that
P [Xt:y,T<t] =

Jm S B[Sl <7 < YK e, = v) 0 01]

9 iy é B [T <ty py [Xotan , = |
woo) D tim kzlp D e < o] By [, (B

Ei::: Tim. é( /;t)\(a:) e ) ngqxwvy(t_ -1 )

t
= lim AMa)e M@ S g (t—u,) du

n—oo Jo poy

n
<1, with up =3 $=1 ¢ 1 EDyyckyy
1

but since X is right-continuous, piecewise-constant, 0 < s — 7, ,(s) = P,[X, = y] is
right-continuous, so that

ot [\ ) O gyt )

convergence 2 75"2

Inserting the above identity in the last line of (4.67), we obtain (4.65). One can actually
have a quicker proof if one proves a slightly more general statement that (4.18) and uses
it to handle (4.69)!

e (4.66): We start as in (4.67) and write
(4.70) rey(t) = e 2O, 4 P X, =y, T <1].
Then, by (4.41), (4.42) we write

PoXy =y, T<t]= Y Qu[Xpn =1y, Sn <t < Sppal.

n>1
Note that for n > 1, by the tower property of conditional expectations
Qx[yn =Y, Sn <t< Sn+1 ‘707 cee 7771—17 517 cee 7Sn—1] -

EQI[QH[YH :Z%Sn St < Sn-i—l‘y()a"'ayrw Sla"'usn] ‘707"'7771—17

(4.35) || (4.36) Sla cee 7Sn—1] =
exp{—A(y)(t—Sn)} H{Xn=y,Sn<t}
(4.71) _ -
EQ”[exp{—/\( )( — )}1{Xn:y,5 §t}|X0,...,Xn_l,Sl,...,Sn_l]

2 sy M 1) / 1) exp{-AKn1)(s — Suo1)

—A(y)(t — s)} ds.
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As a result, we have obtained that

(with
Lo ~ =n-—1
S EQI{Sn_l St7an17y/ )\(Xn_l)e—A(XnA)(S—Snﬂ)—)\(y)(t—s)ds]m n )
n>1 Sn—1
t
I ) L PO
(4.72) =7y m=0 m
. t
P SN ey [ 5 B[S < 5, = 2} NI A0
zF#Y 0 m>0

Qu[Xm=2,Sm<s<Sp,41] by (4.35),(4.36)

(4.41) ¢ ) (b
= A2) gz, / Tz 2(s)e ®)(t=5) 4.
iy 2Ny [ rac(s)
Inserting this identity in (4.70), we obtain(4.66). O
We are now ready to derive the so-called Kolmogorov backward and forward equations.
We recall the notation A, , (450 M) gy, for x #y.

Theorem 4.13. Given a pure jump process (with no explosion) on E, then for x,y € E,
(4.73) r2y(-) is continously differentiable on R,

and fort > 0, one has:

d
(4.74) 7 rey(t) = ; Az,z T2y () — M) 14,4(1),
(Kolmogorov backward equation),
d
(4.75) pr Toy(t) = X0 12 (t) Asy — T2y (t) A(y), for a.e. t

27y

(Kolmogorov forward equation).

Remark 4.14. One can informally obtain (4.74) and (4.75) as follows. One first writes:

d 1
ot Toy(t) = 1}58 7 (T%y(t +h) — Tr,y(t))

and then with the Chapman-Kolmogorov equation (4.12), one writes

o for (4.74) (using Ri+p = Ry, Ry)

1 Tm,z(h) rr,m(h) —1
A (Tﬂc,y(t +h) — Tw,y(t)) = h 72y (t) + h Tzy(t)
ZH#T | , R ,
"0 N s "20 (@)
(4.61) (4.60)



and assuming one can exchange limits and sums (we are only informally arguing at this
stage) the above for h — O tends to >, Ay 2724 (t) = A(@) 724 (t), .e. this “yields” (4.74).

o for (4.75) (using instead Ryyp = Ry Rp,)

b 1) r2y0) = T ) 2 1 Coal D)

which (assuming again that one can exchange limit A — 0 and sum over z), with (4.61),
(4.60), leads to a right-hand side, which should tend to >, 75.2(t) A2y — 1oy (t) A(y), for
h — 0. In other words, this “yields” (4.75).

The integral equations (4.65), (4.66) will enable us to bypass the difficulty of making
the above informal arguments rigorous. O

Proof.
e (4.73):

We can rewrite (4.65), changing s into ¢ — s in the integral, as:

t
Toy(t) = Ozy e M@t 4 /0 A(z) e M@ (t=s) ; Qa2 T2y(s)ds

4.76 ¢
( ) _ e—)\(w)t (&B,y _|_/ /\(ZE) e—)\(w)s Z Gz Tz,y(s) dS)
0 zF#x

bounded function

We first see from (4.76) that r,,(-) is a continuous function. Then we can inject again
this information into the right-hand side of (4.76), and see that the “bounded function” is
in addition continuous. It now follows that 7, ,(-) is continuously differentiable. (We just
employed that is known as a “bootstrap argument”.) This proves (4.73).

o (4.74):

We differentiate the last line of (4.76) and obtain:

d

- ray(t) = @) Tey(t) +e M DN@) AT guy ey (8)
dt N’ zF#T
T
derivative of the e *®* factor

= (@) ryy (1) + ; A,z T2y (t).

This proves (4.74).
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o (4.75):

We rewrite (4.66), noting that d,, e 2@t =g, , e AW as

t
(4.77) T2y(t) = e Wt <5x,y + /0 ; T2,2(8) AM(2) @z y e)‘(y)sds).
22y

From the Lebesgue differentiation theorem, we find that

d
77 Tay(t) = —AW) oy (1) + e 5 rasAG) 4oy AV ae. t,
ZF#Y

= —A(Y) ray(t) + ; T2y(t) Azy-

This proves (4.75). O
Remark 4.15.

1) One can in fact argue that >, 4 :(t) Az is continuous in ¢, so that one has (4.75)
for all ¢ (thanks to (4.73)), and one does not need to write for a.e. ¢, see for instance
[3], p. 247. To establish the continuity of }_, , 75 2(t) Ay, one can also express 7y »(t)

for z # x with the help of (4.76) as a function of the form e~*®)* fot Y (s)ds, with ¢ > 0,
integrable over bounded intervals.

2) One can also use the integral equations (4.65) and (4.66) to show that when 7 ,(t),
t >0, z,y € E, are transition probabilities such that 7, ,(t) — 054, as t — 0, for z,y in
E, and 7, ,(t) satisfies the backward (resp. the forward) equation attached to A(-), and
(¢z,y) (which we tacitly assume to determine a pure jump process with no explosion),
then necessarily:

Toy(t) =ryy(t), forallt >0, z,y € E,

see [3], p. 253. O

We now define the generator matrix of the pure jump process

Azy = Azy, wheny#uzx,
(4'78) 7y 7y #
= —A(x), wheny=uz.
Note that A, , satisfies

(4.79) > Apy=0, forzek.
yer

(The generator matrix is sometimes called the Q-matrix of the Markov chain).

When F is finite, we can write the backward Kolmogorov equation in matrix notation
as

(4.80) % r(t)=Ar(t), t > 0.
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and the forward Kolmogorov equation as

d
(4.81) 7 r(t) =r(t)A, t>0.
The solution to (4.80) or (4.81) with r(0) = Id, is then

(4.82) rt) —expft A} 2 2 Loan
n>0 T

Example 4.16. A machine is operative for exponential times with parameter A > 0,
and then inoperative for exponential times with parameter p > 0. If E = {0,1}, with 0:
operative, 1: inoperative, we have

(4.83) )\071 == )\(0), )\170 = U= )\(1),

and the generator matrix is

(4.84) A= < A > .
poo—p
The backward Kolmogorov equations yield:
(4.85) ré’o(t) = )\(7’170(t) — 7’070(t)) (= —r671(t), because 79 o(t) + ro,1(t) = 1),
(4.86) ro(t) = p(roo(t) —rio(t)) (= —r1 1(t), for similar reasons as above).

As a result we see that prgo(t) + A7 o(t) = 0 so that
(4.87) proo(t) + Ario(t) = const. = L

Therefore Ar1,(t) = (1 — ro,0(t)) and inserting in (4.85):

(4.88) ro0(t) = u(1 —rop(t)) — Aroo(t) = p— (A4 ) roo(t).
As a result g(t) = ro0(t) — Fuu satisfies the differential equation:

(4.89) g(t)=—(A+n)g(t),
and hence g(t) = ce= MWt for t > 0.

It follows that rqo(t) = ce” A0t 4 FMM’ and for ¢ = 0, this forces the relation

e . A
l=c4+—,ie.c=—.
A+ A+
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We thus obtain:

( r0,0(t) = ﬁ Ot ﬁ’
ro1(t) =1 —ro0(t) = % e~ Ot ﬁ,
(4.90) >
r1,0(t) = % ro,1(t) = ﬁe—(/\ﬂ)t I )\IUTIU’
ra(t) = POt A

\ A p A4p

e The forward Kolmogorov equations yield:
(4.91) 7‘670(t) = —710,0(t) A+ 10,1(t) i,
(4.92) Ti,o(t) = —r10(t) A+ 7r11(t) p.
Since 79,1(t) =1 — r,0(t), we find

r0,0(t) = —(A+ p)roo(t) + s

This equation coincides with (4.88), and we then proceed as below (4.88).

As it often happens, the forward equations are easier to solve in concrete examples. [

4.3 Transience and recurrence

In the case of pure jump process with no explosion, the notions of recurrence or tran-
sience of a state x € E turn out to be governed by the corresponding notions
for the discrete time Markov chain X,,, n > 0, with transition probability (G2.y)zycEs
cf. Theorem 4.8 (this chain is also sometimes called the discrete skeleton of the pure
jump process (X¢)i>0). More precisely, one introduces the successive return times of the
pure jump process to the site y € F, via

hitting time of y

v
(4.93) I;Ty = inf{t > 0; X; = y and there exists s € (0,t) with X # y}
(note that Py-a.s., ﬁy = 00, when y is absorbing), and
70 rTm+1l _ 17 ~ rrm
(4.94) H,) =0, and for m >0, H;"* _HyOQHLn—i—Hy ,

so that flg”, m > 0, are the successive return times of (X;)i>o0 to y.

Definition 4.17. A state y € E is said recurrent for (X;)i>o, if
(4.95) P, [ﬁy < oo] =1, or when y is absorbing,
and it is said transient if

(4.96) P, [ﬁy < 0] < 1, and y is not absorbing,
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From (4.41), (4.42) that link (X ,),>0 and (X;)s>0, it is clear that

(4.97) y is transient for (X;);>0 <= v is transient for (X,,)n>o0,
' y is recurrent for (X;)i>0 <= y is recurrent for (X, ),>0-

In a similar fashion z,y € FE are communicating for the pure jump process with no
explosion (Xy);>o if
P,[H, < o] Pj[H, < oo] > 0, where

def .

(4.98)
H, = inf{t > 0, X; = z} denotes the entrance time of X in z.

Then with (3.47) and (4.98)

(4.99) x and y are communicating for (X;);>0 <= z and y are
) communicating for (X, )n>0.

As a result of (4.97) and (4.99) we can directly import the partition of F in (3.48):
(4.100) E=TURURyU...,

where T is the set of transient states in F and Ry, Ro,... pairwise disjoint equivalence
classes of recurrent states.

One also defines positive and null recurrent states via:

Definition 4.18. A recurrent state x € E is said positive recurrent when

(4.101) E,[H;] < 00, or when x is absorbing (i.e. A(x) =0).
It is said null recurrent when
(4.102) E.[H,] = 0o, and z is not absorbing.

Remark 4.19. Unlike what happens in the case of recurrence, or transience, the notions
of positive and null recurrence for the continuous chain and its discrete skeleton
are in general different. For instance, see the exercises for an example of

- a site x which is positive recurrent for the discrete skeleton but null recurrent for
the pure jump process.

On the other hand, if one looks at E = Z, with

qx,y:%if|3:—y|:1, /\(:13):1—1—3:2,

then the discrete skeleton is simple random walk on Z, which is null recurrent. In partic-
ular, (4.38) holds and (X¢)¢>0 is well-defined. We will see in Example 4.29 that:

- any z € Z is null recurrent for the discrete skeleton but positive recurrent for (X;):>o.
O
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4.4 Stationary distributions

Definition 4.20. A probability m on E is called a stationary distribution of (X¢)i>0,
pure jump process (with no explosion) on E, when

(4.103) Yoom(z) rpy(t) =m7(y), for allt >0, and y € E.
z€E ~——
1

transition probability of
the pure jump process
It is called a reversible distribution of (Xi)i>0, when
(4.104) w(2) 1y y(t) = 7(y) ry2(t), for allt >0, and z,y € E.

Remark 4.21.

1) As in the discrete time setting,

(4.105) 7 reversible = 7 stationary.
(4.104)
Indeed ) cpm(x)rey(t) =" > w(y)ry(t) =n(y), forall y € E,t>0.
el

2) By analogous considerations as in (3.56), the condition (4.103) is equivalent to the
identity (with Py ' S, 7(z) Py)

(4.106) 0; 0 P, = Py, for all t > 0.
——

T
image of Pr under 6,

3) The characterizations (4.103) of a stationary distribution, and (4.104) of a reversible
distribution, are not practical. We will soon see equivalent conditions, which are ex-
pressed in terms of the generator matrix A from (4.78), and which can be checked in
concrete examples. O

We will now provide a characterization of stationary distributions, which is easier to
check than (4.103). It is a type of “infinitesimal version” of (4.103), which is expressed in
terms of the generator matrix A, cf. (4.78).

Theorem 4.22. Given a pure jump process (with no explosion), with generator matriz
(Azy)zyecE, a probability m on E is a stationary distribution if and only if:

(4.107) forallye E, Y m(x)Ayy < oo and Y m(x)Ayzy =0,
TH#y el

(recall from (4.78) that Ay » = —\(x), and Ay y = X&) Gzy = Agy for x #y).
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Proof.
e We first assume that 7 is stationary.

Then for y € E, t > 0, by (4.103) and the forward integral equation (4.66):

(4.103)
7T(y) = Z 71'(33) rm,y(t)

zeFE .

4.66
(4108) ( = : F(y) e—)\(y)t + /0 EZ# W(x) Tx,Z(S) )\27y e_A(y)(t_s)dS
rEL ,ZzFY
t
e m(y) e W4 [ S 1(2) Ay e AWES) g,
0 zz#y

As a result, setting t — s = u, we find

t

w(y) (1= e = 3 x(z) A, / AW gy,
— z27#Y ~~ J0

[l [l

Ay) fg e Wudy Azy

from which we deduce that

(4.109) (W) My) = 2 7(2) Azy (< 0)

and this proves (4.107).

e We only prove the converse under a stronger assumption then (4.107), namely:

(4.110) Yo m(x)Mz) <ococand ) 7w(x) Ay =0foralyecE.
el reFE

(Since for x # y Azy = Ay < A(2), clearly (4.110) implies (4.107). It is in general a
stronger assumption.)

From the backward equation (4.74), we find
S Areroy () £ T Assl = 2().

2€E z€E
m-integrable by (4.110)

0] =

We thus can exchange differentiation and summation as follows:

(S @) ) = T w@) 5 ray(B)= 5 w(e) T Aueray (0

(4.111) zek zeE zeE zeE

Fubini > ( S () Aw) sy(t)

and (4.110) .cE \zcE

(4.110) 0.

As a result we find that

Yo (@) rey(t) = D w(x) ray(0) =7w(y), forallt >0, y € £,
zel zeFE

and 7 is a stationary distribution. O
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Remark 4.23. The assumption (4.110) means that:

Y S n(2)Ma) < oo,

zel

and the probability v(z) = A(Z)Cfr(m) is a stationary distribution for the discrete skeleton
(i.e. the discrete time Markov chain (X,,),>0 attached to (¢y )z yeE)-

One can however show that the weaker condition (4.107) also implies that 7 is a
stationary distribution of the pure jump process. One first observes that m cannot put
mass on transient states, see [13], p. 118-119, see also Corollary 4.28 below. So 7 is
supported by irreducible recurrent classes, and one can conclude using Theorem 3.5.5,
p. 120 of the same reference, see otherwise [12], p. 393, and 398-401. O

Corollary 4.24. If a probability m on E is such that
(4.112) (z) Ay y =7(y) Ay gz, forally # z in E,
then m is a stationary distribution of the pure jump process (with no explosion).

Proof. For y € F, one has

Z W(x) A:c,y = Z W(y) Ay,x = W(y) )‘(y) < 00,
T#£Y T#£Y

and 7(y) AM(y) = —7(y) Ay,y, so (4.107) holds true, and 7 is a stationary distribution. [
Remark 4.25. One can in fact show (see [13], p. 124-125), that:

(4.113) under (4.112), 7 is a reversible distribution.

Note that (4.107) has the interpretation:

Yom(x)Ary = w(y)A(y)  “total balance equations”,

:E;ﬁy A,—J
~—_—— flow out of y
flow into y

whereas (4.112) has the interpretation (x # y)

m(x)Azy = 7(Yy)Ays “detailed balance equations”.
———
flow from x to y flow from y to x
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4.5 Stationary distributions and asymptotic behavior

The next result will be helpful (compare with (3.67)):
Proposition 4.26.

(4.114) P, X =y] — M ,forx,y e E.
o0 Ny) Ey[H,y]

understood as = 1, when A(y) =0,
1.e. fory an absorbing state

Proof. We have P,[X; = y| = P,[H, <t,X; =y].

As in the case of (4.69), we can use a discretization procedure to handle
Pp[Hy <t, Xy =y] = P [Hy < t, X p1, ) (Om, () (@) = y],
see (4.68), and find that

(4.115) PolXy =y = Ex[Hy < t7TXHy7y(t - Hy)] = E:c[Hy <ty ryy(t = Hy)]

In a similar way, if we replace H, with I;Tx (the return time to x), we can write
Px[Xt:y] :Px[ﬁx >t7Xt:y]+Px[ﬁx <t, Xt:y]
= Py[Hy > t, Xy = y| + Eu[Hy < t, 70 y(t — H,)]

(with a similar justification as for the derivation of (4.115)).

We thus see that r; ,(t) satisfies the renewal equation

_ t
(4.116) Tey(t) = Pp[Hy > t, Xy =y —l—/ Toy(t —8) dFy(s),
0

with F,(-) the possibly defective distribution function (when z is transient or z absorbing),
non-arithmetic with (4.16), (4.17), when A(z) > 0,

(4.117) Fy(u) = Py[H, <], for u> 0.
In particular, choosing x = y in (4.116), we have a first term in the right-hand side

P, []?Iy > t, Xy = y] = e ! which is direct Riemann integrable by (2.86), when A(y) > 0,
and

t
(4.118) Ty (t) = e AW / ryy(t — 5) dF,(s), for all t > 0.
0

We thus find that

- when A(y) =0, 7y, (t) =1
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- when A(y) > 0, and y is recurrent by Smith’s key renewal theorem, cf. (2.88)

/ AW gy,
; N

Tyy (1) e e T (Ay) Ey[H,])™!
/ wdFy(u)
0
(due to (4.16), (4.17), one sees that the non-arithmeticity condition of F}, is satisfied)

- when A\(y) > 0, and y is transient by (2.103) one finds that

Ty (t) tjo 0.

Inserting these limit behaviors in (4.115), we find by dominated convergence that

{ Py[H, < o] (A(y) Ey[ﬁy])_la if A(y) >0,

P,[H, < o], if A(y) =0,

t—o00

and this proves (4.114).

Remark 4.27.

1) If E,[H,] < oo, we see from (4.116) and the fact that P,[H, > t, X; = y] is direct
Riemann integrable, and dF,(+) is non-arithmetic, that

(ﬁi}) fooo Px[ﬁm >, Xy = y] dt Fugini Em[fon 1{Xt = y} dt]

(4119)  Pu[Xy=y) — A E,[H,]

2) For pure jump processes with no explosion, unlike what happened for discrete time
Markov chains, we do not need to consider limits in the Césaro sense, but we can
directly take limits in ¢ — oo, in (4.14) or (4.119) (compare with (3.67) and (3.87)).

0

Corollary 4.28. Let 7 be a stationary distribution of the pure jump process (Xi)i>o0 with
no explosion. Then fory € E,

(4.120) 7(y) > 0 implies that y is positive recurrent for (X¢)i>o.
Proof.
(4.103) dominated convergence
m(y) =" 2 (@) rayt) = 3 w(@) B[Xe =y] — : 0.
zeE z€E if y is transient or
null recurrent by (4.114)
Therefore 7(y) > 0 => y positive recurrent. O
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Example 4.29. (Continuation of Remark 4.19)
Qe,x—1 = Qr,z+1 = %

YN N M) =142

r—1 T r+1

E=7

Fig. 4.3

The discrete skeleton X,,, n > 0, is a simple random walk on Z, which is recurrent.
It follows that P -a.s., .,50 A }(X,) = oo, and the non-explosion criterion (4.38) is
fulfilled, and hence, the jump process with no explosion attached to A(-) and (¢z,y)z,yez is
well-defined.

Define for x € Z

(4.121) 7(z) = ¢(1 + 2?)~! where ¢ = 1/( 1+ zz)_l),
Z€EZ

so that 7 is a probability.
Then, we have the identity

(4.122) w(x) Apy = % |z —y| =1} =7(y) Aye, for all z # y in Z.

It follows that 7 is a reversible, and hence stationary, distribution of (X;)¢>o. As a result
of (4.120)

(4.123) any site z € Z is positive recurrent for (Xy)s>o,
but since (X,)n>0 is a simple random walk on Z

(4.124) any site x € Z is null recurrent for (X,),>o0, O

We carry on our discussion of stationary distributions and asymptotic behavior.
Theorem 4.30. (compare with Theorem 3.28)

Consider a pure jump process (with no explosion) on E, which is irreducible (i.e. all x,y
in E communicate). Then one has the equivalences

(4.125) some x in E is positive recurrent,
(4.126) all x in E are positive recurrent,
(4.127) there is a stationary distribution.

Furthermore, if one of the above equivalent conditions holds, then

1
(4.128) m(x) = ———— (> 0), x € E, is the unique stationary distribution,

(if Mx) =0, then E = {z} and \(z) E,[H,] is to be understood as equal to 1).
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Proof. We assume A(z) > 0, for all  in E, otherwise due to irreducibility £ = {z¢} and
the statements are obvious.

o (4.125) = (4.126) and (4.125) = (4.127):

We assume x positive recurrent and define for all y in E:

s Bul 3" 11X, = y)ds

4.129 T = > 0, by irreducibility.
(4.129) () Pl y y

Then for u > 0 and y in E, one has:

(4.119) .. (a2
ﬂ'(y) - tliglo Pm[Xt+u - y] - tliglo ZgErm,z(t) rz,y(u)
(4.130) rev(ttu)
Fatou
SN dim () () BV T w(z) ().
zeR 7@ 2€E
Moreover,

(4.129)
> 2 (@) ray(u) = 3o w(z) X ray(u) = 3 w(z) =71
yeE z€eFE zeE yek zeE

=1
So one has equality in (4.122) and
(4.131) w(y) = Y m(2) 7. y(u), for each u >0, y € E: i.e. 7 is stationary,

zeE

and (4.127) follows.

Since w(y) > 0, for each y € E, it follows from (4.120) that each y in E is positive
recurrent, and (4.126) follows.

o (4.126) = (4.125): is clear.

e (4.127) = (4.125): follows from (4.120).

o (4.128):
If one of (4.125), (4.126), (4.127) holds and = is a stationary distribution, then
(4132) ") = T 7@ BX =] 3 () B )
Te

using (4.114) and dominated convergence.
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Remark 4.31. Under the equivalent conditions (4.125) - (4.127), the unique stationary
distribution can also be expressed as

Eulfy" YX. = y}ds]

(4133)  7(y) = BB

, for y € E, with ¢ € F an arbitrary in F,

as seen in (4.129). O
The large time behavior of the transition probability is described by

Theorem 4.32. Consider a pure jump process with no explosion on E and y € E.
e If y is transient or null recurrent, then

(4.134) P, [X: =y] = 0, forx € E.

If the pure jump process is irreducible and positive recurrent, then

(4.135) P,[X: =y] = 7(y), for x € E, with © the unique stationary distribution.

Proof. This follows from (4.114) and (4.128). O
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5 Brownian motion

Brownian motion is definitely a fundamental example of stochastic processes with contin-
uous trajectory. It is at the same time an example of Gaussian process, of Markov process,
and of continuous martingale. This leads to a very rich mathematical theory. The present
chapter only contains a brief introduction to Brownian motion. We refer for instance to
[8] for a detailed exposition.

Definition 5.1. (2, A, P), a probability space. A stochastic process By(w),t > 0, is called
(standard) Brownian motion if:

(5.1) By =0,

(5.2)  forany 0=ty <ty <---<ty, the random variables By, — By, ,, 1 <i < n,

are independent (“independent increments”, cf. (1.1)),

1 x?
> : - = -
(53)  fort>0,5>0, A€ B(R): P[Byas — B, € 4] /A — oo -1}

( “stationary Gaussian increments”),

(5.4) with probability 1, t — By(w) is a continuous function from Ry into R.

Sketch of construction:

There are several possible methods, we explain a construction which highlights the link
with the simple random walk. Consider

(5.5) X,,n > 1, on some (Q, F,Q) which are i.i.d.,
with var(X,,) =1, E[X,] =0, n > 1,

59 = { Jos 4 Xon 1

0, n=0,
the “random walk” based on the increments (X;);>1.

We then introduce the polygonal interpolation:

(5.7) S; = the polygonal line interpolating S,,, for n > 0,
1

(5.8) B§"’ = — S,24, t >0, the rescaled (in space and time) trajectory.
n

Note that from the central limit theorem for any ¢ > 0

n2t Stz inl
[ ] [n2t] 1n law "

1
n Stn2e) = [n2t]1/2 n-co "
00

(5.9)
centered Gaussian
law with variance t

n
I n—
Vi

111



and in fact for tg = tg < t1--- < tg, using the vector valued version of the central limit
theorem, cf. [4], p. 151:

1 1 1 in 1
(5.10) (= Stent = (St = Spen)s- - = (St = Sy 1)) o

n—oo

Pty Q pg—t; & -+ Q Ly —ty_,

(in other words, for f bounded continuous on R%:

n—oo

1 1
/f(ﬁ S[n%ﬂ" "n (S[n%k} S[thk 1] dQ e / fap, @ @ dpty—,_,- )

A

. WMWMWAM

Fig. 5.1: The polygonal line S

The difference of the random vector in (5.10) and (B B™ B _ g™

t1 2 io t1 v

,BM™ —B™ ),
tr tp—1
tends to 0 in @) probability, and from this one can deduce that

n n 1
(5.11) (Bt(l)’B( ) - B ) 1Trj—a>w Pty Q fltg—ty & -+ & Lty —ty_,

for k> 1,and tg =0 < t; < --- < t} arbitrary.

[2 T g 7 t—1

From this fact, one sees that all finite dimensional distributions (Bgln), Bf:), - ,Bg:)

converge in law as n — 0o, and the limit corresponds to centered independent Gaussian
increments with respective variances t; —t;_1, 1 <i < k.

But a much stronger type of convergence takes place usually referred to as “Invariance

Principle” (of Donsker). One can view (Bt("))tzo as a random variable on (2, F, Q) with
values into the canonical space

(5.12) Qecan = C([0,00),R) space of continuous functions [0,00) — R,
endowed with the o-algebra:

(5.13) Fea = g-algebra generated by all maps w — w(s), s > 0.
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The canonical space (Qcan, F°*") also has the canonical process

(5.14) Xi(w) =w(t), fort >0, w € Qecan.

One endows ¢,y with the topology of uniform convergence on compact intervals, for
instance metrized with the distance:
1

(5.15) d(w,w') = Z>:1 on (oilslgn |w(s) —w'(s)]) AL

One then shows the invariance principle (we refer to [8], p. 70 for a proof)

(Bg"))tzo converges in law to a probability W on (Qcan, Fean),
(5.16) (ie. o f(B™)dQ — me f(w)dW, as n — oo, for any bounded
' continuous f: Qean — R), and (X;);>p under the probability W

is a Brownian motion.

There is at most one measure on (Qcan, F") for which (X;);>0 is a Brownian motion (in-
deed all finite dimensional distributions (X, X3, , ..., Xy, ) are then specified by (5.1), (5.2),
(5.3) and we can then apply Dynkin’s lemma). This unique measure W on (Qcan, Fecan) 18
then called Wiener measure.

D4, . .
Note that the map w € Qean  —3™* (X (W), ..., Xy, (w)) € R¥H1 s continuous, so
from (5.16) we recover that
/g oDy 1 (BF")) dQ — go Py 4, dW for g continuous bounded in RE+L
n—oo Qcan

i.e. all finite dimensional distributions of (Bt(n))tzo converge in law to the corresponding
finite d-dimensional distribution of (By):>0, (see below (5.11)).

But the invariance principle (5.16) contains more information. For instance:

w € Qean —> sup w(s) €R
0<s<1

is also a continuous map and by the same argument we see that for bounded continuous
ffR—=R

(5.17) /f(l sup Sk) aQ — ( sup Xs(w)) dW (w)

n OSICS’YLQ n—oo Qcan OSSSI
(that is, % SUPg<p<n2 Sk converges in law to supg<g<q Xs)-

So (5.16) also contains information about trajectorial behavior. 0

It is convenient to discuss Brownian motion with the help of the canonical model
introduced above (Qcan, Feans W, (X¢)e>0) cf. (5.12) - (5.14), (5.16).
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5.1 Brownian motion as a Gaussian process
Proposition 5.2. (X;);>0 (under W) is a centered Gaussian process (i.e. all the finite
linear combinations ), a; Xy, are centered Gaussian variables) with covariance function:
(5.18) cov(Xs, X)) =sAt.
This uniquely characterizes W.
Proof.

e (X;)i>0 is a Gaussian process under W:

Indeed, for 0 =tg < --- < iy, the variables Y; = X3, — X3, ,, 1 <j <n are independent
centered normal variables. But Z = ) a; X;, can be expressed as a linear combination of
the Yj; Z = > 1, B; Y1, hence for t € R

independence
N
p7(t) = EVlexp{it 7)) = BV [exp {it - 5,3 }] =TT B lexp{i 5 ¥;
(5.19) =t =t
n t2
—exp{- Y 5 BEVIL,
e =1 2
centered normal
so that Z is a centered Gaussian variable.
e The covariance function of (X;);>o0:
Pick 0 <s <t
EV[X, X)) = EV[X (X, + X, — X,)]
= EV[X2] + EV[X,(X; — X,)] =5
——
(5.3) Il (5.2)
s EIXJEX, - x,] 2o

and (5.18) follows.
e IV is uniquely determined by the above mentioned properties:
for0<t; <---<thpbanda e R", U = (Xy,,...,Xy,),
n
EWlexp{ia.U}] = EW [exp {z ooy Xy, }]
1

centered

Gaussian
(5.20) - eXp{_%EW[(;O‘jXW)Z”



So the characteristic function of U is uniquely determined and hence the law of U on R™ is
uniquely determined of [4], p. 150, this for arbitrary t; < --- < t,. Using Dynkin’s lemma,
we see that W is uniquely determined. O

Example 5.3. (scaling property)

(5.21) for A > 0, (A Xy/2)i>0 is a Brownian motion.

Indeed, it is clearly a centered Gaussian process with continuous trajectories and covari-

ance function: ;

E[A Xy /a0 A X, )p0] = )\2{<ﬁ) A (%)} —tAs

and the claim follows by noting that the law of (A X;/x2)i>0 on Qcan must now coincide
with the probability W (i.e. the Wiener measure). O

5.2 Brownian motion as a Markov process

We introduce the filtration:

(5.22) Fo = 5(X,,s <t), t >0.

Proposition 5.4. (simple Markov property)
For f bounded measurable: R - R, t >0, h > 0,

(5.23) EVIf(Xeen) | F) 25 (R £)(X0)

where the semigroup (Ry)y>0 acting on bounded measurable functions is defined by

1 22
(5.24) (Ry f)(z) = V2ru /Rf(a:—kz) eXP{—Z} dz, u >0,
f(ﬂi‘), u =0,

and (5.23) together with WX = 0] = 1, uniquely determines W'.

Proof. To prove (5.23), it suffices to show that for tg =0 <t <--- <t, =t, and

n
G = II gy(Xy;), with go, ..., g, bounded measurable functions,
j=0
one has:

(5.25) EV(G f(Xp4n)] = EV[G(Ry £)(X0)],
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indeed, with Dynkin’s lemma, it then follows that for A € F/*™:
EYIA, f(Xin)] = EV[A, (Ry )(X0)]
and this yields (5.23).
To check (5.25) observe that:
Xirn — Xy is N(0, h) distributed and independent of X, — Xt; 4, 1 <j<n,and Xy, =0.
As a result we have

independent, N (0, h) distributed
v
—
(5.26) EY[G f(Xern)) = EV[G f(X¢ + Xiyn — X3)]

T 1
depends on X, =0, X;;, — Xy,

j—1)

1<j<n

integrating out the X;,, — X; variable:

2

:EW[G/Rf(XtJrZ) exp{ - 2} \/Zi—h}

=EY[G(Ry, f)(Xy)]

which proves (5.25).
The semigroup property R,+, = R, R, follows from the fact that
N(0,u) variable

e
(R, f)(z) = E[f(x + Z)], so that

(RuRo f)(@) = Blf e+ Z + Y )| = Elf@e+ T)
N(0,u) N(0,v) N(0,u+v)
independent

Finally, let us check that:

e W is uniquely determined by (5.23) and W[X = 0] = 1:

Indeed, using induction, these properties completely specify the finite dimensional distri-
butions (Xi,, Xt,,...,Xy,), for tg =0 < t,< --- < t,, arbitrary. The claim now follows
with the help of Dynkin’s lemma. U
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5.3 Brownian motion as a continuous martingale

The heart of the matter lies in the following statement.

Theorem 5.5. (Paul Lévy)

Xy, t>0, and X? —t, t > 0 are continuous (Fy2)-martingales under W,

(5.27) and W-a.s., Xog =0.

This uniquely characterizes W .

Proof of the easy part: Clearly, X; and X? — t, are continuous in the ¢ variable, and for
fixed t > 0, Ff*"-measurable. Also they are both integrable. Then for s < ¢:

Fs¥-meas.

4
(5.28) BY (X | F) = BV X = X+ X | 79

= EV[X, — X, | F&) + X,.

From the independence of increments, W[Xy = 0] = 1, and Dynkin’s lemma, we see that
X; — X, is independent of F5*". Hence:

(5.29) EV[X, — X, | Fe) = BV [X, - X,] 20
Coming back to (5.28), we obtain
(5.30) EV[X, |Fo™] = X, for all s <t,

and (X¢)¢>0 is an (F7*")-martingale.
Similarly for s < ¢:
EW(XZ — | Fo] = BY[(X, + X, - X.)? — | 5o
(5.31) = EW[X2 +2X,(X; — X,) + (X; — X,)? — s — (t — 5) | F"]
= X2 — s+ 2EW [ X (X; — Xo) | F] + EW (X — Xo)2 | FS] — (t — s).
Note that X, is F*" measurable and

(5.29)

(5.32) EV[X (X, — X,)|Fe = X, EW [ X, — X, | Fo 0

and using the remark above (5.29), X; — X, is independent of F$*". Hence
(5.3)

(5.33) EV[(X; — X)? | Fom = EV[(X, — X,)?] = t—s.
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Inserting (5.32) and (5.33) into (5.31), we obtain:
EWIX? —t|Fom) = X2 — s, for s < t.

Hence (X7 — t);>0 is an (Ffa)-martingale.

The statement that (5.27) implies that (X¢):>0 is a standard Brownian motion has a
proof which goes beyond the scope of these notes (but can be found on p. 157 of [8]). O

Remark 5.6.

1) The martingale point of view turns out to be crucial in the development of “stochastic
integrals” and stochastic calculus. Paul Lévy’s theorem offers a powerful character-
ization of Brownian motion.

2) Closely related to the above theorem is the fact that for ¢ > 0, the “quadratic
variation” of X in [0,¢] does not vanish and:

2" —1 2
(5.34) W-as., > (X(k+1) . — Xk t) — t.

k=0 omn 2n n—oo

To see (5.34), set:

on_1 ) t
(5.35) an =3 bpp, with by, = (X(,m) — X t) _
k=0 om 2n 2”
then by, ,,, for fixed n are i.i.d. centered variables.
ii.d.
tered 2
EW[CLEL] cen:ere on EW[bg n] — 2nE[<X2L _ i) }
(5.36) ’ w27
scallog - on <i>2 E[(X? —1)?] < const ﬁ
(5.21) on ! = Ton

in particular EW'[>° o, a,] < 00, so that

(5.37) W-as., a, — 0,

n—oo

which proves (5.34).

The property (5.34) is in particular an obstruction to the possibility that with positive

W -probability the trajectory s € [0,¢] — X has bounded variation (because then the

limit in (5.34) would be equal to 0 since X is continuous as well, and not equal to t).

One thus already has an indication of the fact that typically under Wiener measure, the
trajectory s — Xg(w) is very rough!

]
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