Introduction to Mathematical Finance
Dylan Possamai

Assignment 5

1. On American Calls with dividends

Let S be a stock paying a known dividend amount x at some known time 7 € (0,7).

1) Prove that the following relationship holds for any ¢ <

S, > CA(T, K; S) > max { (S; — KB(t,7) ", (S, — kB(t,7) — KB(t, T))+}.

2) Assume now that S pays n known dividends (k;)1<i<n at the known dates (7;)1<i<p, WithO <7 <y < --- <
7, < T. Prove that for any t < 7y

i +
S, > CMT, K;S) > max { (st — KB(t,7i11) — »_r;B(t, m) }
j=1

0<i<n

with the convention that 7,41 = T and that a sum over an empty set is 0.

3) Prove that the only dates where it can be optimal to exercise a Call option on an underlying asset paying n
known dividends (x;)1<i<n at the known dates (7;)1<i<, are the maturity T, or at the times (7;)1<i<n, just
before the dividends are paid. Under which condition(s) is it not optimal to exercise the American Call prior
to 1?7

2. Asymptotics for the CRR model

We consider a variation on the multi-period binomial model from Section 2.3.2.2. We let our time horizon be
some time 7 > 0, and take Q := {w", w?}™, where m is a positive integer representing the number of periods in
the market. As usual, we fix F := P(2). We depart a little bit from the lecture notes’ notations, and consider

that the market trading dates are given by (¢1")reqo,...,m}, Where
kT
= —, ked{0,...,m}.
k m { m}

The probability measure P on (€2, F) is again given by
PH{w}] = pV (1 —p)™ V@) Yo = (w1, ..., wm) € Q,
where p € (0,1), and where for any w € Q, U(w) counts the number of elements of w which are equal to w.

The non-risky asset values are given by

T k
S;:T,;O(w) = <1+:n> L kel0,....m}, weQ,

where r € R, while that of the risky asset are given, for any w € , by

%ﬁ(w) = SQ,
m m (1+hm)5%(wla"'vwk)v ifwarl = w",
(W) =S (Wi, Whe1) = i . , kefo,... om—1},
kt1 k+1 1 —&—K,,L)St;n (Wi, ywg), fwrrr = w?,

where



for some given (o_,0,) € (0,4+00)2. Notice that we index the asset values by m € N\ {0} since the aim of the
exercise is to let m go to +o0.

We will assume throughout that m is large enough so that

1)

2)

T
by > —1, T—>—1.
m

Prove that for m large enough this market admits no-arbitrage opportunities, and that there is a unique
risk-neutral measure Q. We let m be the lowest value of m such that this holds.

{S'%I—Hh H ke {0
= = m el yee,m—1}

Give the exact value of p,, and justify that it indeed does not depend on k € {0,...,m — 1}.

We define

STK"L’L
Which property does the sequence of random variables < ;’:’,frl
T

k )kE{O,..qml}

satisfy under Q™.

We denote by ®,,, the characteristic function under Q™ of the random variable log ( t”{; / fg%), that is to say

) Sffn
exp | iXlog | - .
Stan
Show that the following Taylor expansion holds

_ . 004\  p0-04\T 1
<I>m()\)—1+(z)\(r 5 ) A 5 >m+o(m).

Let Y, := log(S%/So). Express the characteristic function of Y;,, under Q™ in terms of ®,,, and then show
that the sequence (Y;,,)m>m converges in law, under Q™, to a random variable whose distribution you’ll give
explicitly.

®,,(\) := EQ”

Hint: It would be useful here to prove the following lemma.

Lemma 0.1. For any (z,R) € C x (0,+00), if |z| < R, then for any positive integer n

n n
(e (o2
n n

In addition, for any complez—valued sequence (zn)nen (o} converging to some z € C, we have

lim (1 + z”) =e”.
n—-+oo n

Prove that for any K >0

22

e 2

dz,
V2T

lim Py(T,K;8™) = e_TT/ (K - Soea+b”’)+
R

m——+oo
where you will explicit the constants a and b in terms of r, 0_, o4, and T.

Deduce that there exist constants dy and d; (which you will again provide explicitly) such that

lim Po(T, K;5™) = e KN (=d1) = SoN (= do),

w2
where N (z) := [ foo %du, x € R is the repartition function of a standard Gaussian random variable.

Prove that a similar formula holds for lim,, ., Co(T, K;S™).



8) (Optional question) Redo the whole exercise until question 5)

T T T
b = r——a,—, A 1= r——|—0+—o,—.
m m m

(Notice that obviously the expansion in 4) will now be different.)



