Introduction to Mathematical Finance
Dylan Possamai

Assignment 10 (solutions)

A stochastic volatility model
Fix some positive integer T'. We consider a T-period financial market defined as follows
Q= ({1, -1} x {1,-1})", F:=22

2

We let (¢,7) be the canonical process on 2, which simply means that for any w := ((wtl, w; we have

))te{l,...,T}’
gi(w) == wi, m(w) =w?, te{l,..., T}

The probability measure Q on (€2, F) is defined such that for any ¢ € {1,...,T}, the random variables n; and &; are
Q-independent and centred, and such that the vector (7, €t)te{1,..., 7y is i.i.d. under Q.

.....

The non-risky asset is constant, that is
SYw) =1, (t,w) € {0,...,T} x Q,
and the unique risky asset satisfies that Sy > 0 is given and
Sey1(w) = (1+ o1 (W)ers1(w)) Si(w), with op41(w) =7 + O (W), (tw) € {0,..., T =1} x Q,

where (7,0) € (0,+00) x [0,+00) are such that ¢ + 60 < 1.
The filtration F on the market is then the one generated by S', that is

Fo:=1{Q,0}, F; = 0((51, .. .,St)), te{l,...,T}.

1)a) Show that for any t € {0,...,T}, we have S; > 0, Q-a.s.

It is clear that for any ¢ € {0,...,7 — 1}

Sip1 =S (1= (5 +9)),
which shows by an immediate induction that
Sy > So(1— (5 +6))" >0,

since we assumed that 1 > 7 + 6.

1)b) Show that for any t € {1,...,T}, oy is F;-measurable, and deduce that whenever o # 6, we have

Fi :U((ﬁl,&‘l,...,nt,é‘t)), te {1,...,T},

and that in general
Fi C a((m,al,...,nt,st)), te{l,...,T}

First, if 0 = 0, then for any t € {1,...,T}, 0; is always equal to ¢ and is thus immediately F;-measurable.
When 6 > 0, for any t € {1,...,T}, recall that

Ot :5'+977t

Hence

{0t0+9}{nt1}{SSt 1+a+9}U{Sft1 109},

{atz&—o}:{mz—r}:{Sft1 :1—5+9}U{S‘jt1 :1+&—9}.




As long as ¢ # 0, all four values 1 +5+60, 1+56—60,1—5+60, 1—5— 0 are different, meaning that 7,
is indeed known as soon as the values of S; and S;_; are known, so that 7, is F;-measurable, and thus
so is o;.

Even if ¢ = 0, we can still distinguish between the events {n, = 1} and {n; = —1} by simply knowing
the values of S; and S;_;, since 1+ 25 # 1.

Next, the inclusion is always clear by definition of S. In addition, when 0 # &, o is never equal to 0,
so that for any t € {1,...,T}
1/ S )
g = — -1,
' Ot (St—l

and thus ¢; is also F;-measurable. This gives the desired remaining result.

Show that @ is a risk-neutral measure in this market and that (NA) holds.

Q) being finite, all random variables are bounded. We have then for any ¢ € {0,...,7 — 1}
E®[Sp1| 7] = Si(1+ B [ors1e041] ] )

We have seen in the previous question that

Fi CO’((’Ih,El,...,T]t,Et)), te {1,...,T}.

This shows that for any ¢t € {0,...,7 — 1}, £;41 and 0441 are both independent of F;, and independent
of each other. Hence, since these variables are also centred

E%[Si41|Fi] = S (1 + EQ[UHJEQ[&HD =S,

proving thus that the discounted value of S is an (F,Q)-martingale, that Q is a risk-neutral measure,
and that (NA) holds in this market.

Is Q the only risk-neutral measure in this market? Is the market complete?

From the computations in the previous question it is clear that a sufficient condition for a measure
Q' on (2, F) to be risk-neutral is that for any ¢t € {1,...,T}, the random variables 7, and ¢; are Q'-
independent, that at least one of them is centred, and such that the vector (1, c¢)icqr,.. ry is i.i.d.
under Q'. This gives immediately infinitely many additional risk-neutral measures, and the market
cannot be complete.

We are now given a European option with maturity 7" and payoff A(St) for some map h : (0,+00) — R. Despite
the market being incomplete, we decide to use as a viable price for this option its no-arbitrage price under the
risk-neutral measure Q, which we denote by (V;:)te{o _____ T}

Show that there exists a map v : {0,...,T} x (0,400) such that
Vi = o(t, St), Q-a.s.,
and that v is defined through the following backward induction, for (¢,z) € {1,...,T} x (0, 400)
(T, z) := h(z),
o(t —1,z) = i(v(t, 2(145+0) +v(t,z(1+5 —0) +v(t,z(1 -5 +0)) +v(t,z(1 -5 — 9))).

We will show the result by induction as usual. For ¢t =T, the result is obvious. Let us assume it is
true for some ¢t € {1,...,T}, then

Vi1 = EQh(Sy)|Fr] = E2 [E@[h(ST)m] ’ft_l} = EQ[V;|Fo1] = EQu(t, S,)|Fi_il.

The formula is then immediate by noting that given F,_;, the product ¢,0, takes four values, each
with probability 1/4, since ¢; and 7; are Q-independent of each other and of F;_;, are centred, and
take values in {1,—1}.



3)a)

3)b)

Show that for any self-financing portfolio A € A(R), we have

T-1

9V~ XP2)?] = 3 B (s — Vi~ (i1 - )]

Notice that both V and X"°* are (F, Q)-martingales (again integrability is immediate since () is finite).
Hence, M :=V — X"0:2 + Vj is also an (F,Q)-martingale, which is square-integrable since ( is finite.
We thus have

=
i

EQ[(Vr — X}°2)%] = B®[(Mr — Mo)?] = E[M} — ME) = 3" EO[MZ,, - M)

bl
Ly

E®[(My41 — M)?]

Il
1

~
-

EQ[(Visr — Vi — Ay(Se1 — 50)7].

~
I
o

Show that for any ¢t € {0,...,T — 1}
EQ[(V;H»I_Vt_At(StJrl_St))?|]:t} = ]EQ[(WH_W)Q‘E]_QAt]EQ[(Vtﬂ_w)(stﬂ_st)’ft]+A§EQ[(St+1_St)2|ft]'

It is obvious by expanding the square and using the fact that A; is F;-measurable.
For any t € {0,...,T — 1}, compute E® [(St_H — St)Q‘]:t] and show that this is always a positive quantity.
We have, since 2 and 7? are constant equal to 1

EC[(Sir1 — 81)%|F] = STEC 07 1644 |Fi] = S (52 +6% + QéU]E@[UtHVt]) = S7(a% +6%) >0,
where we used that 7, is centred under Q, and that n and ¢ are Q-independent.

Define
E®[(Vi1 — Vi) (Ser1 — S0)|F]
EQ [(St-l,—l - St)2|]:t}

A} = ,ted{0,..., T —1}.
Show that for any ¢ € {0,...,T7 — 1}

B[ (Vi1 = Vi = A7 (Si41 = 50)°| 7] = min{ B[ (Vias = Vi = ¢(Sis1 = )

.7-}} : ( R-valued and ft-measurable},
and then that for any ¢ € {0,...,7 — 1}

EQ [(v;+1 — V= A*(Sps1 — St)ﬂ - min{EQ [(V;H — V= C(Spa1 — St))Q] : ¢ R-valued and ft—measurable},

For any ¢ which is R-valued and F;-measurable, we have
B[ (Vi1 = Vo= ((St1 = 80)°| A1) = B [(Visr = Vi) 1] = 2B (Vigr = Vi) (Ser = S0)|Fi] + B[ (i — 5% Fi).

Now, for any w € , the right-hand side above is a second-order polynomial in (?(w), which clearly
attains its infimum at A}(w) given in the question, thanks to the positivity shown in 3)c). This shows
the first result. Next, notice that for any { which is R-valued and F;-measurable, we have

E®| (Vi1 = Vi = ((Sts1 = $0))°] = E2[E2[(Vi1 — Vi = ((Sts1 — $0))*| 7]
> EQ[E2[(Vigr — Vi — A7 (Sea — 5)°| 7]

=E [(WH = Vi = A7 (Se41 — St))2}~



This proves that
EQ [(VtJrl — Vi — AY(Se41 — St))ﬂ < min{EQ {(VHl — Vi —C¢(St41 — St))Q} : ( R-valued and ]-'t-measurable},

and we conclude by noticing that choosing A}, the infimum is then automatically attained.

Conclude that
Q[ (Vr - X;027)"] = min{EQ|(vr — X;°%)"] s A € Am)}.

We have by 3)a) and 3)d) that for any A € A(R)

!
!
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E9[(Vr = XJ2)?] = 3B (Vigr = Vi = Bu(Siv1 — 50)°] 2 3B (Vg — Vi = A1 (Seer — 5))°)
t
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o
-
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E [(VT - XTV“’A*ﬂ,
from which we deduce

min{E®| (Ve - X;7%)%] s A € AR)} > B[ (v - x72)7],
and we recover equality since A* € A(R).
Show that for any ¢t € {0,...,T — 1}

E%[o1e1 (v(t + 1,2(1 + 0161)) — v(t, z))]
z(a? + 62)

A} = p(t, St), where p(t,z) := , & € (0,400).

We start from the formula defining A*, and have for any ¢t € {0,...,T — 1}, using 3)c)

EQ[(Viyr — Vi) (Si1 — S)|Fe]  E2[(v(t +1,8141) — v(t,5:))(Siy1 — Si)| Fi]
EQ[(Sit1 — S¢)?|F] - S2(52 + 62)
Bt + 1, S:(1 + orq1e041)) — 0(t, Sp))oeq1eeqa | Fi
Si(a? + 62) ’

INE

and we conclude using the fact that under Q, the random variables (oy,¢t)eq,..., 7y are i.i.d. and
independent of F;.

We define for any (¢,z) € {0,...,T — 1} x (0, +0o0)

EQ[oye1 (v(t + 1, 2(1 + 0161)) — v(t, 2))])

R(t,x) := EQ[(v(t +Lz(l+o0161)) — U(t,x))ﬂ — ( o

Show that R > 0.
This is an immediate application of Cauchy—Schwarz’s inequality. Indeed
2
(E@ (o161 (0(t + 1, 2(1 + 0161)) — v(t, x))]) < EQ [(v(t +1,2(1+ o1e1)) — v(t, x))z]EQ (032

= (5% + 6)E {(U(t F1,2(1+01e)) — u(t,x))ﬂ.



4)b)

Show that

EQ| (v — x7)?] = TZ_IE@ [R(t,S))].

t=0

With computations similar to the ones from 3)f), we have that

(E®[(Viss = Vi)(Sess — S| 7))’
EQ[(Si41 — S1)?| Fi]

E© {(Vtﬂ = Vi = Aj(St1 — St))Qlft} =E?[(Viy1 — VO)?| ] — = R(t, St).

The result is then immediate from 3)a) and 3)d).

Show that EQ {(VT - X;/O’A*)z] = 0 for any choice of the payoff h if and only if § = 0.

Hint: for the direct part of the equivalence, it may prove useful to first establish the result when T =1, and to think
about choosing a specific payoff h. Then to see how this reasoning can be modified to work for T arbitrary.

Assume first that § = 0. Then the process ¢ is constant equal to ¢, and since the process ¢ is centred
under QQ, we have

B[ (0(t+ 1.a(1 +oren)) —vit)’] = ;(U(u S ;v(t’x(l - 5)))2 + ;(U(t, (1 - 7)) ;U(t,x(l + 5)))2
_ (v(t,x(l +0)) —v(t,x(1— 5.)))2.
2

Similarly

No| Qi

E@ [0151 (U(t + 17'7:(1 + 0151)) - U(t,l‘))] = (U(t,l‘(l + 5’)) - U(ta 33(1 - 5)))7
so that in this case R(t,z) = 0, and we conclude from 4)b that EQ[(VT - X¥0,A*)2] = 0, whatever we

choose for h.

Conversely, if EQ {(VT — XQYO’A*)Q} = 0, then again by 4)b), we must have, since R is non-negative, that

EQ [R(t, St)] =0 for any t € {0,...,T — 1}. Recalling how we showed the non-negativity of R, this can
only happen in the equality case of Cauchy—Schwarz’s inequality, and therefore there must exist some
A(t,z) € R such that

v(t +1,z(1+ 0151)) —o(t,z) = y(t,x)o1€1.

In particular, if we follow the hint and consider the one-period case T =1, and choose = = S
h(So(l + 0‘151)) = ’U(l, So(l + 0'151)) = ’U(O7 So) + 7(0, 50)0'161. (01)

We claim that this equality is impossible when 6 > 0, for an appropriate choice of the payoff . Indeed,
the product ¢;0; takes at least three different values (usually 4, unless ¢ = 6§ > 0). Hence, the right-
hand side of the previous inequality takes either a unique value when ~(0,S5y) = 0, or at least three
distinct ones when (0, Sp) # 0. Now for the left-hand side, take

hy) = (y— So(L+5 V)", y=>0.

Then it is immediate that h(SO(l + 0151)) takes exactly two values, namely 0 and Sy(c A 0). Hence for
this choice of h, Equation (0.1) cannot hold, and we thus must have 6 = 0.

Now in the general case with T' > 1, we can actually do the exact same reasoning at the last period 7—1
and T, and taking this time z = Sy(1+ 7 +6)" !, and the payoff h(y) := (y— So(1+5+6)" " '(1+aV 0))+.



4)d) How do you interpret the result of the previous question? What does the quantity E@ [(VT — X;/"’A*)z] represent?

The result of the previous section stipulates that we can replicate any contingent claim in this market,
which is then complete (indeed, having E? {(VT—X;/O’A*)Q} = 0 is equivalent to saying that we can replicate
the option with payoff h) if and only if § = 0, which corresponds to being in a binomial model. In that
sense EQ[(VT - XIYO'A*)Q] is a sort of quadratic hedging error.

Doubling strategies

We consider here a binomial model with one risky asset, but where the time horizon T is now equal to 400, so that 2
is now the set of sequences (wn)nen 03, Where w, € {w*,w?} for any positive integer n.

For simplicity, we fix the value of the non-risky asset to 1, that its S = 1, for any ¢ € N, and we still have that Sy > 0
is given and
Sir1(w) = uSt(w) L, —wuy + dSe (W) 1y, =way, (t,w) €N XQ,

where 0 < d < 1 < u. We take the filtration F defined by
Fo :={Q,0}, F = O’((S1, . .,S’t)), t € N\ {0},

and impose F := a( Usen .7-}). The probability measure P on (Q, F) is defined without further comments for now

The notion of self-financing strategies is directly extended to this setting by imposing that the consumption process is
0 at any time ¢t € N\ {0}, and we use the same notations for the associated wealth processes as in the Lecture Notes.
As for the question of arbitrage opportunities, we need the following generalised notion.

Definition 0.1. A generalised arbitrage opportunity A € A(R) is such that there exists an F-stopping time 7, with
Plr < 4o00] =1 as well as
P[X24 > 0] = 1, and P[X>* > 0] > 0.

We will consider throughout the problem the so-called ‘doubling’ strategy A, which satisfies
. . u
Apg:=1, Ay =1+ E At—ll{wt=wd}'

1)a) Check that A € A(R) and give an interpretation for that strategy (it could prove useful to see what happens with
specific values of u, d and Sp).

The fact that A is F-adapted is obvious by definition, since A( is a constant and A is defined recur-
sively. Let us fix for instance v = 1.1 and d = 0.9, and that Sy = 100. Then the strategy proceeds as
follows

e at t = 0, we borrow 100 in cash to acquire one unit of the risky asset;

e at t =1, if w; = w*, we sell our risky asset, obtain 110, pay back the 100 we borrowed, and stop
trading, having gained 10;

e att=1,if w; =w?, we borrow u/d x dSy = 110 to buy u/d = 11/9 additional risky assets;

eat t =2, if w; = w?, and wy = w*, we sell our 1 + 11/9 risky assets to obtain 220 and pay back
100 + 110 = 210 we borrowed at time 0 and 1,

and if w; = wy = w?, this keeps going on as long as there isn’t an upward move for the risky asset
price. In a nutshell, the strategy consists in borrowing more and more cash to acquire risky assets
until the first time a favourable event occurs in the market, and the risky asset price increases.



1)b) Let (m:)ten be the process representing the number of non-risky assets held in the self-financing portfolio (0, A).
Show that for any w € €

N1 (w) = uly 1 (W) Si1(w), if wy = w?,
N—1(w) + vl (w)Si—1 (W), if wy = W™,

no(w) = —=So, Ne(w) = {

The value for 7y is immediate since 0 = 19 + 1 x Sy. Moreover, the general formula from the lectures
gives us that for any ¢ € N\ {0}

u
Ne=Ne—1— (Ap — A1) Sy = m—1 — ((1 + d) 1, =iy — 1) Ay15,

from which the result is immediate.

1)c) Deduce that for any ¢ € N\ {0}, we have on the event {w; = -+ = w; = w}

t
— u — u t_
At_<1+d)7nt So<1+u+d1((u+d) 1)).

On that event, (A;).cqo,..+} is a geometric sequence, so that the first formula is obvious. Using the
previous question we also have for any s € {1,...,t}

s—1
u ,
s = Ts—1 — UAs—1S5-1 =151 — u(l + d) d* 1S,
from which we deduce

t
d)?t -1
e = 1o — wSg Z(qud)S*1 = So<1+u(u+)>.

pt ut+d—1
2)a) Show that for any ¢ € N, we have on the event {w; = -+ = w; = w?}
Sp|l —d|
x0a _ Dok —d t_ ).
o =S iy

We use the general formula

Y~ — s (u+d)t -1
X, o= ;}As(ss—l-l = 8s) =So(d—1) s:o(u +d)* = So(d — 1)m7
which is the desired result.
2)b) Show that for any ¢ € N'\ {0}, we have on the event {w; = -+ = w;_1 = w?} N {w, = W}

XP8 = X0+ So(u—1)(u+d),
and then that on the same event

S
0,A 0 t—1
XA = 20 (1—d+uu+d-— + .

We have on this event

t—1
XPA XA 4 Aa(S- S = X4+ (145) e natse

so that using the previous question

_ Sol1—d|

X0A _
¢ u+d—1

(u+d)" ' —1) + So(u—1)(u+d)" ",

and the result follows.



3)

From now on, we assume that
u+d>2,

and that P is such that ]P’[StH/St =d, Vt € N] =0.

We also define
T(w) :==min {t € N\ {0} : w, = w"}.

Show that 7 is an F-stopping time and that P[r < +o0] = 1.

It is immediate that for any t € N\ {0}

{th}z{wlz"':wt1:wd}m{wt:wu}:{g(l):ngi—; :d}n{sfjl :u},

which is obviously an element of F;. Besides

P[T: +OO] iP[St+1/St = d, Vit S N] = O,

which proves the second claim.

Show that for any self-financing strategy (z,A) € R x A(R) the ‘stopped’ strategy (z, A7), with A7 (w) := Apar(w)(w)
is still admissible and self-financing.

This follows from Lemma B.2.8 in the Lecture Notes, which says that the stopped process A7 is
F-adapted whenever A is. Hence A” € A(R). The fact that it remains self-financing is also immediate
by definition, since using the fact that A is self-financing, and that A, =0

A;Jrlss-&-l = AS+1SS+11{TZS+1} + ATSs+11{T§s} = Asss+11{725+1} + ATSs+11{T§s}
= A§Ss+1 - ASSS+11{T:S} = A;Ss+1~

Show that AT verifies
A =1pq1< Ay tEN,

Deduce that i
(XP™) =X teN

The equality is obvious by definition on the event {7 <t} as both sides are equal to 0. On the event
{r > t+ 1}, this is again obvious. We thus have

(XtO’A)T = X?/lﬁ = AinrSine = Al Sinr = AfS i<y + AFSr 1<y = AfSilpn<ry = ALS = XE’AT'

Prove that A7 is a generalised arbitrage opportunity.
We have A™ € A(R) and it is self-financing by the previous questions. Moreover, we have P[t < +o0] =1

and g
XO,AT — XO,A _ 0

T T U + d _ 1

which is P-a.s. positive since u+d > 2 and d < 1.

(|1 —d|+u(u+d-— 2)(u—|—d)771),

We now assume that P is constructed so that the sequence (S;11/.5¢)ten is constituted of P-independent and identically
distributed random variables with mean 1 (under P of course).



4)a)

Show that P is a risk-neutral measure.

The independence assumption ensures that (recall that the filtration is generated by .5)

EF[Sy41|F)] = S.ET {S;“
t

}'} S,EF [St“} =5,
St

thus proving the martingale property (integrability is obvious here). Hence the result.

Show that under PP, the distribution of 7 is a geometric distribution with a parameter \! you will give explicitly in
terms of v and b.

Deduce that in this context, A7 is indeed a generalised arbitrage opportunity. What can you deduce concerning the
possibility of extending the first FTAP to a setting with infinite horizon?

We use again independence

= P[{wl = =w =w N {w = w“}] =(1-Plw = w“])t_IIP’[wl = w"].
Moreover g
1=EF {Sl} = uPlw; = w"] + d(1 — Plwr = w"]),
0
so that IP’[ w'] = i;i, as usual for binomial models, and the parameter of the geometric distribution
is A\ = ‘(11 This proves that in this setting P[7 < +00] = 1 and that we can apply the results of 3) to
deduc the existence of a generalised arbitrage opportunity.

Overall, we constructed an infinite horizon financial market in which a risk-neutral measure existed,
but there was nonetheless a generalised arbitrage opportunity. This proves that an extension of the
first FTAP to infinite horizon is not straightforward.

Show that when u > 2
BP[X04] = —co.

What can you deduce concerning the practical implementability of this strategy?

We have
A7 , Sol1 —d| - Sol1 -
IEP[XE_Al]:EP[XS_Al]:—m(EP[(u—&—d) N-1)=- u0+d—1(AZ +d)FH1 = Ak 1—1)
__Soli—d okl -
- u+d_1(/\§(u 1) 1) =—oo0,

for v > 2. This means that in order to implement this strategy, we would on average have a wealth of
—oo right before we finally make a gain and quit trading: this is therefore a strategy that requires the
possibility of borrowing unbounded quantities of cash, which is of course not realistic in practice.

IThat is
Plr =t =A1-X)"1, te N\ {0}.



