Exercise class 3
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increasing. Deduce that non-trivial free groups are torsion-free.
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Exercise 1. Show that for any non-identity element g € F[X], the sequence {|g"|}n>1 is strictly
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Exercise 2. Let € X. Show that the centralizer in F[X] of 2 is the group generated by z.
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Exercise 3. Show that the abelianization of F[X] is isomorphic to Z[X]: the free abelian group
with basis X. Use this to give another proof that any two bases of F[X] have the same cardinality.

Hint. Recall from Algebra 1 that free abelian groups are also characterized by a universal property.

Ovl)t L’t\ n

-
\\Hm ( \/(an pruly of ng)
’\_/MOJJLHOW\ abelion,
EobaVubh bs X0 €y Ty, e X
o mag. e 7! Lvmwroo]/\\')m ? Fo € ex/%\olmj b.

NMA,\,Q, IJL/vJ pwfm/}y (/{/\o/oalﬁn(?,u 7: uf) ke /?,omvf/)f/m‘

Wil pae o A= B(FOT) b I wmnerml popedy | whore
X — /4 s X B X EF/F] 6A
g» ok 6 e O«,Lz)fm/ \P" X — G a wop



g» Wb 6 be oVLz?fm/ \ﬁr X G o ey
W wive o p- L F = 3! f; FIX)] — 6 b

(/{m\/%l ﬁop A\L‘a@ ifj {ijwr Nwwﬁ)ﬂ \?ﬁ/) ()

FCA] b et o,

| \A A= 204

Iy
N

e
M: u/!u”/v iL I %waj }\ Cl@/LfFWvM& \/JLeHe/ ﬁ@ Cé,éj

a /
Do 0 % A

|

/imw/% hﬁ@ﬂ@y q&/ oCLIMYentf <% @\UL X&X

\ weCF/F]:M@V = \7[><e>(7H<Q>7ymk> 5

W fuwn oo

_ 7 _ o -
EX: = cL’b o bs&zkl

Exercise 4. Let GG be a group, F' be a free group and ¢ : G — F' a surjective homomorphism.
Show that there exists a homomorphic section, that is, a homomorphism o : F' — G such that
po = idp. Deduce that G contains a subgroup isomorphic to F.
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Exercise 5. Let X = {a,b}, and let X} = {b,aba™!,a%a"2, ..., akF=1bal=* a*} for k > 1.

(a) Show that X generates the kernel of the homomorphism F[X] - 70 Z/kZ defined on the basis
by a— 1.0 0.

(b) Show that the subgroup generated by Xj is free with basis Xj.
Deduce that a free group of finite rank contains free subgroups of finite index and arbitrarily large

finite rank, and these subgroups can be chosen to be normal. Can you find a free subgroup of
infinite rank?
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rcise 6. Let GG be a finite group of order n. Explain how to construct a finite presentation o
Exercise 6. Let G | finite g f ord Explain how t truct a finit tat f
G. How many generators does it have in terms of n? How many relators? What is the length of
the relators?
Apply this to the group Z/nZ, and compare the presentation you obtain to the standarc
Apply this to the g Z/nZ 1 tl tation y btain to the standard
presentation (x | ™).
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Exercise 7. Lotuldbe two groups defined by finite presentations.
For each of the constructions below, éxplain how to construct a finite presentation using the given
ones of G and H.

(a) The direct product G' x H. Apply this to the group Z2.

(b) More generally, a semidirect product G x, H, where ¢ : H — Aut(G) is a homomorphism.
Apply this to the dihedral group D,,.

Remark. Recall that G x, H is the group with underlying set the Cartesian product G'x H. and
with composition defined by

(91:11)(g2, ha) = (g1p(h1)(g2), hihs).



(b

(91, M) (92, h2) = (919(h1)(g2), haha).
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