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Exercise class 4

Mittwoch, 14. April 2021 16:41
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The following exercise is a typical application of the ping-pong lemma. The end goal is to show
that SLo(Z) is virtually free, that is, it contains a free subgroup of finite index.

Exercise 1. Let G < SLy(Z) be the subgroup of SLy(Z) generated by

(12 (10
=0 1) Y7 \2 1)

(a) Use the ping-pong lemma on the action of G' on Z? to show that G is free with basis {z,y}.

(b) Show that G contains the modulo 4 congruence subgroup of SLy(Z), namely SLy(Z), := {A €
SLy(Z): A=1 mod 4}.

(¢) Deduce that SLy(Z) is virtually free. Is SLy(Z) free?
Hint. For (a), think about what happens to the absolute values of the entries of a point in Z? after
applying z or y.
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Exercise 2. Let G and H be groups. Consider the natural homomorphism ¢ : G« H =+ G x H,
that is, the unique homomorphism such that ¢|g : G - GxH : g — (¢g,1) and p|g : H > Gx H :

hw— (1,h). X
e
(a) Show that the kernel of ¢ is free with basis {[g,h] : g € G\{1},h € H\{1}}.

e

(b) Deduce that the commutator subgroup of Fy is free of infinite rank (compare with the last
question of Exercise 5 in Exercise set 2).

(¢) Deduce that a free product of two finite groups is virtually free. Can it be free?

1

(d) Use (c) to give another proof that SLy(Z) is virtually free.
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Exercise 3. Consider the semidirect product G := Fy x Z/27 = (a,b,t | tat™! = b,t?> = 1). Show
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Exercise 4. Let A, G, H be groups, and t¢ : A = G, 1y : A — H injective homomorphisms. Let
te-A—=Glg.A—

G x4 H be the corresponding amalgamated product, with the canonical injective homomorphisms

Jja:G—>Gxy Hand jg: H— Gx, H.

- -

(a) Show that G x4 H enjoys the following universal property. For every group K and every pair

of homomorphisms p¢ : G — K,pyg : H — K such that pgotg = pgoitg : A — K, there
exists a unique homomorphism ¢ : G x4 H — K such that o = ¢ o jg and g = ¢ o jg.
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(b) Show that this universal property characterizes G x4 H. That is, show that if L is a group
with homomorphisms g : G — L. fy : H — L such thatjgowg =9froty : A — L, and L
has the universal property above, then there exists a canonical isomorphism L = G x4 H.
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Exercise 5. Let m,n € Z, and consider the torus knot group Ky, = (a,b| a™ = b").

(a) Show that K & K_jun & Ki—n = Knm.

(b) Express K,,, as an amalgamated free product, find transversals, and describe the normal
forms with respect to these.

(¢) Prove that the amalgamated subgroup (a™) = (b") is contained in the center of Ky, .

(d) Let m =7 and n = —6. Find the normal forms of the following elements:
o a=3b%(ab)3b>.
o bla®p~lab—11,

o (ab)'oo.
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