Exercise class 5
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Exercise 1. Let m,n € Z\ {0} and consider the Baumslag-Solitar group

BS(m,n) := {a.t | t7'a™t = a").

(a) Express BS(m,n) as an HNN-extension, find transversals and describe the normal form with
respect to these.

(b) Let m =7 and n = —6. Find the normal form of the following elements.
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Exercise 2. Show that BS(1,n) Z@Z where ¢ : Z — Aut(Z [1]) is defined by ¢(k)(z) =
k

n® . x. The group BS(1,—1) is commonly known as the Klein bottle group (why?) and the group

BS(1,1) is commonly known as...”? i
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Proposition (Moldavanskii, 1991). Let m,n,m’,n" € Z\{0}. Then BS(m,n) = BS(m/,n’) if
and only if (m/,n") € {(m,n),(—m, —n), (n,m), (—n, —m)}.

Exercise 3. Prove <= of the proposition above. Prove = in case (m,n) = (1, 1).
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Definition. A group G is Hopfian if every surjective homomorphism G — G is injective.

Exercise 4. Let again BS(2,3) = (a,t | t'a*t = a®). Set n(a) = a* and n(t) = t.
(a) Show that 7 defines a homomorphism BS(2,3) — BS(2, 3).
(b) Find an element that maps to a, and deduce that 7 is surjective.

(c¢) Use this to find a non-trivial element in the kernel, and deduce that 7 is not injective.
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Exercise 5. Consider the Higman group

G :={a,b,c,d | bab™' = a?,cbe ™t = b2 ded™t = . ada™t = (12>.
QS ) S T
Denote by Gop, := {(a,b | bab™! = a®) 2 Z [1
e AEATE

5} X Z, and similarly Gp., Geq. Ggqa.
(a) Let Gape := Gap *py Gie. Show that a and ¢ generate freely a subgroup F' < Gpe.
(b) Define similarly G 4,. Show that G = G *p Geqe and deduce that G is infinite.
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Exercise 6. Use the following two steps to show that all finite quotients of G are trivial.

(a) Show that G admits an automorphism permuting cyclically a, b, ¢,d. Deduce that if G has a
non-trivial finite quotient, then it also has one in which a, b, ¢, d all have the same order.

(b) Show that in a finite group. if g is conjugate to ¢* by an element of the same order, then g = 1.
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