Exercise class 6
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Exercise 1. Let m,n € Z\ {0} and consider the torus knot group K,,, = (a,b | a™ = b")

(cf. Exercise set 3). Describe the tree obtained via Theorem 6.12: define it, draw a picture, and
compute the degrees of its vertices. C
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Exercise 2. Let m,n € Z\ {0} and consider the Baumslag-Solitar group BS(m,n) = (a,t |

t~ta™t = a™) (cf. Exercise set 4). Describe the tree obtained via Theorem 7.14: define it, draw a
SIS DICO DINRIIGE, Wi RGO £s0
picture, and compute the degrees of its vertices. B fore  frea
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Exercise 3. Let 0,7 be commuting automorphisms of a tree X acting without inversion.
" o — . . . .
(a) Show that o preserves 7 or 7 (depending on whether 7 is a rotation or a translation).

(b) Deduce that (o, 7) has a global fixed point or preserves a line in X.
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Exercise 4. Let A be a finitely generated abelian group acting without inversion on a tree X.

(a) Show that A has a global fixed point or preserves a line in X.
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(b) Deduce that if the quotient A\ X is finite, then eittrer—X—is—finite or there exists a line L
(respectively, a point p) and an integer d > 1 such that every vertex in X is at distance at
most d from a vertex in L (respectively, from p).

(c) Generalize the previous item to finitely generated virtually abelian groups (i.e., groups with
an abelian subgroup of finite index).
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Proposition (Moldavanskii, 1991). Let m,n,m’,n’ € Z\{0}. Then BS(m,n) = BS(m/,n’) if
and only if (m/,n’) € {(m,n), (—m, —n), (n,m), (—n,—m)}.

Exercise 5. Show that the Klein bottle eroup is virtually abelian. Then use Exercises 2 and 4 to
O <
prove = of Moldavanskii’s Proposition in case (m,n) = (1, —1).
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Definition. Let Y be a finite connected graph witly a spanning tree T', and a weight function. i.e.
a map w: E(Y) — Z\{0}. Let G be a group g¢nerated by elements {g, ’l\ET’(W—e\ e €
Y) Y22} subject to the relations {t.tz = 1, Z((:))fe l=g (6)} Then G is called the GBS
gmup corresponding to the weighted graph (Y, w).

Exercise 6. Show that GBS groups act on trees without inversion with finite quotient and all
vertex and edge stabilizers infinite cyclic.

Remark. Next week we will see that the converse also holds: all groups admitting such actions are
GBS groups.
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Exercise 7. Write down presentations of the GBS groups corresponding to the following weighted
graphs. Below, an orientation of each edge is chosen, and the oriented edge e is labeled by

(w(e),w(e)).
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