Exercise class 7

Donnerstag, 27. Mai 2021 10:37
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Exercise 1. Let GG be a free product with amalgamation (respectively, an HNN extension). Express
G as the fundamental group of a graph of groups, and show that its Bass—Serre tree coincides with
the tree obtained via Theorem 6.12 (respectively, Theorem 7.14).
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Exercise 2. Consider the two GBS groups from Exercise 7 in Exercise set 5. Describe their
Bass—Serre trees: define them, draw pictures, and compute the degrees of their vertices.
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Proposition (Bass-Serre). Let G be the fundamental group of a finite connected graph of groups
with finite vertex groups. Then G is virtually free.

Exercise 3. Let H be a normal subgroup of G that intersects trivially each vertex group. Show
that H is free.
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Exercise 4. Let F be a finite group and n = d - |F| for some d > 1. We can embed F into S,

as follows: choose injective maps ¢q, . .., a: F—=A{1,..., n} with disjoint image, and let F’ act on
ti(F) by g - ti(x) = t;(gz). We call such an embedding standard.
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(a) Show that there is a correspondence between standard embeddings of F' into S,, and free
actions of F on {1,..., n}.

(b) Deduce that any two standard embeddings of F' into S,, are conjugate.

(¢) Deduce that any standard embedding of a subgroup of F into S,, can be extended to a standard
B B vy
embedding of F' into .S,. E orbile —ch U
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Exercise 5. Let GG be as in the proposition, and let 'n be a multiple of the order of all vertex

w. Use Exercise 4 to define a homomorphisnfG — S, such that the restriction to each vertex
group is a standard embedding, and show that the kernel satisfies the hypotheses of Exercise 3.

Hint. Start by assuming that the underlying graph is a tree: for this you only need (c).
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Exercise 6. Let G be a locally finite group, that is, a group such that every finitely generated
subgroup is finite. Suppose moreover that GG is countably infinite. Show that G is the fundamental
group of a connected graph of groups with finite vertex groups, but it is not virtually free.

Examples of such groups include the group S, of finitely supported permutations of N, and

the rational subgroup Q/Z of the circle group.
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Proposition (Scott). Let F' be a finitely generated free group, o an automorphism of F' and H
a finitely generated subgroup of F. If a(H) C H, then o(H) = H.

We prove the proposition in case H is a free factor of F: namely, there exists another subgroup
K such that F = H % K (actually this special case is a step towards the proof of the general case,

which uses some more advanced tools).

Exercise 7. Let F, a, H be as in the proposition, and assume that H is a free factor of F'
(a) Suppose that H" < H is another free factor of F. Show that H’ is a free factor of H.

(b) Apply this to H' = o(H ), and compare the ranks to conclude.
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