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Introduction
Statement and historical context



The Kinetic Theory

Kinetic Theory emanates from Statistical Mechanics, which is
the study of mechanical system formed of a large number of
elements. The core idea of Kinetic theory can be stated as
follows:

Statement

The behaviour of a fluid can be entirely determined by the
motion of the particles that constitute this fluid.

In other words, the evolution of any macroscopic observables
(temperature, pressure, velocity, density...) can be derived from
the underlying Newton dynamics which govern the motion of
particles.



Historical Context

Fathers of Kinetic Theory:
» James Clerk Maxwell, 1831-1879
» Ludwig Boltzmann, 1844-1906
» (Rudolf Clausius, 1822-1888)

Alternative theory: Caloric theory (Lavoisier, Laplace, Carnot,
Poisson...)
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Scales of Observation



Microscopic scale
- V\)ﬁufw dg{‘i’m{d) .
3
/,L P?ﬂal\dﬂ - (D((H, \/(U] Pasﬂ\o-\ L \l‘doﬁ'fﬁ E [l xm
Kl = VU | € cquationn
Vi = aCt, X, vee)

7% Wde/:
ﬁ 2 «pm‘d, one cav 23— ﬂw}’ (va_- 2ne~ O ()34

2 .’d
-—_&mo ocals io ny rm’QuaJ’ (5 Pnaas« XJA
& /(;9 meng mQMde‘_’P
(b’—ﬂ g |onmzh e L0 2

& Indi K o/\ouli)m/

v de 'nok(b( P—'*& gonl™



Macroscopic scale
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Mesoscopic scale
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Introduction

Kinetic formalism



The Phase Space

The phase space is the space of all possible states occurring in
the mathematical model of some physical system.

If we study a deterministic system described by an evolution
equation, then the phase space is the "smallest" space on which
the equation determines a unique, well-behaved solution.

In the context of this lecture, the phase space of a particle
obeying Newton’s laws is made of position and velocity (x,v).
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The distribution function XH){MM drav = |

Consider a system of identical point particles. If the total
number of particle per unit of volume is large enough then the
state of the system at time ¢ can be described statistically in
the single particle phase space.

We consider the distribution function f = f(¢, z,v) that is the
number density of particles which are located at the position x
and have the velocity v at time ¢. In other words, if 2 and V
are subsets of R3 then the total number of particles Nq,y which
have positions in ) and velocity in V at time ¢ is given by

Noy(t) = /vaf(t,:r,v) dz dv.

Note that f(¢,-,) is in fact a probability density.



The distribution function

More generally, given a (additive) physical quantity for a
particle such as momentum or energy, we can express the
corresponding quantity for the portion of the particle system
with position in € by integrals of f.
» Momentum: The momentum of a particle with mass m and
velocity v is given by ¢(v) = mv so the total momentum of
particles with position in € is

Pq(t) = // muf(t,xz,v)dxdv.
OxR3
» Energy: The kinetic energy of that same particle is given

by ¢(v) = $m|v[?, hence the total kinetic energy of
particles in € is given by

1
Ealt) = //QX]R3 5m]v|2f(t,x,v) dz dv.

Note that Py and £q are macroscopic observables!



Key questions in Kinetic Theory

In this class, we will tackle some of the most fundamental
questions of Kinetic Theory in the context of non-collisional
plasma physics:

» Rigorous derivation of Kinetic equations from Newton
dynamics: How do you derive a PDE on the distribution
function f from the system of ODEs describing the motion
of particles (X (t),V(t))?

» Well-posedness of the kinetic equation

» Qualitative analysis, stability, long-time behaviour of a
solution to the kinetic equation.



Vlasov-type equations
Plasmas



Plasmas

Plasma is state of matter. A plasma is an ionised gas, i.e. a gas
which contains a significant amount of ions and free electrons.
Plasmas can be artificially generated by heating a neutral gas,
or by embedding a gas into a strong magnetic field to the point
where the gas becomes increasingly electrically conductive.
Exemples of plasmas: stars, interstellar/intergalactic medium,
solar wind, lightning...



Formal derivation of a Vlasov equation
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Formal derivation of a Vlasov equation
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The Vlasov-Poisson equation
Particle Interaction



Interaction Potentials _
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Interaction Potentials
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The Vlasov-Poisson equation

The Vlasov-Poisson model



The Vlasov-Poisson model d>=
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The Vlasov-Poisson equation

Qualitative Behaviour of the Vlasov-Poisson system



Energy of the system {\ aff\’ﬂf * F'O"g =2
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Conservation of total Energy { af*\"q\f * F'O"g =2

U, tAU-p
48 = [[4urd] o
+ Zf@)esap) 0 dn %{(Q).ﬁe) Q(F dn

- ﬂ%“@&“\d“ ¢ YQM¢®@ In

@3/’ t:’\ M9{V7MOA g Jdv l/L-/ \f&«m ‘C?oﬂ'\h—

{&.f > g«(id\r -0




Conservation of total Energy
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Conservation of total Energy in the Coulombian case
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General Conservations
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General Conservations
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