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Seminar in kinetic theory

Dobrushiàs stability estimate and the near field limit
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We know that met rza, is a weak solution of the mean field PDE

Jtm t dir (µK(µ) ) = 0

(2) {µ (o ) =p" = uzi; Klm H > Çpaklz , E)µ(t.dz )

Remark Zn (tt E C
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(Rd" )
,
i. e. the space where lives the solution

dépends on N but plt ) E P ( IRD) does not dépend ou N.



The characteristic cuves of this mears field PDE is given by

É ( t ) = Kfr4 ) ) ( ZLH ) = Ça KLZLTI , E)nlt.dz ' )
(3) { z (a) = Z

where net ) -- 2- (E) #min existence and uniquness ( Then 3.2.2 )

if we start with the initial condition Z = (zii , . . . , ZÏ ) and

considére uzi;
and the solution of N- ODE system

Zn (E) = (ZHI , . . . , Zele ) ) then we have
•

2- (e) = Kfr4 ) ) (Zlt) )
z
; (e) = 2- (t) where Zlt) sottes {z (a) = zi!

Prop 3. 2.3
µA ) -- Zlt) #trziû

Remark The near field character istic flow ,Z(t ), contais all the relevant information

about both the near field PDE (2) and the N- particle ODE system (1) .

Sketch of what we are going to show

discret system continus system

LODE! (PDE ){(data )
,

→ ""
r {(data ) → (sol)

Question : (data )n- (data ) Ï (sol)n - (sol )

Yes , using Dobrushim 's estimate

But first ne need some Tools about distance between probabiliste, mesures



2. The Monge - kantorovich distance

Pr ( IRD ) = {me PCR" ) I Çpalztmldzt La }
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set of Borel probability mesure on IR
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Given
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v EP

,
(IRD) we oléfine

IT (µ ,
v ) = { TEP (Rdx Rd ) I IT (Ax Rd)=µ(A) and it (RdxA) = v (A) tt Borel set A}

set of Borel probability measure Ton Rdx Rd with first marginalµ and second v

IT is some times refered tu as

"

couplings of µ and v
"

(oupling property (
×
a
du + 441 Tldx

, dy) = {pddktuldxltfpdllyluld.it

Def letm.ve Pr ( IRD) , the Monge - kantorovic distance (or Wasserstein distance )

between µ and v is

W
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Def letu.ve Pr ( IRD) , the bounded Lipschitz distance between
µ

and v is

dbzlm.ir) sup ) (pa otztuldz ) - Ça dcztvldz ) )¢ c- Lip (IRD)
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tout - toast possible to show that W
,
and did are

k - YI we" defined distances

Prop letu.ve 8. (IRD) , then We (µ , v) = % (v.v ) duality argument

Def A séquence µ! c Pr (IRD) converges weekly to me PRURD) if
f- ¢ E CI ( IRD) we have

Conti and bdd Ça ¢AI un ldz ) § ¢Hulda )

And we write µ.
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.

Wilmer , m ) 0 ⇒ un
-
µ



3. Dobrushin 's estimate

We are given two initial mesure À ,µÏ E Pr ( IRD ) dosent natter ifui.is
conf

.
or not for now

µ,
7-un t dit (m Klm) ) > o

¢,
7-µ, + divz (m Klm) ) - o{mlotniî {ma --ü
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C- Rd { flow 2-at Rd
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Now we have two welt defined flow Z.lt ) , Zzlt ) where Zi tt) dépends on

the initial distribution mii and the initial position in the phase space Zi
.

And the goal is to study the stability of these flows in arder

to proue the meam field limit
.

Most computational part of my talk
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Theo-em ( Dobrushin 's stability Theorem )

Assume KE C ' ( Rdx Rd
,
Rd) satisfis ( HKI - Hkz ) .

[et
µ! ,µï E P, ( IRD) .

For all TER
,
let

µ.lt/--Zft ) #µ! → µ, sol. of (4) ,
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,
characteristic flow

µ, (e)
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µ, sol of (5) , Zz characteristic flow

Them for all TER ,
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4. The mean field limit

This a conséquence of Dobrushin 's stability Theo- em .

Theorem
,

interaction kernel between the partiales

Assume KE C
'

( Rdx Rd
,
IRD ) satisfis (Htt - Hkz ) .

[et fin E Pr ( IRD ) be a probd.si/itydensityonlRd.

1) Then the Cauchy problem for the near field PDE

7- f- (t.zltdivzfflt.tt Kff4,7 )) ) = 0{ flo, # = fin (z )

has a unique weak solution f- E ( ( IR, l'(R
'))

2) For each Ner
,
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,
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.

(et Zplt ) > (zrlt) , . . . ,zdH) be the solution of the N-partiales ODE

with initial condition Ëi
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and consider the empirical mesure Uzi =L ÎE Szi:p .

Assume that
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r) flt ) = Zlt ) # fin Thm 3.2-1 and ex 6) 7) p -
37

2) uz.it , - Zrlt ) #rrziû and
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Therefore by Dobrushin
.
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In section 3. 3.4
. they show Low to construit a séquence ZÜ such that

mein
- fi" as N→ -

.

Example Vlasov - Poisson

z-tx.v.IR?xlR?,k(z,z')-- (v - v '
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team field PDE Au + divz (µ Kfr1) - o bécanes

4- f
tt. -4f + Flotte) - Ef = o

-blotti) = C Çp , f- (text) du

§ in this case Klzz ' ) > (r - v '

,
c ) ¢ à

Stitt an open problem to jostify correcte
, the

mean field PDE in the case of Mason - Poisson !


