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Seminar in Kinetic theory

Vlasov - Poisson equation

1. Hour do we get this equation from the meam field PDE ?

Recall the meam field PDE i

[
Section 3.1 or Thm 3.3.4

.

Jtf (tie ) + divz ( f- (tp) Klf (tp))) = o (t , z ) c- R+ ✗
Rd

① { f- ( o, z) = fin (z )
where K (f- (tp )) = {

pa

k (zit ' ) f (t, Z ' ) dz ' ,
K (zizi ) is the interaction

between two particules

Now in the case of Vlasov - Poisson we have

2- = (x
,
r) E Rdx Rd ( we Will mostly consider D= 2 or D= 3)

klz.si/--k(x.v,x',vi)-- ( v - v' , C
'

ya )
t
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v. = E F
,

F (×
,
✗ 1) = C ✗ -×

'

d
is the Coulomb force

Therefore we obtain :

K(f- It, x, r )) = ( v, - C Tu ¢(tu) )

with -1¢ (tn) = C slt , × ) = C (pa f- (t.x.ir) du (assume C- 1)

{poçpd C ✗ - × ' fltixiv ') dédie '
= {pa ( ✗

-×
'lx-xydfpdfkxihdr.deIX- ✗ yd

-

d- a) = #d ( FÉ

= - ¥ (
pa
c×ç Slt , x ' ) dx

= - C -4 ¢ It, x )



Therefore

dira ( f- (t.x.ir/K(flt,x.vD)--div+(flt,x.v) v )
e : R

"

→ R
,
E : R

"

→ R
"

+ dire ( f- (t.xilf-kdlt.x.ir)) )

dire E) = Je . # te div (À = v. TE f- (t.at) - trottait . -4f (t.x.ir )

Therefore ① Becomes the Vlasov - Poisson equation ,

Jtf (t.x.ir) t v. -4 f- (t.x.ir) - Fx ¢ (t' × ) . -4f (t.x.ir) = o (t.hr/ER+xRdxRd

§ -1¢ (te) = slt, × )

f- (o, x, r) = f-
"

(xv)

• f- (t.x.ir) is the distribution function (of electron ) at time t , position × ,

and velocity ✓ .

• slt , x , r) = (pa f- (t.x.ir) du is the density .

←
¢ is the potential

• Elt , ×) = - Fx ¢ (tn ) is the force field
"

E is generated by the collective behaviour of all partiales
"

Renart ② is collect the Vlasov - Poisson equation because the first
line is a Vlasov type PDE and the second is the Poisson equation .

( The electric field in the Vlasov equation is given by the Poisson equation )

Goal : show that this system ② is Welt - posed .
In the next meeks

we will show the existence
,
(uniqueness ) and regularity theory .



2. Elementary inequalities

Assumption on f : f→ 0 as 1×1
,
lvl→ •

Definition The mass and the energy of the V- P system e are

defined as follow :

M (t ) -

_

= {
IR? /Rd
f (t'✗it) de d-✓

E (t ) - G
paçpd ? Wtf

(tsar) de du + Gpa f- the ¢ (te) l
'

dx

Proposition tt > o we have Mlt ) = M /o ) = :M
'"

[ ( t ) =L (o ) =:&
"

Proof
d Mlt) = {

Ip? Rd
Jtf (title) de d-✓

d-t { V- P eq .

= {pypa-v.TK f- (t.hr) + -4¢ (tir)
. -4f (tsar) dxdr

= { { - v. ☒flt.xvldxdvtfpafp-t.EE de
RdIF

Integration by parts : ¥ ✓ = 0 Integration by parts : Fetvxoltix)) - o
"

boundary term -_ o

"

because f o

"

boundary term -_ o

"

because f-¥20

= 0

⇒ M (e) = M /o ) FD

Proposition Hp E [1,0] Il f- (t) HLP (phred)
= Il f

"

Iliade Rd)



Positivity and maximum principle

If o a- f-
'"

(xv) a- M for a. e. (x, r ) C- Rdx Rd
,

then we have o ← f- (t.x.ir) E M for a. e. (x, r ) C- Rdx Rd
,
t - 0

Proposition ( Interpolation inequality ) (ot the same as 11f11" ± IIFHÎ. 11f11,Ï )± = g- + 1¥
For each o a- re m 3- C = ( (d

,
r
,
m ) St

.

LIA 1++1
Il {pa lvl

"

f- (t . .

/
v ) du HLÎ¥a((pa) « C llflt ) /IL-(paura) UN

"

f- A) lli (polka)

Definition We define the moment of arder r in the variable r as

{pq /pdt"
"

f- (t'✗it) dxdv .

Example Let assume f-
"

zo
, fin C- L' n E (Rdx Rd )

,
then

d

Il s'HUÊ(xd) « C (pa, pa lvl " f- (tsar) dx du✗

-

moments of arder in of the distribution

( apply the proposition with r - o and use llfltllllo = 11f
"

His < C )

Prof ( idem )

(pa lvl
"

f- (tsar) du = { lui f- (t.x.ir) du + { lviflt.x.ir) du
WKR NI > R

± 11fHUILER
"
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by Chasing R = Cllf
"

HE
,

( (pa lvl
"

f- (t.x.ir) dxdv )÷"

î¥a
and then taken Lx on both sicles

.
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Estimates on the density

Proposition Let assume f
'"
a- o a. e.

, f
' "

E L'ALT (Rdx /Rd )

pa
Ê LE "(× ) l

'

de < •
.and E

"

i-fpypaf.lu ' f-
"

(av ) dxdv t {
Then K x-p ± date , slt ) E LP (Rd )

i. e. 3- C - o s
-

t
-

Il slt / Il, papa,
E C

.

Proof We show slt) C- L' (IRD) and q (t ) E L
#
(Rd )

⇒ slt ) E LP (Rd ) t rep e DI ( Interpolation )

• Il slt) Huard) = (
pa
Slt / × ) DX = Çpd (pa f- (t.nu) dvdx

= s
IRL /Rd

f-
""

(✗il dxdu = M
'"
< •

Interpolation inequality ¥." °
'
"⇒

C Il lui ftp.rcpypd) = C ✗papa lui flt.at ) dxdr• Il qltllll (pa )
±

± c @ (t ) )
#

= ( (qin / En < a

Renart in dimension 2 and is we get q (t) C-
LP ( IR' ) for

[1,2 ]
PE {µ, § ]

D= a

D= 3



Estimates on the force field

Elt
,
× ) = - E. ¢ (ta )

,
-1¢ (tn) = slt , x )

Definition We define the Green's function Gd : Rallo } → IR for the

Operation -1 as

- In In (Kl ) d--2
Gd " 'a

, ÷ç de ] ( (d) = (d-2) 113^1011

G-d is also collect the fondamental solution of the Laplace equation

and Gd satisfis - A Gd = So

Fu- themore
,
we know ¢ It, x ) = Gd * slt, × ) is the solution of

the Poisson equation .

Hence E (tn) = - Flotte) = - FGD * slt, x )

J - J Gd = C
d

= {
a

C x - x
'

slt , x ' ) dx '
IR Ix - ✗ ' Id

Proposition Let p, q
> os.t.tt f- = f- + DÛ [⇒ 1g = 1ps - la ,

«pad )
Then UE (t ) Huard, ± C Il slt) Huard)

Proof Write UE (t ) Huard) = Il FW * Slt) Helped)

And use the weak Young inequality for convolution
,
namely

Il f- * g Ily E C H ftp.nllgl/Lpwith1+q1--1p+1r,1tp.q.r <
•

and It . Hun is the weak L
"

space , 11f Hum = sup al {✗ EIRD : 1f44 > a } /
%

J>o

where I { . . . } I is the Lebesgue measure of the set {. . . } .

And we show that Trad E LÉ" " ( IR ' ) .



def.
11F Galliani " (pa) = sup a | {✗ EIR " : ITRGDI > 8 } /

¥

8 > o

) IJGD / = art
=

sup a / {✗ EIR " : /¥,a→|> a } /
%

8>0

=

sup a / {✗ EIR " : 1×1 - (f)
%
} /
÷

8>0

] ball of radius (F)
±

= sup a / B (o, (g)%) /
DÎ

8 > o

] IBCO
,
R) / = Rd 11310,111

=

sup r / (F)
±
Blas) ÎÎ

8>0

=

sup o - 1g | Blart /% < C

z > 0

⇒ FG, E
2¥ '
"

☒

Corolla-y 11 Ect ) Hiyya, E C for dy,
< q ± dldtz)

(d-2) (dtr )
-

( 2 , on ] if D= 2

i. e .

E E L
"

( IR' ) for 9€ { ( z , ¥] if D= }

We can also obtain estimates on Elt
,
× ) = D' Gd * slt, ×)

First me can Compute • ×; i # j

/✗ /
d+2

(D' Gd ) = { g- µ , , i. g.

(modulo some constant )
ij

/✗ /
d +2

and we can show that (D'Gd )
,

is a Calderon - Zygmund kernel

and apply the C
.

- Z
. Continuity Thin for Singular integra /s , namek,

Il K * ftp.p E C 11f Hip for « p < -

⇒ Il ☐
✗ECHHLP = Il D? Gd * SCHHLP ± Il slt) //µ t 1 < p < •

-

and HAE (t ) Ihp ± Il fltllllp < c t 1 < p ← d¥


