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fem/nar m kmetic z‘/eor b4

Viaso - Poisson equafl‘an
/

1 bow b _we get bhs equation from bhe  mean  field  PDE 7

Recal| the mean Lield PDE Sction 214 or Thr 2249
7 /

O f(e2) + duy (Ple2) H(p(ep)) = o (¢,2)€ B, « R
f(o,2) = " (2)

Where K (12 (6,2—)) = § l((Z,?’) #(f, 2’) oz’ , /((2,2’) is the interaction
d

/3
Z»c tween sz lbaré:’c/es

%w I flo. case o/ V/asw - Po/'.fmh we Aape

z2=(xv) € /de ffd ( we will moxf/y consider A= 2 or ol = ?)

k(z,z’)= /((x,v,x’,v’)= (V—v'/ - X;x’ol)

| X — x|

L x = b
‘} = Z F F (X,X’) = - x —x! is ‘[‘Ae Cou/oml; /orcz

’ | x —x'|
Tlere./ora we alfql'h :
K(lthxv))= (v, -c W ét,x)

with -4, ¢ (¢t,x)= C S’(fﬁ‘) = ¢ gzd /Z(t,k,v) A (asgomc C:/r)

gR”L/FM C X-x' ]Z{é,x,‘V') dx'cAv' = gmd 4 )(;x’o/ gﬂed /[f‘w?;'l/) Aol

lx—x'| RS
)= i <A

— S)({-,X’)

= -7 LC L, flex) o

|x - x'ld'L

=-C U, ¢ (¢ )



Tlﬂl‘eﬁre

o//'l{w (72 (f,x,l/) [ (#(ﬁ,x,v))) = oll'l/X (/ (¢,x,v) l/)
e:R">R ¥:R =R + oy, (/ (¢,50) C % Mé,w)))
Av(e ¥ )=ve - T+ edi(¥){=v 7 flext) ~ U ) G £ (txv)

TAere][ore @ becomes the Viasov - Psisson e7uaz</'om )

Db/ (6,)(,|/) v V,(#(é,x,l/) - Vi #(t,x) V, 12(&,)(,!/) =o0 (LL,)(, V)é/e+x/P{(kJ

@< 4. d(tx) = ()
Plo,xv)= " (xv)

. /(t,x,v) is  the  distr ibotion /unct‘ion (ozﬂ e/ea‘rom) at time t , /zo(/z‘ron x

and ve Ioc,if\/ V.

i f(él X V) = (ffd zz[é/)(l‘/) Av s Ehe a/em_n'fy,
_— ¢ is £ he fozfem{/’a/

/
- b (f/)() =- E( ¢ (f/XJ is the /orcz ]Z‘a/p/
! E i jenemz‘eo/ b y the collective  behaviour 0/ all Parf/c/es !

Remark @ is called the  Vlasor - Poisson eyud/'oh becavse  the first
/l‘ue 5 o V/axov fyfe PDZ: and the secovd s the Pa/'f.cotn e7um§fom.
( The electric /Zfe./c/ i the  Viasov e/t/mff'on s 4 (ven éy the  Psiston ey o )

Goal show that  this .Cysfew @ s well- /oo.ceo/. Tn the next wecks

we will show  the existence (Un:’7venes.c) and /‘e;t//an'tfy theory .



2. Elemen tary ime qualities
7 4

ASS"UIM'Pél'OM onr /: %—3 Io) as ,X,/ h/] 5 oo

Dz’é in;'ffom Tla mass  and Ae znerjy 1[ fAe, [/’ P nyl‘em e are
0/2 :mtol al ///ow .

M (¢)= (¢,5,v) oAe v

heser £

£ (¢) - ( ot W () decle g?,/ 417 40| o
Proposition ¥ E>0  we fove M) = M o) =M™

£(1)- £ (o) ="
Proo/
Jd M) = (t,50,v) A Av
At g/?dxﬂ?d efl j V-P ey
2

B (M o Lt cv) + Vi #le<) % f(tav)  oe dv

= gd gd— VUl lexv) de v + gl?”{”?" Ve & (e) - W f(t,x0) v ol
p R RS Sianiet

= O
=0
Ihéearat‘roh Ay ports . Vi v =o Inézgraz‘/ou Ly parts i (\Z( df(t,x)):O
v \ "
Lour\z/a:—/ term =0 chaum —> 0 Lour-o/ar/ torm =0 Lacawz z > 0
(x| =>o0 vl => o0

=0

\\\

= M (&)= Mb)

PI‘oEoS/‘é/'On V/-\ = [4, °°] ”#(é) ”[P(II?"x Kd) = ” /"“ ”LP(IE"’MIEJ)



Pos:’ £/'w£y and maximum  prin c,/‘p/z

Ijg O £ /"“(x,l/) £ /M /or a.e. ()(,V) e fdx /&’”(/
(xv) € P« ®7 , £>=o0

Lheo, we have < ,2 {é X, V) 4 or a.e.

Moll Lhe Same a3} l/ ///, A ” //i // //"«e
PI‘OBoSléIOM ( Ih el*Po/al(/om l”¢7oa/z{/) (,, _ g N 4:,9 / l / L / /Al )
For each O2 /o & ZC—C(OI,/z,m) s £

-1

gﬁd #(f - v) Av |l ;‘—”‘(/F") < C ///(é)//é;;;,md) M/I'“/(é)

ared
v
L (e

e °¥)

02 t‘hl'é/‘oh We o/&//’hz the moment o/ order 1 in Lhe W\N‘aé/e 4 as
A
g,?a{,fd Ivi /(é/X,l/) o < dv .

Examg/e [elé assyme /fkao , /’lﬁ E Lqﬂ LN(/I?&/X /I?d) ) then

A
” S’(‘) /L'%i((ﬂ?“’) - (gpdx/p'/ V’M 7[ ({‘,X;l/) Ax v )

Mf-ol
\_/__\/——d—’—
hﬂomenf: o,ﬂ ow/er n 012 f‘e plt'xfr/éuzz/bh

(fo/y the /)/‘olnos/f/'oh with r=o and vse ”/(f)”taﬁ = l///ﬁ //L"“ < C )

Prooé (/'o/em)
(/;e“ ™ / (¢, 6,v) Ay = gwp ™ / (6, 60) v+ ( lvl"?!(t,)«, v) dv

vi> g

N

P IO B S Vi W J ORI

m-h
wi>e R

; asd n - -
///,,//L;.; R N SRJ Wi™ f () dv

/‘LB+/
CIgis ((M = 1 (env) olv >’“*°‘

1
—_—

by chomiy  R=clpis (% flean ek )

IN

fD/ h-m
e Wahé;/r/ef =BPR

= R= g)::,x
A

TSN

)
i Sl

and  bhen  dake LT on both sides |



ES‘él'malé&S on the a/eh:/‘r.lly

Proﬁosh,‘/'om Zez( asgume th 20 ae. 7/[‘1 € Z4ﬁl°° (/red)( /Ed)
I . i i 2
and £ = fmﬂg/w/ (ev) oedv  + gmd{”‘”"” e < ==

< PA 2 P oA
Then b 22 p < ,/; , ple) el (k")
e 3cro sk Mgy £ C

olie
Proof ~ We shaw p(e) €L (RY) and gte) € L7 (R)
= f(é) € LP(/PM ) V 1< P < 0:(;2 (Iw I{Cflno/a{foh )

I §te) sty = (Rd ple) e = (M {ﬂe A ) ok

(s 7 (o) e =™ < o

L

i;a fer/w/afl'ou Ihzyua/rl’-‘)f _Di _2_1;1
. 0o, m=2 . drt ,
. ” f((:) ”Ld}(ﬂ?”) £ C ” II/’ IZ //L4(/Rdxfﬁd) = C (gned}d?d /l// 7[ ({7, Xp'/) CIXG/V
e d
z C («g ({_) ) = C (E’ ’n )044-1. 7/ oo

Pehaar/( I M’m:hx/'om 2 ano/ e Wwe 25‘ f (é) € LP ((Rd) 720’

[4, 2] A= 2
Pé
[, £] o = 3



ESél’maL‘cs on the /orcc ,Z’e/&/

T

E(t,x)=-V ¢(tx) , ~Ag (L) = ¢(¢,x)

Deé,'q,{r'op. We ole/me f‘z Grezm's %oncé/'an Gol ' ”?d \ {0? — /7? /or fla
OPQI‘aéoI‘ ‘A as
- %T ln (1<) d=2

4 1 o
Cll) |y

Gd(x)=

112

3 C(A)=(-2) IR, 6]

601 i< a/xo Ca//eo/ &e /[(mp/ameht(a/ solvLion o/ the
and 60/ raéz‘:/:'es -4 60/ = (_(o

Lap/ace C,7U:¢L£/'014

FuréAemore,, we Know cf/(é,x): 6-0/ * S’(é,x) Vs the  solutron °7£

the Po/SSOh e7um‘/‘o/4 .

Hence, E (6, X)

V¢ (tx) = ~-VGy ¥ g (¢x)

) -6y = C 1_01
g C‘ X—X’d?(ﬁ,/\’/) 0/)(/ 4 Ll
I]?d

lx — x|

I

Pro,pos/z,(/'on Let p.g >0 st. 4+ 74 = —;L + 3(;—4 (<=7
Then IE (&) //Lq(”?,:) £ C lpte //ZP(/pd)

Pl‘oo Write " E (¢) //Lp(/,?d) = // Vw S (¢) //LA(/@/)

And  use the  weak Youh; l’nz/m//é7 /or convolvbion |, namely

Il 72 g //H £ Cf lan //9 I, r with 4+?/_= _;L
a“d ” : //L"t,w IIS é‘l Weak ZP sface , ”# //ln,w = SU, 2’

>0

where I{}[ s Lhe Zaéyesgue measure a/ the set .. 7.

oA
And we show that V64 € LT (RY) .



”V6,( //LJ—'—/«’ /“’(/P,l) =' SU/) o ’ f)(ék

J>o

= Sop 7 ’{xéﬂ?d: /—,%;d_,l>’3’f)i/_

J o
2, %
- sy v | fecl? s (2] 2
d-1
4:1 ) Aa// o/ l‘ap//'US (_:7)
d I3

|R(o,R)) = R |8 (s 1)]

[\
v
[¢]
1‘ S
L
K

= S‘u,n Pg ‘(j;',—) E[q/l)
J 2o
A=1
=svp 4 [Blo1)] T <+ C
r>o r
o
= VGs € L* 2

L S (dr2)
Corollaey 1 ECG) ey £ € for o 2 g At

q (=] ¢ e
. o
e. € L(Ik ) IZ“ 7€ { (%, %‘"] il A=z

We can also obtain  estimates on D E(t,x) = D* Gy * § (¢ x)

Frr_c f nwe can Comn /wée — X X I# 4
2 Ixo+?
(D Go( = (Moo/u/o Some camfa»n‘)
i Xt - el =
d+2

lx |

and  we con sho  that (D'6s), is o Caldersn- Zygmomd kernel
and apply  bhe C-2.  conbinvby Thm for  sivgoler integrals
W ke 2lle ¢ CHL Ny  for 42 p2os

= N DE@N, = I b, Gs + s@le < || gl poasp <o

, har e/)/

and |l DXE(H”LP = | ¢ () //lp < C Voa «p = ai:;_l



