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Problem 1
Recall that, for a rough path X = (X,X) ∈ C α, the bracket of X is defined as the path

[X] : [0, T ]→ Rd×d given by

[X]t := X0,t ⊗X0,t − 2 Sym(X0,t).

Show that
[X]s,t = Xs,t ⊗Xs,t − 2 Sym(Xs,t)

for all (s, t) ∈ ∆[0,T ].

Problem 2
Let X = (X,X) ∈ C α be a rough path, and let Γ ∈ C2α. Let Zt = Xt + Γt for t ∈ [0, T ],

and

Zs,t = Xs,t +

∫ t

s
Xs,u ⊗ dΓu +

∫ t

s
Γs,u ⊗ dXu +

∫ t

s
Γs,u ⊗ dΓu

for (s, t) ∈ ∆[0,T ], where the three integrals on the right-hand side are defined as Young
integrals.

Part (a) Show that Z = (Z,Z) is a rough path.

Part (b) Show that [Z] = [X].

Part (c) Deduce that Z is weakly geometric if and only if X is weakly geometric.

Problem 3
Let X = (X,X) ∈ C α be a rough path, and suppose that (Y, Y ′) ∈ D2α

X and (Y ′, Y ′′) ∈
D2α
X are controlled paths. Suppose further that

Yt = Y0 +

∫ t

0
Y ′s dXs + Γt

for all t ∈ [0, T ], for some path Γ ∈ C2α. Let f ∈ C3.
Prove that

f(YT ) = f(Y0) +

∫ T

0
Df(Yu)Y ′u dXu +

∫ T

0
Df(Yu) dΓu +

1

2

∫ T

0
D2f(Yu)(Y ′u ⊗ Y ′u) d[X]u.
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Problem 4
Suppose that X = (X,X) ∈ C α and (K,K ′) ∈ D2α

X are such that the rough integral∫ ·
0 Ku dXu takes values in R. Let V be the path given by

Vt = exp

(∫ t

0
Ku dXu −

1

2

∫ t

0
(Ku ⊗Ku) d[X]u

)
, t ∈ [0, T ].

Prove that V is the unique solution of the rough differential equation

Vt = 1 +

∫ t

0
VuKu dXu, t ∈ [0, T ].
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