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Problem 1
Recall that, for a rough path X = (X, X) € ¥, the bracket of X is defined as the path
[X]: [0, 7] — R4 given by

[X]t = Xoﬂg ® XO,t -2 Sym(Xo’t).

Show that
[X]s,t — Xs,t & Xs,t -2 Sym(xs,t)

for all (s,t) € Ajg 7

Solution:
We have

[X]se = [X]e — [X]s
= X0, ® Xot — Xo,s @ Xo,s —2Sym(Xo; — Xo5)
= Xo,t ® Xot — Xo,s ® Xo,s —25ym(Xs ¢ + Xos @ Xst)
= Xo,t ® Xo,t — Xo,s ® Xo,s —25ym(Xs ) — Xos ® Xsp — Xt @ Xos
= Xo,t ® Xot — Xo,s ® Xog —2Sym(Xs ) — Xs ¢ ® Xos
= Xt ® Xot — 28ym(Xy ) — Xy @ Xos
= X5t ® Xsp —2Sym(Xy ).

X
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Problem 2
Let X = (X, X) € €“ be a rough path, and let T € C?®. Let Z; = X; + 'y for t € [0,T],
and

t t t
Zs,t = Xs,t + / Xs,u & dru + / Fs,u & qu + / Ps,u & dFu
s s s

for (s,t) € Ao,7], where the three integrals on the right-hand side are defined as Young
integrals.

Part (a) Show that Z = (Z,Z) is a rough path.
Part (b) Show that [Z] = [X].
Part (c) Deduce that Z is weakly geometric if and only if X is weakly geometric.



Solution:
Part (a) From the estimate for Young integrals which we got directly from the sewing
lemma, we have that

5 |t - $|3a7

t t
‘ / Xs,u @dly| = / Xy @dly — X5 ® I‘s,t
s 5

and similarly

t t
/Fs,u@)dxu < |t — s, ‘/ Do @dly| < |t — sl
S S

It is then clear that |Zs,| < |t — s/??, so that Z € C3%.
It remains to check that (Z,Z) satisfies Chen’s relation, which is an easy calculation.

Part (b) By the integration by parts formula for Young integration, we deduce that

t t
1
Sym < / Xsu®@dly, + / Doy ® qu) = i(Xs,t @ Tsp+Top ® Xgp).
S S

We then have

Z)st = Zst @ Zsy — 2Sym(Zg ;)
= (Xot+Ts) @(Xsp+Tsy) —2Sym(Xsy) — Xt @Ts; — g @ Xgp — s @ Ty
= X1 @ Xg;p —2Sym(Xs )
= [X]s,t-

Part (c¢) Simply recall that X is weakly geometric if and only if [X] = 0, and use the
result of part (b).

Problem 3
Let X = (X,X) € ¢ be a rough path, and suppose that (Y,Y’) € 23* and (Y',Y") €
@)2(‘1 are controlled paths. Suppose further that

t
0

for all t € [0,T7], for some path I € C2®. Let f € C3.
Prove that

T T T
F0) = 100+ [ DAY aXu+ [ Dp)ar 5 [ D) (v @ YD) X,

Solution:
Taking a second order Taylor expansion, we have

FY) = F(Y2) = DF(Y)Yay + L D*F(Va) (Yar © Vi) + O(ft — 5f*%)



We have that

Yot = /t Y, dX, + sy
= Y:’Xs,t + VX4 + sy + O(|t — s**).
Substituting this into the above, we obtain
JF(Y)—f(Ys) = Df(Ys)(Ys/Xs,t +Y!Xs,t+rs,t) + %DQ,}C(YS) (}/S/Xs,t®}/5/Xs,t) +O(|t— S|3a)-
We now introduce the term
D (V) (Y] @ Y{) Xy = D2 (Y3)(Y] @ Y{) Sym(Xs) + D2f (Vo) (Y] © YY) Anti(X 1),

where Sym and Anti denote the symmetric and antisymmetric parts. We recall that the
contraction of a symmetric tensor (here D?f) with an antisymmetric tensor (here Anti(X))
always vanishes. Thus,

D2J(Y)(Y! @ Y])X,s = DAF(Y)(Y] © Y!) Sym(X, ).
We then have
F(Ye) = F(Ye) = D (Vo) (Y{Xat + YKot 4+ Ts) + D?F(Ye) (Ve @ V)Xot
D2 () (VX @ YIX0) = DAF(Y)(V] @ ¥)) Sym(¥a0) + Ot — 5
— DY)V Xes + (DFYV)Y! + DY) (Y] @ V)Xot + DI (V)T
3D V) (V] © V) (Xay ® Xog — 28ym(%,)) + O(ft — %)
= (DFY)Y') Xos+ (DF(YV)Y') Xy + Df(Yo)Tss

+ %DQf(Y;)(Y; 2 V) [X]os + Ot — 5[5,

Thus,
() = f(¥o) = i > (J(¥2) = f(¥3))
[s,tlem
T ) T 1 (T
_/ Df(Yu)Yéqu—i—/ Df(Yu)dI‘u—i—Q/ D2f(Yu)(Y;®Yé)[X]u.
0 0 0
Problem 4

Suppose that X = (X,X) € €% and (K,K') € 23 are such that the rough integral
Jo KudX, takes values in R. Let V be the path given by

t 1 t
V, = exp (/ Ky dX, — 2/ (K @ Ku)d[X]u>, te0,T].
0 0
Prove that V is the unique solution of the rough differential equation

t
Vt:1+/ VoK,dX,, telo0,T). (1)
0

3



Solution:
Define the controlled path

(2,2 = (/Ku qu,K> e 9%,
0

and then let Z = (Z,Z) be the canonical rough path lift of Z as defined in the lectures, so
that

t
Ligy ::/ ZsudZy.
S

By the associativity and consistency of rough integration, for any controlled path V', we

have that . . .
/ VoK, dX, = / V.dZ, = / V., dZ,.
0 0 0

Thus, a path V satisfies the RDE (1) if and only if it satisfies

t
Vi=1+ / Vi dZ,,
0
which we recall has a unique solution. Moreover, the solution is given by

Vi =exp (Zt - %[Z]t)

Recalling from the lectures that

z), — /0 (Ky ® Ku) d[X].,

we obtain the desired representation of V.



