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Recahl of deckoe 6

We stodied Mhe AN %omoaeﬂ@&)i WA  eguation
aad | Using a _sovelle cheoge of coordinates, we
gogné Mre  qece cal olotion ol dhe 4D Wowe eq:

=0 wave eq.  dAwd order  linear

1) Up — c*Uux
'Q\OW\O%Q(\@OOS

C = wove speed ,xe R, Lte RY

(&e(\erryQ colu¥ion

(2 UL = Flercet) + 6(x-ck) widh T, G SN0 +h .
e ——
Radewarad Torward
Wove Wl

viidh  prece wae  ontlnoous

1E ulx ) Setisfres (@)
a‘__%eoev&\aeé So\vthren o)

fontxfons T sl & = U o
Koe wave eo.
Thea we Stodied e ch)«% PO Ve M QCor Mhe

,%omo%eneoas ware  eq:-
U&— C,Z—ny =0 , @;k)%\Q\X \9-\—
U(x,0) = £X)

MJC(.K,O) = %CX)

b% JAlemnbect ‘s focmola:

the solotion s %Tuen
XyC¥

Uy = S ety ¢ foeck) f”g & (4)doy

>y X <

Y,

Remace - T U N Smoodh ewe ca e R except A (xo )

Heo exthes T s ot smoo M ok xo +C o
SmOO% 67\' >o —Cko Co(— bg_\,%) 3 _WWS/ ’%O( M AL one
Yy tko Us smooth excepr ak y-_ iy = W.-cho
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XY 4 cka =X, ¥cto . —

The sinpol2dh of solobrons o) dhe wove equaitron
Qe —\'(a\!@\‘u\% Of\\g"r &\Oﬂ% _Chacadkeristic s

Remr\C: Foc e wWwowe eqiairen 1k Q,;S\qev Arlmeniion

Hee are simmilac %dmo\a o the d* Alembsert 's one

oot %e% 2e@  (nace wmp\‘ccamc\ 2nd —Hne/céY 8 begf‘“é
Hhe Swee of this dass.



dectoe 7 Ou.41. 1ol§ 7.4

-Tode% we  will s\iud% the nOJ\”@,omo%en@Ou& Weve  equakion
and we will see futver properiies of 4he wave equation.

= Ke will aleo see Ltlhe method o} fpation of va ciables

It g of %veez% u‘cl\i)r\& Wihhen Solving. Se cond  oder  Jinear
eo\oéjﬁons

;\>cma’m o} o\epeno\ehac and l‘e%‘\on od, \n&«\uence

(Sechon L.u)
dek vs caxsides  the 4b ’@)Omo%g(\@ou& Wave  eqdaAioN:

. Uy -—(,ZUXX =0 ) (xt) e R x (O(—\roo)
'U\,c(X.O)—'— %CX)

A Pow £ an d 8 '\nf\uence Hre Vvalve of U ok

> Quwen pPoint ('yo,Jco)? How ,géSJc The nformakion

’Pro'\)c\,%yke S?

‘ i oy Kbe
The answer Yo the second quection 5 's\)qi)%efceé 3§

gec;\'omzﬁa*l@\ of Yhe wlofon ia e m  of two Frareliog

*
wWaves UixL) = ’F(ykc-)c)ké(x—(;b\ , ce\@k .
The nformation P(\DP;%&'\’QS with flr\\‘\'e gpeec\ =

\ 3(\
To aAnswer to dbhe ficsjc ques%‘.on wWe cecadll Yhe d 'Alemnecy s

gormu\a Yhat %'\\peg S “+he valee ok ()(o}—koﬁ.'
Xok(,lco

%(S\ ds

J_;(XoirCJcO)-\—&(xoac-ko) . A

o/‘ko =
U ) " s

%o’ Ckc>




The Jaloe O—S— u d)\' 4’\'3@, PQ‘\ n.\. LXO,‘EO) S cz\e-\'em\hec\ ??__

})\6 *H\e value s O+ jf A the oundac.exs o{ the
interval [ Cto, Xo +Cho] 2303 by Yhe velve of

o ALONG the interual. The interval Uxo- Cho , Xo+Cka)

1s colled  domain of dependence  of u af +he poiNt

(%o, to). 1L we dﬂén%ﬁ fhe witrial da¥a of pot At <

cotside  +he intecush , the vslue of e solotion ok poL o
(X{),‘to) \/‘Q'\\\ ﬂo"\- d(\éﬁ&,@ .

A\go/ §ixinQ (Xoyke) consh der the plane (%,£) and Yhe

characterisyic lipes Cx—eme mbee \\(\gorm&“f\ 20\ P(\QPA%B;\' es

’&kOn% C)né(‘c.\c,‘\’e('\&-\—lcg) passing ’\’\f\roo(gpn Yhe poink (Xo,"vo\:

AU-Cct = Xo- Cto xyrck = x o+ ko .

)

T\ne‘«e Yo \lnes 104’8(‘&20{— +he w-3xi s a the POII\'\‘S

(Xo - Cko, 0) and (Xot+Cko o) respechively . The triaagle

gocmeé b% these lines and the To¥yervald —L‘XO'Ct0/>(O+C+f£J

1s called dhacecreristic ‘\’(’\éné}&e .
LA
Remacle  : Tf 4ne (%o, %0 )

Nl condidion g
@‘f S(Y\OO&“&\ ON \\ P Ché(ég+e(~\g‘\';

[XO" C“EOJ Xo + C'\’/o—l AR c‘ﬂ‘%e A

+ne wolohon }Sr%e/q_g, | \
| AN

(Xo,40)

will e smootin
- X~ cko
in Yhe chacacteriNie .
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docd queshion : =EN

R - which are the POWNTS o Ahe fHars place to

b% Ire inv¥ial data on o {'\xeé Take cval

inglvence d
Ea‘b’l 0 The stk o{ +he p(ﬂrﬁg W the 9\8)§ ?\ane Hh ak

N pd é%&()\'eé \Qg wibhax \na‘:peni ) _g and % in Tak) s
called +Fhe reqion ol inflvence of the i1ntecval [a)h).

Now we a0 aske oocls ‘e

Feom A Alembect's formula and  the previoos Adis cosson

we discover “dhak dhe  oio¥s  in Lak] ngfleence “he

Ny aAve 0,&, U a+ 2 ca‘\\ne«\ Po}q\— (Xo,%o) '(—g anad 0(\\% I&

[e-cto, morcr) 0L28) # £

Twos,  Fhe initial conditions &\00% [é.\s’j woflvence o€

?O'\ RN (X e ) w nvoh <at S%(g

x—ct ¢b 202 X+Ck Zz X

X+ck=a x-ck =b
S ~—>

E\g_o_n_é’c_\g S REG\ON OF
%EO and L=z o INFLUEN CE
oorside [2,%) den o5 Dris
Yhe colotion \
U will e identicaly 3‘ ‘5
X co Ao Yne

les+ of Xtct=-2

20d o the rig)n%' o We 2ce aow reac\/% oo e
X-ck=b. non - homogeneas  ware eguation.
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H\,e Cauc)/u% Pm\g\em for +H e qm%om;peneous —Z{-

Wave  egoation (Sechion 4.3)

The gqenecal Mn%dmogef\e,ogg 4n wave equation das the
Sollo \xx'm% Locon
u&_ C?’uXx = T:()é/'b) XG\R)J%Q (O 400
@) ' |
U0y = §09 e R
U, 4oy = Qb0 xe (R

T Cavchaly prololem models , Sor exadmmple, the vilhoatlon oF
ac el g—w.r\% Soba—ec;l— Yo an external Locce T (X)),
AS n Yhe ’Pnomogzmaoos case , _§ éﬂé % QAre %Neh fum(;Her\S

That cepresent  ghe shape and Hhe verdical velock b °© ¢ the
NI 0 ok Yimme agero.

AS ’%\00 e ’Q\omogen@oos cayte , We W\H\ ‘o '?\euse an ando -
—,800& ol Jhe Jd'Alembert s focmola,

To  do +his, one ‘mire%(e\*es over dhe characteriaNc +ffc§0%e
T ot o 89(\8(\C, 0k (Xo,-\:o)

S\g F(X;Jc>c\x&Jc = SS CU& ——C,Luxxvéx‘ghc
A (% 40) A [XO)'&O)

Then after s wries 0f compoterions (e Propaiition 4% Hie

proot contarins Ml dhe omnputariens , hat dre Not examind

e ot Sou TN £nd Ok 'tf"\-ere?ﬂ(\%D one Qe

xrck L xec ko) |
Uxe) = Frrct)+fx-ck)
+ 4 14) 4 e ool
Q, Qc % &% + e T (?},’T’)J%A‘T
{(Fxmols 4. \F PR ) x- ck o 5 ld=)




Theoem (R\QQQS:\JV(O(\ LX , exisfence S\DAC‘)C)
The solotion o Hhe Ccsoc)w% \ooo‘o\em &) is %Iuén \o%:

) xtck t xrc(k-7)

Uy = SR IFE-CE) 4 1) G Gue 4 L -

2 ac) 9 e F (g, Tazdn
K © TX-c(&-7)

T\“é)( S Yhe &\A\ember"r\s f—(fmd\é &or dhe ngﬂ‘e\omogz{\eg_)&
Wave equation,
R@mar\/\ :Ko-\—e hak foc F=0 the -‘—\]\DA\A\em\&CA‘\S —(locmu\;

coinck de . T he vsloe of U oi (Xo,“b) 1S given by Yre valee
0F e iniriat  daxes on +he WwWhole characrerisMc ’\'”df\g{f.

Exsmple L .42 Cooxider +he following— probiem:

U= AUpx = e

o xe R, Ye (0,+)

ULX,0) =X, re R

U, ¥0) =8ia X xe &

cmola  with =3,

AN 2
We aow gost aeelys The diAlembect's LX)

¥k
X + 3% +><1%”( i 0 (8)AS J(?;B (ff- 6’;) A? AV

|
UKt = —
| °2l 6

X -3t O " X-3(x-7)
S= X 43% 1 X+ (b-7)
UE) = %+ -6\*[-@0&(3) ¥ Z‘Ol <o (8)d7
S ° T3
L=%x+3% B s= x43(k-7)
uxit) = % - _;;. [—bo&(s) + % S cos® (s) d
=X -3% o

$=Xx-3(t-T)



=> Uk,t) = X- —6L [wg(xwyc) - CcoS (%—%)J L F_é

T
1= §\. 5 [(,og%(j)r%%—%?) - c,oses(x*‘Ab*v*%"")] AV

- 2810 (0{;(” )S}n Lo{—f >>

1l

<Rec&\'m% Cos%t)a 008(33)

—

3

Uty = ¥ + .3\. sinX)sinB3k) & JS. I :\.3. Sio® (X+3% -a7) _ 1 Gnf (3437
(evsluaked at T=0,7= £)

{Zj[)ﬂk,\: v+ LS (¥)shva (%) + JS_IS\GJ‘:\ (X 2k )+ ek (x-3%) _ 5 Gqs ij_)J
3

Remacic U & e odd foncTon of X , s Ihis 2 cotncidence ?

Examp\e 4.\ ( Bo w 4o doce 2 non 0 MYORR NE 0VS p(‘O\O\eVW

+o A ’%Omoég?r\@/o)s ome}
(o dec  the non%qmo%ene,oo\g wave eq- CQ\ Je o \)&;

U& ——MXX = "k?—
U(x0) =z QX + L2aX

M%(X,O) = O

We coold solue Wt uglr\% AV Alemlert's formmola (do W aAs an
exeruse '.)- l—‘rowe\/er) noMmang  (afes Wt s 'PO‘SS,\\\O\Q o weagoce
3 aon hanogencox problem 4o an- fhomogeneoos one B wWe

can gznc\ PN Perﬁwlar Soluofion U ol the %\qen nongxomoa.
eo, - This Will eli mindte +he aced +y pe 4o M Yae doubhle
‘m*e,%(a\ AT Alemioertt s /(o(mulz 2nd  daig ‘e chonigue 1S \/eré

OO\ wWhea E ois very Smple, cuch as ¥ = FX) or T =-FQ).

Ve We £ind y pachicolac Solotiea U, dhen wWe consider

W= U-VU  QUnce Yhe wave eq. 1S WINEAR by QUPERPONTE ON

PeiNUelE W Wil solue  the Holowing Romogeneous b



Wy -Wox =20 xe®  xe (op) —
W (x0) = £(x)- v(x,0), re -

w{c(x,o\ 5 %(X\— Ve (x,0 )/ xe &

Heace, w can e —S/Ok.)ﬂc\ /ug'\(\% e A'AMewloertts focmaola tfor

e %omogene,oos proie f .

Toe £loah <olodon will ke ‘?l_“’e“ \Oﬁ\w

—

solotion
+ < \\)‘VtO =

Since W we case v=Vl)s LT EWHON e assousie
'@;omc&.‘sb.

we look foc a Lfunction U depending&- only on ¥ ¢

V= VI . Tho s we need Lo \ve

I

-

Ve = L7 =0 hecaovse V doewnt ¥ de@e/é)

S

Q\O ice Haaty Vipese

on X

9
dex os choose as & pachicolad golo¥lon VI = € (ocsr CcoV € &2
Z

Uris oloBon s ot walgue becavse we did Nnot 1MEOST

Sy on Tl con A fyon &‘Qr V. 2ad Vg A+ A.me O)

Now define wix;t) = UC,L)-Vik) ) and waide dhe TOHE fof

: +
W \)(ltt - WYK:M&’Myx -’\/ec = /(/(&—-M SO —"t = O
W(X,0) = U x0) —v(e) = AXxraA\NnX

\)(}_t(K,Q):‘- M‘EU(/O)" Vt(‘o) = O

\ \ [4(
T\A'\S I gV oAV 20N ‘QWOMQ%er\@OQS wiave eq . J-@/*\S évPP\% A A G(‘“\OQ
focono e
WA ) = Qlxxk)rasinxxt) ¥ o (x-%) ¥ gcie (%) _

2y

9y 3 Sin(x+X ) ¥ SOECER AN

-
-



7.5
Qec&\'\ﬂ% Fhar UDX) = wW(x,k) ¢ Vik) , this cgi\mes :

ML) = AX + QU0 (x4t + S (x-4) 4 _‘_t__%,
7

Theoen U/U\'\que wlotion %o(‘%e Walre e(:tga\'{or\

JM‘\o\ue aess

, ohep. ik

Q U\ que coloYion .

1< %T\rEn b%y +he fack

8}\/@3 DS A Solotlon

pact)  The probem  (4) s

ProO&: +the exiskeance ol 2 solu N on
‘th'\' ‘e <§\ Ale mieect t < %o(‘molé

(ex’\s*eh ce \/)

For waigeeness,  Sopeose \oéyc,onﬂa&;c*—lon Ihat Uy, U are
colotions of (&Y. The~n we

TW\ S

define  Hhe difference Wi=U,y-Uy .

le ads 4= +he fol\ o wing- egeat{on for W

) -

Wy — W = W\)& - ¢=(u l.>><>< - \’QU’QJ& —c? LM?’BB:B: Fxx) —
W(X0) = U, (x,0) - M, (X,0) = __g(x)_ Ly =0 FlxX)=0
W Lx0) = (u 1) 99 - (2) (x0) = YO -QLD =<

Thece fo€ | Hhe 0“\3, o\loYoq Ao dhis egoation s wW(xE)=O

(Im lecrure 6 we ghowed Hhak when Yhe TWHRS 13 0 the

At Alembet' s focmola gives s Hhe umigoe Solotean Yo

the proldem )

There foce U, =y, as desid,

U
oLP/b WS oW

intro doce  anothec groperty oL Hhe wave

equakion  that will sfow Haak sgmmety - in B xample 4 \L
WS vwo ¥  cacoad.

Theore ro (sgeometny  of wave equarons ) %Nen s Qene@ld
nown - %Omogene,oug Wave equation “_g 4he ot Fial data

§ ! % and ‘e '\W%OMO&Q me,;{\ér = e EVEN &rcse. Ond, DER\OB\CB
Wikh Speck Yo X, fhen Hdhe loivon

Has dne ome sgmm@ha.



?_r_oggy dex ws consider the even case {bﬂz%(‘xh -
QLY = QLX) , TRk) = Floxk)

We  define vix,d) = Uul-xk), and We want to dhow
ook U=U (ie. the Solo¥ion U it euven W.0.E. X ).
We note hak -

V) Vi b, = Ut€><»’°) , VU <) = U;&(-X/’C\ .
y

\

q

c) Vi [, %) = U X)L VL k) = U bt )

/

Thee foce

PV& () - CZV,,((X/Jd =UUC(—><,-€) - ctu X (- X'J(’) = F(-Y;”") =T (x,¢)

1 T000) = Ulw0) = £1) = Sx)

V, (£,0) = U, (=x,9) = a(—x) = QA

Thos U SA’\‘?SJ{Leg Ihe <came Wave eguahion wiHh he
garne hoondaryy wondifions as U, Ahe e for by wniqueness
v=U.

Lex ws now loolW ok +he odd oS (‘Hn\& K S gooé EXE@CAS’)
By assumenon

4. jﬁ(x):—{l(-x),_

9. %(x;: = g(—x)/

ST e) = - Floxk) .

bey\oe U XY= - Ul-xx) | compoFTe the decivatNue g In Y
dnd X -

Ve (k) = - Uy b)) Ve o) = = Uy (- >,%)

Ve XA = Uyl-x4) V,, at) = — Ul >t)  Thws

/
\/Uc(x’t\— C?‘ \/XxLXI‘k) = —-"[/[_\_k [..X,'k\ +c7"l/\>(,((——><;3°) = - —'F(—'X;'k\::ﬂx/‘\c)
Vx,0) = - - X, = == - =
x%,0 ) U (- x,9) L) = L) _, v U by
\/_e ()‘/O) = - 'L{J(‘ (—— )(/03 = = %L‘x> = SCX> - Uﬁ\q&“egg .



lex nows  £inixh  widh dhe periodic  coase (Exercis) 7 40
B‘é} assum pYion  Yhee exisys L>0 ok

1,500 = Sixel)

b gud: %CM L)/.

3. Flok) = FlewrL k).

;be_}'me V<) = U (X L,4) and , as before pivg V(x, £)nb
Hoe equation

V& (XJ{\‘ CZM yx(X,JC) = /(/(\kb(‘\' LI{'\ - Cl /UX)((X'\- L}"C\ :”\:LX*L/{\
=T(><,JG\
V) s U(xtL,0) = £0cxr) = L£(X)

V 0> (v, 0) = QUEL) = QO

Thos v Poigills e  same eguation as U ane b% L0y Qe NERS
V:U. D

An application one -sided boundoux% oty bodnk
Lonsi der Yhe wWare  equadidn  with an extn  hWoondary condl |

—\'_\0(\ on X =0

U 'cl/uw = O X><>J—E7o

M050Y = Loy, x»o
M xo0)= Q4 ,  x»o
MU (0,+) =0 Lzo

Lo ocdes Ao Solgill he boondary Condihion  W(o,¥)=

We extend £ ansdl Q in

{*E(M for X200 gms{ QU4 for X2 O
,]C(—xy for Xea o -%éﬂ for X 29

A odd Wary



) . F.\
_H\QJ\ one aog\’ QoW e e e,qoMuOﬂ s

\ My = C Uy =0 ) xe\@\+, t>o
uxo) = £ 00
M (19) = ' (%)

The olotion Y will e odd 1A X \ecause ;EJ and %" are

0dd |, Hhecefae YU wil Mwa»%s SeAisEYU (0, k)
—Iﬂéeéé :

= O .

UCGCEI= —Ux, k) =5 UOX) = -UK) => U (0,20

Sefe(&\\on of vaci alole s

We now oY duce The
metho & A e paration °of vah aoles

to selve  linear pectiad
diggerential  equetions

wat +h ‘QOOf\c;é(\% and /O(‘ W A

wnditwone . Aet's see e method  dicectly in the caee

of Hhe feal equation.
Consder Yne CM(J’V—B problen -

dewnd order,
PRPE ~ | Uy - KU =2 » X€ (ojL) ,%£=° linear, RoraReneay

uo, k) = U(Lt) = o t>o ~» BOQ“‘—\é“% conditions

/
u,0) = ?(X) ) XE (O/L\ L A~> IOV aA (’o(\C\\‘HOJE : "\10\)20\
K€ \RY congXent of d-‘ﬁog-\v-\%_ Hoe tewpe fakore (s disteioutreo-

at t+ine sec.

The ‘éxecé'\' e,o\\)g\—ao,\ desccives the AT Foswon of Peat a2

one-dimensiondd  shcuckoe (. foc examele A mekal bac of

\\ \ . / SR
\er\%’\ L) ovec time N \ =

U. =kl
T(ne booﬁéér\é) : o

,U‘L,‘b‘) = O
condiFions  see Ui bles | 2 e
‘\’U\ID% 0s YFhak T gy . N /
the m&)f\c\ér& of

the metal Wyie s 1% ,K 3
ch-\’ 3"’ X ro.,

Ulx,0) = SU‘)

R\



det's cow So lve.  thais pw\o\em ,og\n%_ +he medhod o(\_ Z.42

Sepnca Y on of vatiak\es. The fiust stee consists 1n feewing
for & solotion U Hhat Aas dhe focm of a prodock Sojution,

Or QepaCare solution :

uE) = Xy T ()
wheee  X: To, L] - R, T: [o/40) 5 R .
Thea we p\u% +his \n dbe RQeas oL aFi0n -

TEX ) - K X ") Tl) - o (=> T'H) X(2) = e X" ) TR

= Ty o X" Therefok  +ne ondy possilailily
(kD ik Tk X (%)
L~ Ny
Oaly depeadent  Only degendent’

3Cof dhewe  Ywo foacAions Yo e eqoal s ‘o \ve constant.
\)(fe cMA\ [VUN conlHany A

i = M - - A . We ae now leg¥ with T
v T (&) S(xX)
C™X s
XY = - A X)) xe (01)
(3)

TW =-kATH] pso

P\e‘“dv\/\ u\o to now We did aod toakKe indoe accoontt +he

1ni+iad oadition U()(,o):f(x). OW;OQS\% we. ac€ no t+
;:)eres%eé i the ‘,Ae,\h‘cd)\\g SeCo Slvflon UM = o
| ? we loo e for J{Omcﬂmg X and T Posh s ol
Vanish  (denky cally.

¢y This Step 1y Yhe actual SEPARATION of VARIAQLES




\>

DDE X&) = - A X(x) , X (o)
T' () = —KRT(JC\I Jce(O,«b)

These ODEs o only coopled by Yhe separakion conttani
- Also ;U &sfhs{’\es Yhe boonéar% condiYtions

Ue,€) = UulL,4) = o L oand on\a i

Ulo k) = X(TE) =0 Yo
ULE) = X(LDTR) -0 Y £>o

The s'wove Cenditions ace  Jolfilled eathe © \\g T =0
((Aevao A olofien) or 1 X()= X)) -0, that re pre §& 0t S

Yhe ntecesTinl  Cave .

leY wowW skack from Hhe OOE ia X

(0 X'y = - AX(x),  xe(on)

X10)= X(L) =0
Cc\‘ye A v XL The soludion fHag Fhe o™
Xy = ok cost (Vo “x) + psinh (VSR %) . Fron Yhe \Qoonéa%(

condihns we ’Q'\ézu‘e ;o X(O) = , anad Nnce
ot ()20 , osR(0)=4 we olXain 0= x(o)= .

Tlws X(x)= r%'s\c\%(WX) .
Trom Yhe woodidion X(LY=0 we now ek

O = XM= s h-F L)
an @ S[InCe NEEN O()\% vani yvhe s ak dero S-‘“-e\ WL\‘fO
'ﬂnerefa—e Ye 00\~éS colotion C/omp;—\\b\e

s the Frivial ©ne; and

with  Ybhe booné&r\g onArtioas
we discac e s case.



Ca&e &, ) >\ =0 7\
Thn dwis case X' =0, Mok iy X (X =+ P X

Ailce before we Use the booo c‘aﬂé Londitions o dedermine
[5 anad A

X(0)=0 = A =-o

X(L\ SO = r%:o .

Also Hece Hhe 0\\“& (,woss‘\\e\e sslofion 18 Yhe Faviak one

and WwWe discard  Ahig case.

Cese > ¢ N>0O
Now +he solodion gor X s

X(x) = cos(IX &) +@ sin (IN ).

We ose +the ‘mondant condiflons fo find +he valves of
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