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oleckore 4, 9_42- 90\

The methad of separation of vacables fo- edliptric
@qo&ﬂOmS o r—ecx\'amau\av domeains and on cices\ac
dornerns . ( Secr. 3.72.4 -72.7.2)

La (asYy \ectore wWwe stuodied some conse que NCes ol Maximum
F('\ﬂdx«p\eg oo elliptic e/qoay\loﬁg) +he e xynom -'P((ﬂcip\&
o Yee feak  equation ) and we Solwed +he Laplace
eqra¥ion on x\e_chanca\es ug‘m% Se pacaXion ok vaciables,
(oc\&% we wil see examples of solotions of the Jdaplace
equ a fion on secten8les  wWitvh Micidiex an Weomaan

‘09“)(“\‘5(% wads Hons .

—

Jrlnézl\% we  will  congide ¢ the _haplace egoation
use of _polac coordinakes.

on creeo\ar

m whee we will make

Exsmpe Cd\ép\éce eq . \n Yhe Square wiYh Dicichlek bOdf\C\‘df\&

conditions) We want Yo solve Ahe

J&o\\o WL n% i chlet Ptob\em oa 2 2\ A
spoare [0, T x (o) o R . o
N 77 ”
Auzo n Refawlxfor), b -
U(XO)—\ U=o U= U=0
Ul wY= U(0,4) = U(T, Y=o _ s W )(7

lsoon dang con AL ton ) Yher

Since we on fove one nondero
™ We ook for a solohio

S o aeed —}'o SP\&"\' ‘he F(‘O\o\em .
Of the Form UAY = 2, Ka () Yo (3)  where eadh tecm
A

Xn(%) \/r\ (‘d\ A S ‘%;(MO[\IC_. Hes\ce)

0 = A(Xa0 Ya (3)) o Wb ) Yo (8) 4 %00V 1) =D

Kol _Yal®) | A e R
Ko 0O Yo (4)
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><V\“ (’X’\ = - )V\XV\ (-’X\) 2 Xﬂ (O) N Xn (’W\ =0
\/:, M) = A Y (%)

Feom Yhmis we ove Yhe wlvTion /g‘br XA
X () = Ao sen (Trm x ) + B cos (TR %)

T Xy(0)=0 we Have B, =0 Ve .
Xa () = Bra %?ﬂ(@ﬂx\ a0 d Lo X, (=0 we Lrace

sen (WXa T) =0 = 3z, = VLWY' 5 Pa=n? Yae W
- d

nz4.
Fasly | X, &) = A, Sin(ax) | .m0
C;oegg‘\cleh%s An will e thean "o cdvde & n the ‘“Oeﬁ{wh

 (Note hat Yoo

of e Foodler &eﬂes),
The Lonckion Y, 18 quea by
Vaol9) = €, 50 (\n%\_v Oa i0h (n(3-7)) .

Recse on fhow the solotion Lor Ya 18 ohtarned :

LY W (B) =0 Y (4) . Solokians o dhis pooklems  zre

\/nt%\ = Aa gﬂ%(“%\ * 'San/OS/e‘ CV'I%) ) \OU‘\’ oA ‘\’Vﬁ ase OA,
t‘ec,-\'a‘(\go\at domatns  wirlh  Thicichlet \:pomcéar\é_ condichions

s noce conveoient e express the solotiRn in

Tecns of  Sia%(n (4-9)) = Sin(nd) and Sk (0 (a-))
To see in detail fow to pass Crom the previows )
basis  to dhe New ONe  YoU can ook ot the solotion

of the Exercse 113 (a) (L ‘he Exercise theet A




So NOwW WEe ‘Qsavﬁr

422
Xo= As Sia(0x)  3ad Yaz Ca Sl (o) & D0 sta B (0 (g-w))
T\ﬂe\-e{;&e Yoe %Qr\ec‘& LQolotion S

T B¢, 9) :Z STve (wx) [Cn &'\nﬁ(ng\ ¥ D Sinth(n (“d‘“ﬂ] .

Rem&rK: note dhat dhe %@nef&& §wm of Hhe
wlotion

18 %‘wem \O%Y ;
UK,Y) =Z X o) Yald) :Z Ao 30 () |Chsinf (ny &
U2y N

¥ Dy Siath 0 (jv“’\\]_ UP £ a)ogor\olr\% Mre consYanys
AV\ ‘\(\S‘\ée Cv\

and  Ds we  JdoTain foranola (4).

Fromy dhe COond T 0n

%OC\ M e W Y Thea

U, TY) =0, we  doYarn C, =0
5 Arom U (x,0) = 4

Z NYNGRD) [bn S\n%(-—nw\]
Hhe Coe \g—\ueﬂ‘\’S Dhw
An = D, AR (caw)

e comes

we  Hhave
A = Ux,9) =

Vo Adekecmine
we introdoce Yhe C/oegf\olﬁv\ﬂ
30 Yhat e

4= D oaSia (nx).

conAltion  dpove

A Ucodr we

Mmoipy otk sides \3% Q0 (XY 30 d we
'm%e%nske, ovec Tow) :

g /0 (X)) d = Ld“g &‘\(\(mx)g’m(ﬂx)gx = &
J

JaT(nx Y Axe
n O
= Am X ™ O W mEr
U x S YN (nx)dx = 5 t
© g— \\8» =L



; w
Thos A = _2: g /i (mx)dx = & L_ (,OSU‘GX\\“>

s

Li cos (mr) T‘m ) =274
_W

J m;lf\

T(nere{gcne) Sinte O(m:bmg‘\ﬁeﬁ(jmw\ we  Hhave

4 :
®W\ = § _— S.\I\’e‘\ (‘M“} ) ™" = 23‘\’\

O Mmn = &_j

BIFN conchosion since Sh(-mw) = - sinAC MR )

+oo

bl > — \ ‘e\ I¥\ -)
Ul A = 2 gin((&qh)x},[r 4 Siof ((@3x) (9 'T)

T(RIYO) & nt ( (25+0)77 )

j=©
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Example Contidec now the dapace egq. on R &
Moove  wivh Neomaan \ooomddru@ condl N ong s
Auzo w R =To.w)x[oT] Tuy= -

I! ( |i: - = ==

Uy=o AU o Ux=o

U « [Ol‘j\ = My \7,4) = u ‘Akxio)-‘zc

u§='o (\T,

P\ec&\\ Hhe (\1‘3ces&§r~é§_ condiRon to solve e/(\(p'hc, }{eom&(\v\

p@b\@m& 5

: A =0 on >
g qu = % — g O = O ( Qyu:% on QD
oD o o

T‘(\erqore we need
Ve \eé

E o, U = ST\—Q%~1’{>C\X =O \/

to (heck whether this candifon



Qince  Fhe

necessary  condit on
JOCG@& FY.Y

W Ve fied we can 42.5
\oo King for & Solotion USng- the method of
gepcaton of vaciebles -

UGy = 570 X, () Yal9)

{ Xo (XY= = }a X (%)
Yoo W)= N, Vs 4)

) N =0  \eads +o

), X:\ =) = X\n (M=o

Sinte wWe

ha ve N eomann Bo\méar%_ Conditrons we olytain

cosnxd with N, = n2 SNz O

Yo Ld) = Ancosh (ny) + R, costh (niy-w))

Xa X)) =

Remar K : You an also

ave Dirichlet condi¥ions ON
e Pé("\'s O% +he— b\)(\d&f% c}(\é Ne/\)m&(\\n
O¥her pacts of the

conditions o

BVNAACE  and n Yhis Gese QX

need +o choose Hhe rig/t’H— eses n derme of %&'\n,oosi‘
and

&)sin%, cosHh Y. Tor insrence Loy have
QAN

b2
Uez§| pu=o |U, =9 The o UYY= O X009V, (4)
N ) a)

o U=o0 Q; >X

o 2 0 50 b5 18- o 5 0]
>‘n = V‘_TL\Z yhe l\\(.

b

The %enera,l solotTon 3y

+oo —
U4 = Z COS (i) LA,,\ s h(ny) ¥ B, cosh (’” (‘A‘“\S):] X

US'\Q% e boonécs(% condi Hoag o «S'\né Ao 204 R o we
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=
O = u%(xlo\: 2 \ oS0 X)) E)“V\ S‘\ﬁ%\ (—*V\W) => (Bn :O/
nso

an &

o ﬁo
Oc—i\; = U%QX,W§= p—z“,_ol Ann it o) oshx) = %:;B“ cos(nx)

W heee Po = Ponsiath (nm). B% a simiar  Computataon
as Yre one a “he §>ve\/l(>\)3 example WwWe %e;k (dﬁec)& ke

2SO0 @xe (AW )

—_ - — 4 =
(B _ T‘__.Aml} m = o(zj)\'\ = = ) "M = 2:)-%\
" =" Amz Tm> i H(nT)
‘o) m =] O m = 2)

J

m7 . Remack : Bo=© inde pende atly of the (alve of

Ao. Thois \)'\f%és e 8o lotion:

—  _ycos((25+0x) o3 ((2341)9) + Ao .

Note Aaztr g s 2 Vo Tion fq\ @u-eré_ valoe O&' Ao .

8?\1“20% 0% ‘\"ﬂé’, f‘)(o\o\em ) a&e O,&. N\e/umamﬁ
bg)ndar%_ condXionS . Consder wow  “he Laglace eq.
I = V*ec/“\’éﬂ%v\éF domain  with Yeomaan boo(wé&n&

Condity ons - L
/| 1/(\3 =K
d 1 (7S
Fio, 4 Ue§ | AU =0 | Ue= 9
S c 4 it
Iu3=% |
\ ‘ 7
) s
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Serisfes  Hhe Necessary OO en foc  Yhe exisyence
of 3 soloxion o Hhe W eoman a

R

To ole Yhe peben we need Ao gp\\‘} Y ia Yhe dom

of TWo peoblems  at we avd . dectoe 41 foc “he
DOiih\ek Prolem

Prollem | n&m@){%

=

- 3 4
- g = K [u H,-HAL‘\— / Vu\)%:O /ﬁ CU;,\%':K

uAS AU - o Ueg "7 ,(u.);%*Au\ <o [U),= 3 (uz),.—-oAuz:o (U, =0

Ma =
O

L8 (M), == s '(u,,)gz;ef N
O I
P(ob\t?m —J/o(‘ U P(ob\@/f‘ﬂ ‘X/Or u‘j—

Pro blem ﬂ/o(‘ /u’)_

Wémiﬂ% ) \4% gp\z%}o% the domain the existente conditan
Lor Yre  Weuomaon prodem  might  not be  adisgie
3Ny moce .

To oveccome  Hais proa\em

, We  uge 4he Ao ol a.Ac\‘mg
3 4hacmonic poly nomiad

cons Aer Lor Insvance
Lo .
O(CXNﬂ ) Wi AR, and 2dd oy o U. This Y'\@lés

The new dhacmont c for\(:\\m V= U+ o (XZ-9%) . T we
AN sVt = U+ U, (28 we were doing  aoove Afeo
’U) Fhen Yhe Pro blemms ,Qor UV 20) U~ are -

/'\

(Va)y=© Uz/?:s = K- 2.4 d
(V‘\)(: JANNERS Vi)x= 8*10(10 QVZBX:O ‘A\/&;O Q/l)xzo
= L4202 Z -
| LV\) =0 > QU_ = &
4 R=[é,\o]x[:6,ol] )y = h-2dc




Node +hat  dhe compatibiligg  condidion  for 42§

U4 s %“\\Ieﬁ \3& :
' wr 4 e
5 L%%ub] i \O EHMBAJ: ©E> = z(b-m)(&-d[go(& 30'

Heace, with  hie choce o A we (an Solve Hoe pm\o\eﬂ

%Of D‘/d, . Qe caA NOWJ %a* P b%. égg\_)m@-\«\m -—\4-)@ Ngomann

/

poklem  for WU wes Solvable , Yhak <5
d -4 b -

-1t Pon (e o
c c Q >

4 b
Thwos g i also @qo&\ o S (K~‘%) ;
9 (b-a)@d-c){ ) >

This wwplies Mok
S S
\ [k-208T7 - (B ~2sd=0 /
ov ) 2 ’
theefoe a2l VU, shisfies M m@&—kﬁ\o\\l\\& condition

2nd we  cen solve  the  problem  Using the metbod
@jy yepacation ojc vadakles .

T\r)e M\aCc 86\\)(3,‘\"(0\ W cireolac d/omavlﬁ%. \)Qe coaciode
O\ a

Mhts \ echoce CON™ é\e(ln%- ‘e OLap\éCél eq - on
domards = Baz J‘oé»— 43)\9/6[0‘2“"311"%:or g

probem we WL  Hhe equatron in DO\ac coordinates

O=AU=w,. +1lw, + L w
s

where UX LAY, Ui, 0)) = U (reosE, veinle) = WIV,9). W e

loo®  Lor Sepacated solotions of +he Lorm

Wire) = Rv) ®(o)




3nd  obYarn : 42.3

0:=R"(¢) @(v) + ;LR’M@(MJ« _&_L@”(@)R(w\ =>

PRI R @ ()
A () R

=+,

{for Whith Yhe OSE S%&%'em s

L RY(e) 3 v R(w) _ * R ()
@' ()= A @), @(o)- OLw), @'(0)z ®" (an) .

Note Mot dhe oditions ©®0)= Blam), @ (o)- @ (2w)

Come  L£oom  Fhe fock Hoak  we want U Ho e =
cla ssical  solodion Ihde D) so WY shoold be 3% leacd

C?. Hence we impose Hhat ® and ®' ghoold be
peciodic  Tn (o, T Obse cve Yhat , since "N

M%OM’H‘—M\% aso @ g erodic.  The soloYioa foe
the secand one s

B0 (0= An ot (09) 3 By 16 (010) , o M=t For e
_)C'\rs* equation  one caa  che ch LY WS
vgCo-‘rbo \O%(V\) =D

Rnle) -
e Co v+ D, \-n

, n¥o

gives  Fhe  two  pacemedter Fomi o solotans ((recall dhat
lineac %co0d  ©order ONEs  fhpoge Mwans 3 dwo pacameler
Jge/mi\%& of Soloi ong ) Bowe ver  the foncrions - a0
log (v) ace sim%u\ac 3t O ypde the domaie D s
wWe  discacd  Mhem . Thus the getersk  solodvon T
%Y\)@(\ b&:

‘oo . ) :
W) = Co+ D" Lﬂ\m cos(n ) 4 By G0 (“\93].

hooy



