
BASIC PROPERTIES OF THE FOURIER TRANSFORM

The Fourier transform of an integrable function f : R→ R is defined as

F(f)(ξ) :=
∫
R
f(x)e−ixξ dξ.

Theorem. The Fourier transform satisfies the following basic properties:
Translation: Given a ∈ R, let τaf(t) := f(t− a). If f is integrable, we have

F [τaf ](ξ) = e−iξaF [f ](ξ),

τaF [f ](ξ) = F [eiaxf(x)](ξ).
Dilation: Given λ > 0, δλf(x) := f(λx). If f is integrable, we have

F [δλf ](ξ) = 1
λ
δ1/λF [f ](ξ),

δλF [f ](ξ) = 1
λ
F
[
δ1/λf(x)

]
(ξ).

Derivative: If f , f ′ and x f(x) are integrable, then we have
d
dξF [f ](ξ) = (−i)F [xf(x)] (ξ),

F
[

df
dx

]
(ξ) = iξF [f ](ξ).

Higher order derivative: Let k ≥ 1 be a positive integer. If f , f ′, f ′′, . . . , f (k) and xf(x),
x2f(x), . . . , xkf(x) are integrable, then we have

dk
dξkF [f ](ξ) = (−i)kF

[
xkf(x)

]
(ξ),

F
[

dkf
dxk

]
(ξ) = (iξ)kF [f ](ξ).

Convolution: If f and g are integrable functions, it holds F [f ∗ g] = F [f ]F [g].
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Proof. We prove the various properties independently one from the other.
Translation: Since

∫
R |τaf | dx =

∫
R |f | dx, τaf is integrable, and by change of variable

y = x− a we have

F [τaf ](ξ) =
∫
R
f(x− a)e−iξx dx

=
∫
R
f(y)eiaye−iξy dy = F [f(x)eiax](ξ).

Then

τaF [f ](ξ) = F [f ](ξ − a)

=
∫
R
f(x)e−i(ξ−x)x dx = F [f(x)eiax](ξ).

Dilation: Because f is integrable, δλf and δ1/λf are also integrable. By change of variable
y = λx we have

F [δλf ](ξ) =
∫
R
f(λx)e−iξx dx

=
∫
R
f(y)e−iξ

y
λ
dx

λ
= 1
λ
F [f ]

(
ξ

λ

)
= 1
λ
δ1/λF [f ](ξ),

and

δλF [f ](ξ) = F [f ](λξ)

=
∫
R
f(x)e−iλξx dx =

∫
R
f
(
y

λ

)
e−iξy dy

λ
= 1
λ
F [δ1/λf ](ξ).

(Higher order) Derivative: We compute:

d
dξF [f ](ξ) = d

dξ

∫
R
f(x)e−iξx dx =

∫
R
f(x)(−ix)e−iξx dx

= −iF [xf(x)](ξ).

By partial integration we have:

F [f ′](ξ) =
∫
R
f ′(x)e−iξx dx

= f(x)e−iξx
∣∣∣∣∣
+∞

−∞
−
∫
R
f(x) d

dx(e−iξx) dx

= lim
k→∞

f(Rk)e−iξR − lim
k→∞

f(−Rk)e−iξR + iξF [f ](ξ).

Since f is integrable, we have a sequence of positive real numbers {Rk}k∈N such
that limk→+∞Rk = ∞, limk→∞ f(Rk) = 0 and limk→∞ f(−Rk) = 0. Note that
|e−iξR| = 1, we can deduce limR→±∞ f(R)e−iξR = 0. Therefore,

F [f ′](ξ) = iξF [f ](ξ).
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For the higher order derivatives, we have
dk
dξkF [f ](ξ) = dk

dξk
∫
R
f(x)e−iξx dx =

∫
R
f(x)(−ix)ke−iξx dx

= (−i)kF [xkf(x)](ξ).
For the last step we use partial integration k times in the following way:

F [f (k)](ξ) =
∫
R
f (k)(x)e−iξx dx = f (k−1)(x)e−iξx

∣∣∣∣∣
+∞

−∞︸ ︷︷ ︸
=0, since f (k−1) is integrable

+(iξ)
∫
R
f (k−1)e−iξx dx

= (iξ)f (k−2)e−iξx
∣∣∣∣∣
+∞

−∞︸ ︷︷ ︸
=0, since f (k−2) is integrable

+(iξ)2
∫
R
f (k−2)e−iξx dx

= . . .

= (iξ)k
∫
f(x)e−iξx dx = (iξ)kF [f ](ξ).

Convolution: Because f and g are integrable, f ∗ g is integrable. For ξ ∈ R:

F [f ∗ g](ξ) =
∫
R
(f ∗ g)(x)e−iξx dx =

∫
R

∫
R
f(x− y)g(y) dy e−iξx dx

=
∫
R

∫
R
f(x− y)e−iξ(x−y) dx g(y)e−iξy dy

=
∫
R

∫
R
f(z)e−iξz dz g(y)e−iξy dy = F [f ](ξ)F [g](ξ).
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