BASIC PROPERTIES OF THE FOURIER TRANSFORM

The Fourier transform of an integrable function f : R — R is defined as
FNE© = [ fla)ede.

Theorem. The Fourier transform satisfies the following basic properties:
Translation: Given a € R, let 7,f(t) := f(t —a). If [ is integrable, we have

Flrafl(€) = e " F[£1(),

T FLfI(€) = Fle" f(2)](€).
Dilation: Given A > 0, 0, f(z) := f(A\x). If [ is integrable, we have

FInI©) = o FIAE),

SFIE) = 1 F [fupf(@)] ©)

Derivative: If f, f' and x f(z) are integrable, then we have

d .
T WO = COF [ @] (©)

e [jf] (&) = i€ FIf)(©).

Higher order derivative: Let k > 1 be a positive integer. If f, f', f", ..., f®) and zf(x),
22f(z), ..., 2°f(x) are integrable, then we have

e o) = (=) F |2* f ()] (€),

T lj’;ﬂ (&) = ()" F[f1(€).

Convolution: If f and g are integrable functions, it holds F[f * g| = F|f]F|g].
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Proof. We prove the various properties independently one from the other.

Translation: Since [p|7.f|dz = [z |f|dx, 7.f is integrable, and by change of variable
y = x — a we have

Flraf](€ /fm—a —i€e 4
= [ F)ee v dy = Flf@)e (&),
Then
rFIA1€) = FIAE - a)
= [ F@)e € dz = Ff(x)e](©)

Dilation: Because f is integrable, ) f and d; /) f are also integrable. By change of variable
y = Ax we have

Flo, (€ /f (Az)e—%" dz

— [ et Ly (i) = SanFle),

and

B = FIAIOE)
- [t = [ (§) @S = 3R

(Higher order) Derivative: We compute:

dg T S = [ e €
= —iF[zf(2)](£).

By partial integration we have:

€) :/f' r)e " dr

7f —zfm /f dx —zﬁx
i R~ fim P~ R+ iF1]€)

Since f is integrable, we have a sequence of positive real numbers { R }ren such
that limy_, o Rr = 00, limg_,o0 f(R) = 0 and limg_,o, f(—Ry) = 0. Note that
le"%%| = 1, we can deduce limp 4o f(R)e %% = 0. Therefore,

FLF1E) = i FLfIE)-
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For the higher order derivatives, we have

dk —z T . —i x
" dé_k/f €y — /f & 4y
= (—i)*Fla" f(2)](6).

For the last step we use partial integration k£ times in the following way:

400
(&) :/Rf(’“)(x)e_ifxdx: fED (z)ei6e +(i£)/Rf(k—1)e—ifx da

—00

=0, since f(¥—1) is integrable

“+oo
= Ve (i) [ f Ve d

—00

=0, since f(¥=2) is integrable

= ()" [ f(x)e™ dx = (i) FIF)(&).

Convolution: Because f and g are integrable, f * g is integrable. For ¢ € R:

Flf =gl(€) = /(f*g ’fxdiv—//fx— y)dy e %% dx
-~ /R/Rf z—y)e TV dz g(y)e v dy
= [ [ 1) az gly)e e dy = FIEOFIg)(E).



