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Part 1 [10 points]
For each of the following 5 statement you have to establish whether it is true or
false. Each correct answer is worth 2 points. An empty answer is worth 0 points.
A wrong answer detracts 2 points (that is, it is worth −2 points). If your total
score in this exercise is negative, you will be given 0 (so, it is impossible to get a
negative score on the whole exercise).

Insert your answers in the following grid. Write clearly T if the statement is true
and F if the statement is false. We will accept also R if the statement is richtig
(which is the German word for true).

Only the answers in the grid will be taken into consideration for grading.

Question 1 2 3 4 5
Answer

Consider the exponential Fourier series of a real-valued continuous 2π-periodic
function f : R→ R:

f(x) =
∑
n∈Z

cne
inx.

1. If c0 = 0, then ∫ π

−π
f(x) dx = 0.

2. If cn is purely imaginary for all n ∈ Z, then f is an even function.

3. If c−1 = c1 = 0 then
f
(
− π

2

)
= f

(
π

2

)

4. For any fixed complex number z0 ∈ C, there exists at least one continuous
function f : R→ R such that ∑

n∈N
cn = z0.

5. If cn = 0 for all n ∈ Z such that |n| > 100, then f is differentiable.
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Part 2 [10 points]
For each of the following 5 questions, you have to provide a numeric or symbolic
answer. An example of a numeric answer is −27

√
2; an example of a symbolic

answer is a3/b. Each correct answer is worth 2 points. An empty or wrong answer
is worth 0 points.

Insert your answers in the following grid. Write clearly so that there is no ambiguity.
Only the answers in the grid will be taken into consideration for grading. You do
not have to provide any justification for your answers.

Question 1 2 3 4 5
Answer

Let f : R→ R be an integrable function such that its Fourier transform equals

f̂(ξ) = e−(a+iξ)

a+ iξ

where a > 0 is a positive parameter, understood to be unspecified throughout the
exercise.

1. As a function of a > 0, what is the value of
∫+∞
−∞ f(x) dx?

2. As a function of a > 0, what is the value of
∫+∞
−∞ xf(x) dx?

3. As a function of a > 0, what is the Fourier transform of the function
x 7→ f(x+ 5)?

4. In the case when a = 1 what is the Fourier transform of the convolution f ∗ f?

5. In the case when a = −3 what is the value of F(f ′)(1)?
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Part 3 [20 points]
Let u : [0, 2]× [0,∞)→ R be the solution of the following PDE:

ut − 5uxx = 0 for x ∈ (0, 2), t > 0,
u(0, t) = 3 for t > 0,
u(2, t) = 7 for t > 0,
u(x, 0) = 2

(
x+ 3

2

)
− sin(πx)

2 − 4 sin(πx) cos(πx) for x ∈ (0, 2).

(i) Find a function v(x, t) = v(x) which depends only on the x variable that
solves 

vt − 5vxx = 0 for x ∈ (0, 2), t > 0,
v(0, t) = 3 for t > 0,
v(2, t) = 7 for t > 0.

(ii) Write down the PDE (and its initial and boundary conditions) solved by
w := v − u (where u is the original PDE and v is the function constructed in
the previous step).

(iii) Compute the Fourier series in sines only of the function sin(πx)
2 +4 sin(πx) cos(πx).

(iv) With the separation of variables method, find an explicit formula for the
function w and deduce from it an explicit expression for the function u.

4



Mathematik III
ETH Zürich, 17 November 2021

5



Mathematik III
ETH Zürich, 17 November 2021

6



Mathematik III
ETH Zürich, 17 November 2021

7



Mathematik III
ETH Zürich, 17 November 2021

Part 4 [20 points]
Let u : R× [0,∞)→ R be the solution of the following PDE:

utt(x, t) = uxx(x, t) for x ∈ R, t > 0,

u(x, 0) =


1

1+x for x ≥ 0
1

1−x otherwise
,

ut(x, 0) =

x2 for x ∈ [−1, 2]
0 otherwise

.

(i) Compute u(3, 2).

(ii) For any fixed x ∈ R, what is the value of limt→∞ u(x, t)?

(iii) Draw a qualitative graph for the function x 7→ u(x, 4).

(iv) Is the function u continuous?
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