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Part 1 [10 points]

For each of the following 5 statement you have to establish whether it is true or
false. Each correct answer is worth 2 points. An empty answer is worth 0 points.
A wrong answer detracts 2 points (that is, it is worth —2 points). If your total
score in this exercise is negative, you will be given 0 (so, it is impossible to get a
negative score on the whole exercise).

Insert your answers in the following grid. Write clearly T if the statement is true
and F if the statement is false. We will accept also R if the statement is richtig
(which is the German word for true).

Only the answers in the grid will be taken into consideration for grading.

Question| 1 |2 3145
Answer

Consider the exponential Fourier series of a real-valued continuous 27-periodic
function f: R — R:
f(x) = cpe™.

neL

1. If ¢y =0, then
/ f(z)dz =0.

2. If ¢, is purely imaginary for all n € Z, then f is an even function.

1(=3)=1(3)

4. For any fixed complex number zy € C, there exists at least one continuous
function f : R — R such that
Z Ch = 20-

neN

3. Ifc.y =¢; =0 then

5. If ¢, =0 for all n € Z such that |n| > 100, then f is differentiable.

Solution: We have the formula

Cp = L /7r f(z)e ™,

2 -



Mathematik 11
ETH Zirich, 17 November 2021

Since f is a real-values function, we have f(z) = f(z) for all z, thus we deduce

Z cne™ = f(x) = f(z) = Z Cpe T = Z €™ = ¢, =C_,

nez nez nez
1. The answer is true since cg is the average of f.

2. The answer is false. For example, if ¢; = i,¢c_; = —i and ¢, = 0 for all
n # +1 then all the coefficients are purely imaginary. But the function f is
—2sin(x) which is odd.

3. The answer is false. For example if c_3 =i,¢3 = —i and ¢, = 0 for all n # +3,
then f(x) = —2sin(3z) which does not satisfy f(—m/2) = f(7/2).

4. The answer is false. Indeed ¢, + c_,, = ¢, + ¢, € R and therefore >, ¢, € R
(so if zp = i there is no function f).

5. The answer is true. Indeed, the function f is a finite linear combination of
the functions e™® for n € {99, —98,—97,...,98,99}. Since each of such
function is smooth, the function f is smooth and in particular differentiable.
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Part 2 [10 points]

For each of the following 5 questions, you have to provide a numeric or symbolic
answer. An example of a numeric answer is —27+v/2; an example of a symbolic
answer is a®/b. Each correct answer is worth 2 points. An empty or wrong answer
is worth 0 points.

Insert your answers in the following grid. Write clearly so that there is no ambiguity.
Only the answers in the grid will be taken into consideration for grading. You do
not have to provide any justification for your answers.

Question| 1 2 3 4 5
Answer

Let f: R — R be an integrable function such that its Fourier transform equals

67(a+i£)

a+ i€

where a > 0 is a positive parameter, understood to be unspecified throughout the
exercise.

1. As a function of a > 0, what is the value of [*2° f(x) dx?
2. As a function of @ > 0, what is the value of [7°° x f(z) dx?

3. As a function of a > 0, what is the Fourier transform of the function
z+— f(x+5)?

4. In the case when a = 1 what is the Fourier transform of the convolution f x f7

5. In the case when a = —3 what is the value of F(f')(1)?

Solution: We will use the formulas stated in https://metaphor.ethz.ch/x/
2021/hs/401-0373-00L/additional/fourier_ formulas.pdf.

1. We have
e—a

| f@ydz = f(0) =

a .


https://metaphor.ethz.ch/x/2021/hs/401-0373-00L/additional/fourier_formulas.pdf
https://metaphor.ethz.ch/x/2021/hs/401-0373-00L/additional/fourier_formulas.pdf
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2. We have
d . —(ati€)(_; —(a+ig)
[t = Feno) = ()0 = o( S i
— e—a<a—1 +a—2>‘
3. We have ‘
st f _ e*(a7z4§)
F(fxz+5))(&) =™ f(§) = e
4. We have ot
~ e_ a1
FU =)= Pl
5. We have L
F(f) = (ef@)E=1) = 7.

)ie=0)



Mathematik 11
ETH Zirich, 17 November 2021

Part 3 [20 points]
Let u : [0,2] x [0,00) — R be the solution of the following PDE:

Up — DUyy = 0 for x € (0,2), t > 0,
u(0,t) =3 for t > 0,

u(2,t) =7 for t >0,

u(z,0) =2 (x + %) — ) gsin(ra) cos(mx)  for x € (0,2).

(i) Find a function v(x,t) = v(z) which depends only on the z variable that

solves
Vp — DUy = 0 for x € (0,2), t > 0,
v(0,t) =3 for t > 0,
v(2,t) =7 for t > 0.

(ii) Write down the PDE (and its initial and boundary conditions) solved by
w := v —u (where u is the original PDE and v is the function constructed in
the previous step).

iii) Compute the Fourier series in sines only of the function sin(re) 4 4 sin(7rz) cos(mx).
b 2

(iv) With the separation of variables method, find an explicit formula for the
function w and deduce from it an explicit expression for the function w.

Solution:
(i) The function v satisfies
—50" =0 in (0,2),
v(0) = 3,
v(2) =T,
hence the function v is affine and is precisely v(z) = 3 + 2z.

(ii) The function w satisfies

Wy — HWay = 0 for x € (0,2),t > 0,
w(0,t) =0 for t >0,
w(2,t) =0 for t >0,

w(z,0) =v(x) —u(x,0) = sm(27m:) + 4sin(mx) cos(mx) for x € (0,2).

(iii) By using the duplication formula for the sine sin(26) = 2sin(6) cos(f), we get

sin(7x)
2

1
+ 4sin(mzx) cos(mz) = 5 sin(mz) + 2sin(27x).
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(iv) Let us find solutions of the equation (up to the initial condition) which are
of the form w(x,t) = X (2)T'(t). The pde becomes

T/ X//
- =5
T X

and thus, since the two sides depend on different variables, both sides are
constant and equal to —5\2. Thanks to the boundary condition, we have

"=-XX in(0,2),

(0)

(2)

Thus A is % for a positive integer n and X (x) = sin(nmx/2) up to multi-

plicative constants. Then, we deduce that T'(t) = e~ "**/4, Hence, by the
superposition principle, we get the general formula for w:

X 0,
X 0.

w(z,t) = a,sin(nma/2)e” 51,

n>1

By using the Fourier decomposition of u(z,0) found in the previous step, we

get that ay = %, ay = 2, and a,, = 0 for all other values of n. Therefore we
have q

w(z,t) = 5 sin(rz)e "t 4 2sin(2rz)e 207t
and thus

1 ) )
u(z,t) =v(r) —w(x,t) =3+ 2z — 3 sin(rz)e ™ — 2sin(27z)e 2L
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Part 4 [20 points]

Let u: R x [0,00) — R be the solution of the following PDE:

U (T, 1) = Uge (2, 1) forx e R, t >0,
1
— f >0
U(ZB,O) — l—il-z or T _. ’
T otherwise

(2.0) z? for z € [-1,2]
ug(x,0) = )
! 0  otherwise

(i) Compute u(3,2).

(ii) For any fixed x € R, what is the value of lim;_,o u(z,t)?
(iii) Draw a qualitative graph for the function x — wu(z,4).
)

(iv) Is the function u continuous?

Solution:

(i) Thanks to the d’Alembert formula, we have

T+t

(1) = ;[u(:v _40)+u(z+1,0)] + ;/ (e, 0)de.

r—

In particular we get

Ll L P 0
u(3.2) = 5(5+5)+5 [ de=2.

(ii) Notice that © —t — —oo and © +t — 400 as t — co. Moreover, notice that
u(x,0) — 0 as © — 400 and as * — —oo. Therefore, by the d’Alembert
formula, we get

) 1. 1. 1. z+t
}i}&u(xa t) - §tli)T£lOU(ZL‘ -, 0) + 5 tllgg U,(J} +1, O) + 5}1}11;) - ut(ga O)dg
1 [+oo 12 3
:0+0+7/ ut(g,O)dfz—/ e2dc = 2.
2 —00 2 -1 2

(iii) For u(z,4) we have the formula (as a consequence of the d’Alembert formula)

1 1 1 1
u(z,4) = = + } + = 2de.
(z,4) 2[1+\x—4| 1+ |z + 4| 2 [174,“4}0[71,2}6 ¢
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The first term goes to 0 as |x| — oo and is convex in the intervals (—oo, —4),
(—4,4), (4,400). This is sufficient to draw a qualitative graph of the first
term. Now let us focus on the integral:

0 for x < —5,

(z+4)>+1 for -5 <z < -2,
for —2 < x <3,

—(z—4)? for 3 <z <6,

0 for 6 < x.

1

/ g2dg -
2 Jiz—4,2440[-1,2]

This is sufficient to draw a qualitative graph (in each interval the function is
simple).

Let us recall the d’Alembert formula:

T+

(i, t) = ;[u(:v 0y a0+ = [ e 0)de.

2 r—t

Since x +— u(z,0) is continuous, the first part is clearly continuous; hence u
is continuous if and only if

(2,1) H/::tut(g,omg:/ w (€, 0)de

[z—t,z+t]

is continuous. Take two space-time points (z,t) and (2/,¢'). Given two sets
E, F the symmetric difference is given by EAF := E\ F U F \ E. We have

Juz,t) —u(a, )] < | (€, 0)]dE.

[x—t,z+E] Az = '+t

Now, notice that |u;(§,0)| < 4 for all £ € R, thus we get

ju(e,t) = u(@', )] < 4|[w — t,z + AR 1,2 + ]

The continuity of u follows since when (2/,¢') — (z,t) the right-hand side
goes to 0.



