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(a) Use chain rule to prove

Oru(r.0) = (0yu) cosf + (Jyu) siné
Qpu(r,0) = —(0,u)rsinf + (Jyu)rcos .

Now we have the following relation for the partial derivatives d;u and d,u:
eu) _ cos sinf ru
dgu) — \—rsinf rcost) \dyu)’
(b) By inverting some matrix, prove the following expressions for d,u and d,u:

D = cos#(dpu) — le«iuti(i)gu).
>

1
Dyu = sin0(d,u) + — cos #(Dgu).
’ r

Use these formulas and chain rule to compute the direct expressions for 92 u

P 5 S
and 95, u in polar coordinates, i.e.

i);",u = Oy (0ru) = cos (D (Dpu)) — ésinl)(i),,(('),u)) = ..

(¢) Combine all the information above and prove the following expression for the

Laplacian operator in polar coordinates

g 1 1
Au(r,8) = B u+ -Ou+ —,}(.)f;gll.
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2.3. The heat equation on a thin disk Consider a thin (homogeneous) metal disk

of radius rg > (). whose temperature profile we shall describe in polar coordinates by

means of a function u(r,0.4), The initial temperature, at time fg, is a known function

g = up(r,#) and the body is completely insulated.

(a) Write down the full initial boundary value problem (IBVP) modelling the
situation described above.
Tip: what is the exterior unit normal to a disk?

(b) What is the solution of this problem in the special case when the initial tempe-
rature is constant (equal to Tj)?

(¢) Consider the problem in the special case when the initial temperature is a purely
radial function, i.e. ug(r.#) = vy(r). Make the ansatz that also the solution
u(r.0,t) does not depend on 6, i.e., u(r,8.t) = v(r.t). Write down the equations
satisfied by v. Prove that the quantity

/ 2 ro(r.t)dr
0

does not depend on t. What is the phisical meaning of such quantity? Can you
find the asymptotic state of this solution? The asymptotic state is the limi
function v (r) := limy_, v(r.t) and can be obtained by coupling the equatiofis
satisfied by v with the additional requirement dyv = (.
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2.3. The heat equation on a thin disk Consider a thin (homogeneous) metal disk I'l/ 5 \
of radius rq > 0, whose temperature profile we shall describe in polar coordinates by ) f |./L _ Vs 4 Vo ‘lztthﬂh/
means of a function u(r,#.t). The initial temperature, at time t;, is a known function
o = ug(r,#) and the body is completely insulated. -) > 2’ mwle #V?‘
(a) Write down the full initial boundary value problem (IBVP) modelling the a z V4 WI} 11_ LS
situation described above. l_é

Tip: what is the exterior unit normal to a disk?

(b) What is the solution of this problem in the special case when the initial tempe- u [ n 6 -) = Uo [n'-)
rature is constant (equal to Tp)? [V ! .
(¢) Consider the problem in the special case when the initial temperature is a purely /\)
radial function, i.e. ug(r,#) = vo(r). Make the ansatz that also the solution
u(r,6,t) does not depend on @, i.e., u(r,0,t) = v(r.t). Write down the equations
satisfied by v. Prove that the quantity
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l / lrv(r.l)?r -l
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oes not depend on t. What is the phisical meaning of such quantity? Can you NN

find the asymptotic state of this solution? The asymptotic state is the limit

function va(r) := limy_ v(r.t) and can be obtained by coupling the equations

satisfied by v with the additional requirement v = (.
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