D-CHEM Mathematik 111 ETH Ziirich
Prof. Dr. A. Carlotto Problem set 3 HS 2021

3.1. Heat equation. Solve the following IBVP:

U —Ugy = O xe(0,m), t>0,
w0,t) = 0 t>0,
u(m,t) = 0 t>0,
w(.0) = {1 if 2 <aw<Z,
’ 0 if:v<%or%7r<x.

3.2. Extreme points of piecewise C'. Given T > 0, let f : (-=T,T) — R be a
function such that there exists a partition {tp = -7 < t; < ... <t =T} and a
constant C' > 0 such that fi¢, 4,,,) is a C* function and |f(¢)] + |f'(¢)| < C for all
ty <t <tiyr,fore=0,1,...,k— 1.

Prove that, for any i = 0,1,...,k — 1, there exists fT(¢;) := lim, ,+ f(t) as well as

[ (t) = lim,_,- (1),

3.3. Fourier series for symmetric functions. Let f be a 27-periodic function.
Prove the following statements:

(a) If f is even, i.e. f(—t) = f(t) Vt, then the real Fourier series of f has the
following form

(oo}
ap
— + ag cos (kt) .
3+ 3w cos (K1)

(b) If f is odd, i.e. f(—t) = —f(t) Vt, then the real Fourier series of f has the
following form

e}
Z b sin (kt) .
k=1

3.4. Fourier series I. Compute the real Fourier series (sine/cosine form) of the
2-periodic function

flxy=1—22, —1<z<l1.

3.5. Convergent series. Compute the value of the following series
io: (_1)m+1
_1)3°
= (2m—1)

3

Hint: Compute the Fourier series of 27-periodic function f(z) = 2® — %z for

x € (—m,m).
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