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10.1. PDE under change of coordinates For each of the following 3 questions,
you have to provide a numeric or symbolic answer. An example of a numeric answer
is —27+/2; an example of a symbolic answer is a> /b or u; = uy,. Insert your answers
in the following grid. Write clearly so that there is no ambiguity. You do not have to
provide any justification for your answers.

Question 1 2
Answer | 25v,, = 16v¢e | Svee + 6vey + vy = 0 | dvge + 8?%577 + (

2 2
2 _%)”nn =0

NN
5

788y

Let u(x,t) be a function satisfying u,, = uy. For each of the following change
of coordinates, write the PDE satisfied by write the PDE satisfied by v(&,n) =

u(¢(z, 1), n(z,1)).
1. & =4x,n = 5t.
2. E=x+3t,n=1t.
3. £ =2x,n=uxt.

10.2. IVP under change of coordinates For each of the following 3 questions,
you have to provide a numeric or symbolic answer. An example of a numeric answer
is —27+/2; an example of a symbolic answer is a3 /b or u; = uy,. Insert your answers
in the following grid. Write clearly so that there is no ambiguity. You do not have to
provide any justification for your answers.

Question 1 2 3

250y, = 16vge 8vge + Bvgy + vygy = 0 dvge + Fvey + (4%22 — vy =0
Answer v(£,0) = f(§) v(£,0) = f(§) v(£,0) = f(§)

5uy(£,0) = g(€) Bug(€,0) +vy(£,0) = g(¢) Svn(£,0) = g(¢)

Consider the following IVP:

Upt = Ugpe for x € R and t > 0,
u(z,0) = f(x) for z € R,
ug(x,0) = g(x) forz e R, t > 0.

For each of the following change of coordinates, write the corresponding IVP for

v(&,m) = u(€(z,1),n(z,1)).
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1. £ =4x,n = 5t.
2. £E=x+3t,n=t.

3. £ =2x,n=uxt.

10.3. Vanishing mixed derivative

Let u : R? — R be a twice differentiable function such that Ugy = 0 vanishes identically.
Then show that there exists (twice differentiable) functions a,b: R — R such that

u(z,y) = a(z) + b(y), for all (z,y) € R>.
(This is the reason why it is convenient, e.g. in studying the 1D wave equation, to
introduce the canonical coordinates).
Solution:

For notational convenience, let (z¢,y0) = (0,0), the origin. The idea to solve this
exercise is essentially as follows: given any (z,y) we take the equation uz, = 0, first
integrate horizontally from zg to z, and then vertically from yg to y. More precisely,
for any t € R we have that

T

Uy(x,t) — uy(zo,t) = / Ugy(s,t)ds =0,

Zo

thus
uy(x,t) = uy(zo, ).

Hence, integrating both the left-hand side and the right-hand side of this equation for
yo <t <y we then get

u(z,y) — u(r,yo) = u(zo,y) — u(zo, Yo),

which we can rewrite as

u(z,y) = u(z,yo) + u(xo,y) — u(zo, yo).

If we simply let a(z) = u(z,yo) and b(y) = u(zo,y) — u(zo, yo) the conclusion follows.

10.4. Pressure Wave
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Consider the following equation:

Py — Ppz =0 <.T7t)€RXR+
2 <1
Py = {2 =
0, |z| > 1
1, lz] <1
0, |z| > 1

Pt (JJ, 0) = {

(a) For which points in the domain does P(x,t) automatically vanish? (Justify your
answer with a drawing, without computing.)

(b) By using the d’Alembert’s formula, compute P(0,t) for all ¢ > 0.

(c) (Asymptotic behaviour for arbitrary x as t — oo). Show that there is a constant
Py # 0 such that

tliglo P(x,t) = Py

for every x in R. That means that the “pressure” in the whole room is constant
and not equal to zero after the sound has subsided.

Solution:
(a)

lz 4+t <1 ¢

-1 1

P(xz,t) =0whenz+t < —-loraxz—1t>1.

(b) By d’Alembert’s formula, we have

Pty =3 (140 - s =0+ [ gs)as).
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where

Lo fsf <1

_ 1% sl <1 and g(s) =
-1 e

0, |s| > 1

By the graph in (a), we consider five cases:
Case 1.z +t< —-lorx—t>1.

We have f(z+1t) =0, f(x —t) =0, g(s) =0 for all s € (x —t,z+t). Therefore
P(z,t) =0.
Case 2. z+t>1land z —t < —1.
Similarly we have f(z +t) =0, f(z —t) = 0. We compute [**/ g(s)ds:
[ atsyds = [ gtopas =ity =
Hence

1 T+t
P(x,t) = B /77& g(s)ds = 1.

Case 3. |x +t| <1and |z —t| < —1.

We have f(z +t) =2 and f(z — t) = 2. Compute [**/ g(s)ds and we have

T

T+t
/ g(s)ds = s|=tt = 2t.
r—t

Hence
P(z,t) =2+t.

Case 4. |lx+t|<land x —t < —1.

We have f(z +t) =2 and f(z —t) = 0. We compute

T+t T+t
/ g(s)ds = / g(s)ds =s|"T'=x+t+1.
r—t -1

Hence 1
P(x,t) =1+ 5(1 +x+t).

Case 5. |x —t| <1land x +t > 1.
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We have f(z +t) =0 and f(z —t) = 2. We compute

x+t 1
/ g(s)ds = / g(s)ds=s|L ,=1—xz+t.
r—t r—t

Hence

1
P(z,t) = 1+§(1—x+t).

Now we conclude:

0, r+t<—-lorz—t>1
1, r+t>landzr—t<—1
P(z,t) =< 2+t, |+t <1and |z —t] < -1

1+3(14+z+t), |[z+t/|<landz—t< -1
1+3(1—z+41t), |[z—t|<landz+t> 1.

(c) We fix x € R. For large t we have z +¢t > 1 and z —t < —1, so we are in Case
3. from (b). This gives Ps, = 1 and we get

tligloP(:z:,t) =Py =1.

10.5. Initial value problem on the real line Consider the following PDE:

Upp — 2Uy = 24Uy forz e R, t >0,
u(z,0) =0 for z € R,
uy(x,0) = sin(x) for z e R.
(a) Let v : R x [0,00) — R be the function such that v(z,t) = u(x — t,t) (or

equivalently, consider the change of variables (2/,t') = (z — t,t)). Compute the
PDE satisfied by v.

(b) Using d’Alembert’s formula, obtain a formula for v and deduce a formula for w.
Solution: Standard computations yield
Oz u = O,
Oy = O + Iv,
Optt = Oppv,
Ottt = OptV + Oz,
Ot = Oyv + 20440 + Oy
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Therefore, we have
0 = up — 22Uty — 24Uy = OV + 20540 + Oz — 20540 — 20420 — 24V, = O — 2504y
sin(z) = dru(x,0) = 0w (x,0) + Ozv(z,0) = Opv(x, 0).

Thus the function v satisfies the wave equation (with propagation speed ¢ = 5)

Vg — 25Uz = 0 forz e R, t >0,

v(z,0) =0 for z € R,

ve(x,0) = sin(x) for z € R.
Applying d’Alembert formula we obtain

1 fotst cos(x — bt) — cos(x + 5t)

o(et) =3 [ sin(eyd = —

Finally, since u(x,t) = v(z +t,t), we get

cos(x — 4t) — cos(x + 6t)
10 )

u(z,t) =v(x +t,t) =
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