D-CHEM Mathematik 111 ETH Zirich
Prof. Dr. A. Carlotto Solutions of problem set 3 HS 2021

3.1. Heat equation. Solve the following IBVP:

U — Ugy = 0 € (0,m), t>0,
w(0,t) = 0 t>0,
u(m,t) = 0 t>0,
1 fr<gp<?ir
u(z,0) = 13_$_g’
0 ifzr<forsg<z.

Solution: Since we have null Dirichlet boundary conditions, following the discussion
given in class (Lecture 3) we use the following Ansatz

ZAne "’ gin (nz).

Since we only have sin functions as a basis, we compute the Fourier series of the odd
extension of u(x,0) with period 27

9 [ ' 2 2{ ) 2 nmw 2nm
A, = 7/0 u(x,0) sin(nz) de = = /ﬂ sin(nz) de = — [COS (=) —cos (7)}

T T Jz nmw 3 3
3

Notice that the sequence a,, := cos (§") — cos (22”) is periodic with period 6 and its
values are a1 = 1,a3 = 0,a3 = —2,a4 = 0,a5 = 1,a6 =0, ...

Thus, the solution of the original problem is given by

2 o
- Z tsin(nx) .
ﬂ- :

3.2. Extreme points of piecewise C'. Given T > 0, let f : (-=T,7) — R be a
function such that there exists a partition {t) = -7 < t; < ... <ty =T} and a
constant C' > 0 such that fi, 4,,,) is a C* function and |f(¢)] + |f'(t)| < C for all
t; <t <tiyq,fore=0,1,...,k— 1.

Prove that, for any i =0,1,...,k — 1, there exists fT(¢;) := lim, .+ f(t) as well as
() = limt_)t; f(@).

Solution: We prove the esistence of f*(¢;); the proof is analogous for f~(¢;). For
notational convenience, without loss of generality, we assume that ¢; = 0.

Consider the sequence f(1), f(3), f(3),f(§).--.. It is a bounded sequence of real
numbers (boundedness follows from the assumption |f| < C) and therefore, by
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compactness, there is a subsequence f (n%), f (n%), f (7%3), ... which converges to a
number z. We will prove that f(0) = x.

Take any € > 0 and choose k£ € N such that é < ¢ and \f(é) —z| < e (we can always
find it since n; — o0). By the triangle inequality and the fundamental theorem of
calculus we have

50—l < [F©—F ()| # () —a] < [} 17/ @l dire < Cle— e < (140)e.

"k

From the latter inequality, using the definition of limit, one deduce
lim f(e) ==
e—0t f( )

which is what we wanted to prove.

3.3. Fourier series for symmetric functions. Let f be a 2w-periodic function.
Prove the following statements:

(a) If f is even, i.e. f(—t) = f(t) V¢, then the Fourier series of f has the following
form

oo
ap
— + ar cos (kt) .
5 kglk (kt)

(b) If f is odd, i.e. f(—t) = —f(t) Vt, then the Fourier series of f has the following
form

Z by sin (kt) .
k=1

Solution:

(a) The coefficients by have the following form

b = 1 /7T f(s)sin(ks)ds, k > 1.

™ J—m
Since
/ f(s)sin(ks)ds = / ) sin(ks) ds+/ f(s)sin(ks)ds
(substitution s = —t) = / ) sin(—kt) dt+/ f(s)sin(ks)ds

(fiseven ) = / ) sin(kt)dt —|—/ f(s)sin(ks)ds = 0,

then by = 0 for any k > 1.
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(b) The coefficients a; have the following form
= jr/ﬂ f(s)cos(ks)ds, k> 0.
Since
/7r f(s)cos(ks)ds = /0 f(s) cos(l<:5)ds+/7r f(s)cos(ks)ds
(substitution s = —t) = / f(=t) cos(—kt)dt —I—/ f(s)cos(ks)ds

(f is odd ) :/ —f(t cosktdt+/ s) cos(ks)ds = 0,

then ay = 0 for any k& > 1.

3.4. Fourier series I. Compute the real Fourier series (sine/cosine form) of the
2-periodic function

flxy=1—-22, —1<z<l1.

Solution: The Fourier series of f is given by the formula

f(z) = a20 + Z an cos(nmzx) + by, sin(nmz)] .

n=1

Since f is even, by = 0 for any k > 1. We just need to compute a,, for n =0,1,2, ...
For ag, we have

1 371! 4
aoz/ (1—x2)d:v:2—lx] = .
. 3], 3

For a,,, we have

1
ap = / (1 — 2?) cos(nnz) dx
-1

1 1
/ cos(nmzx) d:c—/ 2% cos(nrx) dr

-1

—— } +/ sin( nﬂ'az)—xd:p
—1

1
sm 7’L7T$
nm

cos nw) } 49 / cos nmwr)
-1

a (mr)z [cos(n) + cos(—nm)] = —
R S
B (mr)z( D

(nﬂ')2 (="
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Therefore, the Fourier series of f is

2 4 | (=t
3 + ) Z [( n)2 cos(mr:z:)] .

n=1

3.5. Convergent series. Compute the value of the following series

=
2 (2m —1)3"

m=1

3

Hint: Compute the Fourier series of 2m-periodic function f(r) = 2® — 7%z for

x € (—m,m).

Solution: The function f(z) = 2® — 7%z = z(z — 7)(z + 7) for € (—7,7) is odd,
then a,, = 0 and

2 ™
b, = f/ (23 — nz) sin(nz) dr
T™Jo
42 / 3,2605007)
o mJo n

s 2 T
_7/ TI‘QCOS(nx) da
0

2
2.3 cos(nzx)

™ n

2
77T2xcos(na:)

no oy w n
6 [™ 5

= — [ z*cos(nx)dx
™ Jo
6 . e T .

_ 7$251n(nx) 6/ stm(m:) I
™m n |, mnlJo n
12 T 12 7

_ 233008 nz)|" 2/ cos(nx) s
™ n |, mwn?Jo n
12

=

Therefore, we have

> 12

fla)=>3_

n=1

ﬁ(—l)” sin(nz) .

We insert z = 7/2 in sin(n -) and compute

' 0 it n=2m
sin(nm/2) = { (_1)m+1 if n=2m—1.
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This gives
3t & 12
) P - § " (1 2m—1 -1 m+1

and we have

o0 (_1)m+1 _ 7T3
2 (2m—1)3 32"

m=1
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