D-CHEM Mathematik 111 ETH Zirich
Prof. Dr. A. Carlotto Solutions of problem set 4 HS 2021

4.1. Fourier series II. Let f: R — R be the 27-periodic even function such that
f(z)=¢€¢" for ze€(0,m).

Compute the complex Fourier series of f. Then, without any additional computation,
determine the real Fourier series of the same function by employing the appropriate
conversion formulae.

Solution: The complex Fourier series of f is an expression of the form

flz) = Z cpette

kEZ

The coefficients ¢ are given by
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The real Fourier series of f is an expression of the form

f(z) = Z ay, cos(kx) + by sin(kx) .
k>0

We have the following relations
ag = Ck + Cc—g,
bk = i(Ck - C_k) .
Since f is even, by = i(cp — c_) = 0. For the coefficients aj we have

(—1)Fe™ —1

ap = Ckp + C_g Ck (1412
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4.2. Convergent series. Let f. : R — R be the 2-periodic even function such that
fe(z) = (1 — x) for z € [0,1]. Let f, : R — R be the 2-periodic odd function such
that fo(z) = (1 — z) for z € [0,1].

(a) Compute the Fourier series of f.
(b) Compute the Fourier series of f,.

(c) Use the Fourier series of fe to compute

1 1 1 1 1
prEtEtEtET

(d) Use the Fourier series of f, to compute

11 1 1 1
tZ -t

1—- = S -
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Solution:

(a) The Fourier series of f, takes the form

o0

ag + Z ap cos(nmx).

n=1

Then

2 23

[at-mw=E-Sm=1
ag = r(l—z)dr=(+——= = -
°~ o 2 3/l=0"§

and for n > 1, we have
1 1 1
ap = 2/ (1 — z)cos(nrz) dx = 2/ x cos(nmx) dx — 2/ 2% cos(nrzx) du.
0 0 0

Since

1 ; B 1 g
/ xcos(nmzx) do = xisln(mrx) ‘r:(l) —/ sin(nrz) dx
0 nm = 0 nmw
=0
_ cos(nmx) |x:1 (=) -1

(mr) 2 lz=0 n2m2

2/8



D-CHEM Mathematik Il ETH Ziirich

Prof. Dr. A. Carlotto Solutions of problem set 4 HS 2021
and
/1 2 cos(nmz) du = QSln nmr) / - sin(nmz) i
0
_,_/
_ cos(nmx) / 2COS nmwr)
T ()2 n2m?
~ ;L" - fln(;?;f) = 2<—1>”,
n?m n3g3  12=0 n2m?
=0
we have a, = —2M Thus, the Fourier series of f. is
==—2 Z n2 5 Cos(mrx). (1)

(b) The Fourier series of f, takes the form

Z by, sin(nmx).
n=1

We can compute the coefficients b,, for n > 1 as follows:
1 1
= 2/ f(z)sin(nrzx) do = 2/ z(1 — x) sin(nmz) dz
0 0

1 1
= 2/ xsin(nmx) dr — 2/ 2% sin(nwzx) d.
0 0

Since
1
/ rsin(nrz)de = _JUCOS(WT«T 2/ cos(nmz)
0
_ _(—1)n N 2s1n(2n7;x _ (= 1)
nm N4 nm
=0
and
/1 72 sin(mr:c) dr — QCOS nwx / 9 cos nwm da
0
_ e msmw ool /1 ysin(nma)
nmw n2x2 lz=0 0 22
=0
—1)" r=1
:_( ) +2cos(3n7;:g)
nm nom 2=0
o T 2( ?a 3
nm nom
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we have 1)
1—(=1)"
br =4

The Fourier series of f, is

24 L _ng;?’ )" sin(nmx). (2)

(c) Since f. is continuous and piecewise differentiable, for every x € R, the series
(1) converges pointwisely to the function fe. Letting x = 0 in (1), we get

1 &1+ (-nr 1 &
0=--—25 """ -~ 4y
622 6 Ig(%)%ﬂ’

n2n?2
n=1
which implies

2 =1
e
k=1

(d) Since f, is continuous and piecewise differentiable, for every x € R, the series
1

(2) converges pointwisely to the function f,. Letting = 5 in (2), we obtain

1 X1 /o 8 n-1
1= 247?2375” sin (n2> = Z —n37r3(—1) 2
n=1 n odd

which implies

1,111 1
33 5 7393 113 327

1

4.3. Heat equations with Neumann boundary conditions.

(a) Use a separation of variables Ansatz (i.e., writing u as a sum of solutions of the
form X (z)T(t)) to solve the following PDE

Ut — gy =0 (x,t) € (0,m) x Ry
ug(m,t) =0 te Ry

u(z,0) =sin(z) = € (0,m).
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(b) The PDE (3) describes the heat propagation in an extremely thin channel.

Compute the following function
1 ™
U(t) = f/ u(z,t) de.
0

™

One can interpret U as the average temperature of this channel. What can you
deduce from U?

(c) Use a separation of variables Ansatz to solve the following PDE

Ut — dugy +u =0 (x,t) € (0,m) x Ry
ug(0,1) = 0 teR, "
’U/I<7T,t) =0 t€R+

u(z,0) =sin(z) z € (0,m).
Compute the average temperature

1 ™
— / u(z,t)de
0

™

and the deviation of the temperature distribution

u(z,t) — 711_/07r u(z,t) de.

Compare the behavior of the average temperature and of the deviation of the
temperature distribution for this problem and the previous one.

Solution:

(a) With a separation of variables Ansatz u(x,t) = X (z)T'(t), we have

X(x)T'(t) = 4X"(x)T(t), forO<zx<m, t >0,
X'(0)T(t) = 0, fort > 0,
X'(m)T(t) = 0, fort > 0.

From the first equation and the fact that 7'(t) is not identically zero, it follows

that
4X"(x) B T'(t)

X(z)  T(@)
for all x € (0,7) and all ¢ > 0. Since this holds only if this value is a constant
(which is denoted by \), we have the following conditions for X

X"(z) = 3X(z), for0<z<m,
X(0) = 0,
X'(m) = 0.

The solutions to such differential equations are of the form
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a) for A > 0: AezVM 4 BemaVAT,
b) for A = 0: A+ Bz,
c) for A < 0: Acos(3v—Az) + Bsin(3v—Az).
For the first case, the conditions
X'(0)=0= X'(m)

give A = B = 0. In the second case, we have B = 0 and A can be chosen
arbitrarily. In the third case, we have

1
§B\/—)\:O

and

—%A\/ —Asin <;\/—)\7T> + %B\/—)\ cos (;\/—)\77) =0.

These relations hold if 3v/= A is a zero of sin(-), i.e., 33/=Am = nrx for n € Z
(note that n and —n give the same function, so it suffices to consider n > 0
because n = 0 corresponds to the second case which is already considered above).
We have )\, = —4n? for any n > 0. The associated eigenfunction X, is (up to a
real multiplicative constant) X, (z) = cos(nz) and the associated function T,
satisfies the differential equation

T),(t) = —4n*T,(t),
which gives T}, (t) = ce 4"t for all t > 0.
Now we use the superposition principle. The function u(x,t) = > 72, Che 4t cos(na)

solves our initial value problem with the homogeneous Neumann boundary con-
ditions if and only if

> from (a) 2 = 4 1
Z Cpcos(nr) =" sin(z) = - Z g cos(2nz), x € [0,n].
n=0 n=1
Therefore, the solution has the form
2 &4 1
u(z,t) = — — P T 6_4”2tcos(2nx), x € [0, 7].
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(b) We compute

U(t) = / - — Z 4n2 e’ cos(2nz)dx

2 4 1 —47’L2t/
:f—§: 2nz) d
iy 21— an2® 0 cos(2nz) da

2 E% 4 1 _An%{SHKan)}W 2
N 2n 0

T w21 — 4n?
n=1 R
=0

We conclude that the mean temperature of the channel is constant with respect
to time t.

(c) With a separation of variables Ansatz u(x,t) = X (x)T(t), we have

X(x)T'(t) = 4X"(2)T(t) + X (2)T(t), forO0<z<m, t >0,
X'(0)T(t) = 0, fort > 0,
X'(m)T(t) = 0, fort > 0.

From the first equation and the fact that 7'(¢) is not identically zero, it follows
that
4X"(x)  T'(t)
X(z) — T(1)
for all z € (0,7) and all ¢ > 0. Since this holds only if this value is a constant
(which is denoted by A), we have the following conditions for X

+1:=A

X"(z) = 4X(z), for0<z<m,
X'(0) = 0,
X'(m) = 0.
By the same analysis performed above, the eigenvalues are given by \, = —4n?

for any n > 0. The associated eigenfunction X,, is (up to a real constant)
X, (z) = cos(nzx) and the associated function T, satisfies the differential equation

T, (t) = —(4n® + 1)To(t),
which gives T),(t) = ce~ WP+t for all £ > 0.

Now we use superposition principle. The function u(x,t) = >>° CreUn* Dt cos(nz)
solves our initial value problem with the homogeneous Neumann boundary con-
ditions if and only if

i C,, cos(nz) from (o) sin(x) 2 Jio i1 cos(2nzx), x €0,
n R N 7).
" T Al —dn? ’ ’
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Therefore, the solution has the form

2¢t

u(z,t) =

X401 2
- Z P 267(4?1 D cos(2nz), x € [0, 7).
—rl—dn

It is easy to see that the average temperature is not the same as the solution of
(3). Now the average temperature at time ¢t is

2¢t

s

U(t) =

Therefore, we can conclude that because of the presence of the additional term,
the average temperature is decreasing and the energy is not conserved.

Now we look at the deviation of the temperature distributions of (3) and (4)
and we get

deviation(y) = e*tdeviation(l).

Therefore, we can say the solution of (4) is closer to the average temperature
and thus exhibits less deviation from the average temperature.



