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9.1. Homogeneous wave equation on the real line. Let u : R× [0,∞)→ R be
a solution of the PDE

utt − uxx = 0 for x ∈ R, t > 0,
u(x, 0) = e−x

2 for x ∈ R,
ut(x, 0) = 0 for x ∈ R.

1. Find the PDE satisfied by the Fourier transform of u with respect to the x
variable.

2. Solve the ODE satisfied by t 7→ û(ξ, t) when ξ ∈ R is fixed.

3. By computing the inverse Fourier transform of û, find an explicit formula for u.

Solution: The Fourier transform of the solution u satisfies

ûtt(ξ, t) + ξ2û(ξ, t) = 0.

The Fourier transform of the initial condition is

û(ξ, 0) =
√
πe

−ξ2
4 and ût(ξ, 0) = 0 .

Then we have
ûtt(ξ, t) + ξ2û(ξ, t) = 0,

û(ξ, 0) =
√
πe

−ξ2
4 ,

ût(ξ, 0) = 0.

If we fix ξ, we have a second-order ODE in t, so the solution is given by

û(ξ, t) = A(ξ) cos(ξt) +B(ξ) sin(ξt).

For A(ξ) and B(ξ), by the initial condition we have

A(ξ) = û(ξ, 0) =
√
πe

−ξ2
4 and ξB(ξ) = ût(ξ, 0) = 0 .

The solution is then

û(ξ, t) =
√
π e−ξ

2/4 cos(ξt) .
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Now we compute the inverse Fourier transform and have

u(x, t) = 1
2π

∫
R

√
π e−ξ

2/4 cos(ξt)eixξ dξ

= 1
2π

∫
R

√
πe−ξ

2/4 e
iξt + e−iξt

2 eixξ dξ

= 1
2π

∫
R

√
πe−ξ

2/4 1
2e

i(x+t)ξ dξ + 1
2π

∫
R

√
πe−ξ

2/4 1
2e

i(x−t)ξ dξ

= 1
2F
−1
(√

πe−ξ
2/4
)

(x+ t) + 1
2F
−1
(√

πe−ξ
2/4
)

(x− t)

= 1
2
(
e−(x+t)2 + e−(x−t)2)

.

This solution is the same as the solution given by d’Alembert’s formula.

9.2. Inhomogeneous wave equation on the real line. Let u : R× [0,∞)→ R
be a solution of the PDE

utt − 4uxx = sin(4t) + x for x ∈ R, t > 0,
u(x, 0) = 2x2 for x ∈ R,
ut(x, 0) = 6 cos(x) for x ∈ R.

1. Find a particular solution v (which does not necessarily satisfy the initial
conditions) by employing the Ansatz v(x, t) = v1(x) + v2(t).

2. Write down the PDE satisfied by w := u− v.

3. Use d’Alembert’s formula to find an explicit formula for w and deduce an explicit
formula for u.

Solution: We first find a particular solution v of the PDE

vtt − 4vxx = sin(4t) + x.

Since on the right-hand-side space and time variables are separated, we are led to
make the Ansatz v(x, t) = v1(x) + v2(t). The PDE is then equivalent to the couple of
ODEs{

−4v′′1(x) = x for x ∈ R,
v′′2(t) = sin(4t) for t > 0,

whose solutions are readily found:

v1(x) = −x
3

24 and v2(t) = −sin(4t)
16 .
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We have then the particular solution

v(x, t) = −x
3

24 −
sin(4t)

16 .

Now, if u solves the original problem, w = u− v solves the homogeneous problem
wtt − 4wxx = 0 for x ∈ R, t > 0,
w(x, 0) = 2x2 + x3

24 for x ∈ R,
wt(x, 0) = 6 cos(x) + 1

4 for x ∈ R,

which we solve by directly using d’Alembert’s formula (where the speed of propagation
is c = 2):

w(x, t) = w(x− 2t, 0) + w(x+ 2t, 0)
2 + 1

4

∫ x+2t

x−2t

(
6 cos(u) + 1

4

)
du

= 1
2

(
2(x− 2t)2 + (x− 2t)3

24 + 2(x+ 2t)2 + (x+ 2t)3

24

)
+ 1

4

[
6 sin(u) + u

4

]x+2t

x−2t

= 1
2

(
4x2 + 16t2 + 1

24(2x3 + 24xt2)
)

+ 1
4

(
6(sin(x+ 2t)− sin(x− 2t)) + 1

4(x+ 2t− x+ 2t)
)

= 2x2 + 8t2 + x3

24 + xt2

2 + 3 cos(x) sin(2t) + t

4 ,

where we used the trigonometric identity sin(α+ β)− sin(α− β) = 2 cos(α) sin(β) in
the last equality. We conclude that u is

u(x, t) = v(x, t) + w(x, t) = 2x2 + 8t2 + xt2

2 + t

4 −
sin(4t)

16 + 3 cos(x) sin(2t).

Alternative solution (only accessible after Lecture 10): We use directly d’Alembert’s
formula for the inhomogeneous wave equation (based on Duhamel’s principle):

u(x, t) =2(x− 2t)2 + 2u(x+ 2t)2

2

+ 1
4

∫ 2+2t

x−2t
6 cos(u) du

+ 1
4

∫ t

0

∫ x+2(t−τ)

x−2(t−τ)
sin(4τ) + u dudτ.
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We then compute:

2(x− ct)2 + 2u(x+ ct)2

2 = 2x2 + 8t2,

1
4

∫ 2+2t

x−2t
6 cos(u) du = 3 cos(x) sin(2t),

and

1
4

∫ t

0

∫ x+2(t−τ)

x−2(t−τ)
sin(4τ) + u dudτ = 1

4

(
t+ 2t2x− 1

4 sin(4t)
)
.

We then conclude that the solution is, as before,

u(x, t) = v(x, t) + w(x, t) = 2x2 + 8t2 + xt2

2 + t

4 −
sin(4t)

16 + 3 cos(x) sin(2t).
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