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Exercise 1. Multiple Choice, 10(=242+2+2+2) points

MC 1. (2 points) Let (X, ||-]|x) and (Y,]|:]|y) be normed R-vector spaces. L(X,Y)
shall denote the space of bounded linear operators mapping from (X, ||-||x) to (Y, ||-|lv),
equipped with the operator norm ||-||.(x,y). Which one of the following statements
1) is true and 2) is such that it is not implied by another true statement out of
the four statements?

O (L(X,Y), ||llcx,y)) is complete if (X, ||-]|x) is complete.

Solution: Let X =R, let (Y, ||-||y) be non-complete (and such spaces exist, e.g.,
(Cey ||*]le))s let (yn)nen € Y be a Cauchy sequence which does not have a limit in
(Y, |Illy), and define, for n € N, the linear operator A,,: R — Y via A,(r) = ry,
(for all r € R). Clearly, (An)neny € L(R,Y) is a Cauchy sequence. But if it
had a limit A € L(R,Y’) (which would be the case if (L(R,Y), ||-||z®,y)) was
complete), then (y,)n,eny would converge to A (1) in Y as n — oo, contradicting
the choice of (¥, )nen as Cauchy sequence without limit.

B (L(X,Y),|I'llex,y)) is complete if (Y, [|-|ly) is complete.
Solution: See Theorem 2.2.4 in M. Struwe’s script or exercise 3.1(c).
O (L(X,Y), ||llcx,yy) is complete if both (X, [|-||x) and (Y, ||-|ly) are complete.

Solution: This statement is true, but it is implied by the second statement (and
it is indeed strictly less general than that statement because of the existence of
non-complete vector spaces).

O (L(X,Y), Ilzcx,yy) is always complete.

Solution: This statement is false since the first statement (which would be
implied by this one) is also false.
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MC 2. (2 points) Let (X, ||||x) and (Y, ||-]ly) be normed R-vector spaces and let
(Ar)keny € L(X,Y) and Ax: X — Y be linear operators (where, for k € N, A is
continuous w.r.t. the norm topologies on (X, ||-||x) and (Y, ||-|[y)) such that for every
x € X it holds that limsup,_,||Arz — Axz|ly = 0. Which one of the following
statements 1) is true and 2) is such that it is not implied by another true
statement out of the four statements?

B A, is continuous if (X, ||||x) is complete.

Solution: By the Banach—Steinhaus theorem, sup,,cy || 4n || L(x,y) < 00 because
SUP,en || Anz|ly < oo for every z € X (if (X, ||-|[x) is complete) and therefore,
A is bounded. See also Theorem 3.1.1 in M. Struwe’s script (or the application
’Anwendung 3.1.1° following it).

A is continuous if (Y, ||-|]y) is complete.

Solution: Let (X, ||||x) = (ce |||le=), (Y5 )]ly) = (co, ||-]|e=) and define, for
k € N, the operator A;: X — Y as

Agx = (21, 229,33, ..., kxy,0,0,...) for all x = (,)nen € Ce.

Clearly, for every k € N, A, € L(X,Y) (with ||Ax|/z(x,yy = k). Moreover, for
every x € ¢, (AgT)ren is eventually constant (if N € N is such that z, = 0 for
all n > N, then A,z = Ayz for all n > N) and therefore converging. The limit
operator A,.: X — Y is given by

Aot = (nZy)nen  for all x = (2,)nen € .

But A is clearly not bounded.
A is continuous if (X [|-||x) and (Y, [|-||y) are complete.

Solution: This statement is true. But it is implied by the first statement and it
is strictly less general than the first statement.

Ao is always continuous.

Solution: This statement is false as the second statement, which would be
implied by this one, is already false.
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MC 3. (2 points) Which one of the following statements is false?
O (L*([0,1],R))* is isometrically isomorphic to L?([0, 1], R).

Solution: For every p € [1,00), (LP(]0,1],R))* is isometrically isomorphic to
LP"([0,1],R), where p* € [1, 0] is such that ]% + z% = 1 (with the convention that
L =0). For p =2, it holds that p* = 2, so that (L*([0,1],R))* is isometrically
isomorphic to L*([0,1],R). Alternatively, since L?([0,1],R) is a real Hilbert
space, Riesz’s representation theorem for Hilbert spaces implies that L*([0, 1], R)
is isometrically isomorphic to its dual.

O (LY([0,1],R))* is isometrically isomorphic to L>([0, 1], R).
Solution: For every p € [1,00), (L*([0,1],R))* is isometrically isomorphic to
LP"([0,1],R), where p* € [1, 0] is such that % + ]% = 1 (with the convention that
L =0). For p =1, it holds that p* = oo, so that (L*([0, 1],IR))* is isometrically
isomorphic to L>([0, 1], R).

B (L>=([0,1],R))* is isometrically isomorphic to L'([0, 1], R).
Solution: If L([0, 1], R) was isomorphic to (L>°([0, 1], R))*, then the dual space
of L>=([0,1],R) would be separable (since L'(]0,1],R) is separable). This, in

turn, would imply that L°°(]0, 1], R) is separable. This is a contradiction (see,
e.g., exercise 2.7).

O (L*([0,1],R))* is isometrically isomorphic to L*/3([0, 1], R).
Solution: For every p € [1,00), (LP(]0,1],R))* is isometrically isomorphic to
LP"([0,1],R), where p* € [1, 0] is such that ]% + z% = 1 (with the convention that

L =0). For p =4, it holds that p* = £, so that (L*([0,1],R))* is isometrically
isomorphic to L*3([0, 1], R).
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MC 4. (2 points) Let (X, ||-||x) be a normed R-vector space and let A, B C X be
non-empty disjoint convex sets. In which of the following situations is it assured that
there exists ¢ € X* such that sup,c4 ¢(a) < infpep @(b)?

[0 A open, B closed.

Solution: Consider, for example, X =R, A = (—00,0) and B = [0, c0).
[0 A compact, B open.

Solution: Consider, for example, X =R, A =[—1,0] and B = (0, 00).
B A closed, B compact.

Solution: See Theorem 4.5.1 in the script.
[0 A closed, B closed.

Solution: See exercise 7.4 for a counterexample.
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MC 5. (2 points) Let ¢, :== {(zp)ney € R: AN € Ns.t. 2, = 0 for all n > N} denote
the space of real-valued sequences with at most finitely many non-zero elements and
let /2 := {(2)neny € R: 3% |2, |* < 00} denote the (R-Hilbert) space of real-valued
square integrable sequences, equipped with the scalar product (-, ). satisfying for all
T = () nem, ¥ = (Yn)nen € €2 that (z,y)e = 300 2,9, Let A: ¢, C %2 — % be given
by Ax = (nx,)nen for all x = (z,)nen € ¢.. Which one of the following statements is
true?

O A is closed.

Solution: A counterexample is given, for example, by the sequence (2(™),cny C

¢, defined via
1
n Dk <mn,
w,(g ) — {k2 ="

0 :k>n,

for all k,n € N. Since 2™ — (%)ren € €2 as n — oo and Az(™ — (1)yen € £
as n — 00, but (zz)ken ¢ cc, A is not closed.

[J A is injective and has closed range.

Solution: im(A) = ¢, is dense, but not closed.
[0 A is surjective.

Solution: im(A) = c,. # (2.
B A" is surjective.

Solution: Indeed, A* is given by Da = {x = (2n)nen € 2 (NZp)nen € (*}
and A*((zn)nen) = (n@p)nen for every (z,)nen € Da~. This operator is clearly
surjective.



Mock Exam Functional Analysis | — Solution ETH Ziirich
Fall Semester 2021/2022 February 2022

Exercise 2. 11(=142+43+42+3) points
Let ¢ be defined as
2= {(mn)neN CR: Z]a:n|2 < oo} ,
n=1

equipped as usual with the norm |||,z satisfying for every z = (z,)nen € ¢* that
2]l := (5%, |zn|?)Y/2. For s € (0,00), let W* be defined as

We = {(mn)neN € n¥lr, < oo} :

n=1
(a) (1 point) Prove for every s € (0,00) that W* is a dense subspace of (€2, ||| ).

Solution: Let ¢, := {(zy)neny € R: IN € N: z,, = 0 for all n > N}. Clearly, ¢, C W*
for every s € (0,00). Since c. lies dense in (€2, ||-||,2), W* is a dense subset of (£2,]|-]|¢).
Moreover, for all s € (0,00), £ = (Zp)nen; ¥ = (Yn)neny € W¥, a € R, it holds that

> on*lax, + yal? < 2la)? Y 0z P + 2 0|yl < oo,
n=1 n=1 n=1

ie., ar+ye W

(b) (2 points) Prove that (W?*, ||-||w+) is a Hilbert space where

o 1/2
|z ||ws = (Z n25|xn|2> for all x = (z,,)nen € W°.
n=1
Solution: From (a), we know that W?* is an R-vector space. Define (-, -)ps: W* x
W# — R via

(x,y)ws = Z n*2,y, for all 2 = (2,)nen, ¥ = (Yn)nen € W*.

n=1

Clearly, for all (z,)nen, (Yn)nen € W2, it holds by Hélder’s inequality (or Cauchy—
Schwarz) that

Zn%unuyas(zn%\xn\?) (zn%ﬁ) < oo,
n=1 n=1 n=1

so that (-, )ws: W* x W* — R is well-defined. Clearly, (-,-)ws: W* x W*® — R is
bilinear, (z,z)ys > 0 for every x € W* and ||z|ws = \/(z,z)ws for every z € W*.
Finally, if (z,z)ws = 0 for = (2,)neny € W, then n*|z,*> = 0 for all n € N, i.e.,
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x, = 0 for all n € N. Thus, (-, )ws: W* x W* — R is a scalar product on W*. Tt
remains to show that (W?, ||-|[ws) is complete. For this, let (z(™),eny € W* (where
™ = (x,(c"))keN for every n € N) be Cauchy w.r.t. ||-|[ws. This means nothing else
but that (y™),en C ¢2, given by y,ﬁ”) = k:sx,(:) for all k,n € N, is a Cauchy sequence
in (22, ]|2). As (€2 |-||e2) is complete, there exists y© = (y°)pen € £2 so that
lim sup,,_,.[|y™ — y©||;2 = 0. Clearly, the sequence z(>) = (.:E,(coo))keN C R, defined
by :U,(COO) = k_sy,(fo) for every k € N, belongs to /2 (since s > 0 and 5> € ¢?) and to
W* (since y>) € (%) and

lim sup ||z™ — 2 ||ys = limsup [|y™ — ¢ = 0.
n—o0 n—oo

This shows that (W?, ||-||ws) is complete. Since ||-||w= is induced by the scalar product
(-, Yws, it is even a Hilbert space.

Alternatively, consider the bounded linear operator A: 2 — (2, defined by Ax =
(n™%Tp ) nen for £ = (2,)nen € 2. Then, clearly, A is a bijection onto its image and
W =im(A). Moreover, equipping W* = im(A) with the norm |||+ turns A into an
isometry between (€2, ||-||2) and (W, ||-|lws). Hence, (W, ||-|lw+) is a Hilbert space
and the scalar product is given by

e}

(z,y)ws = (A e, A ) e = Z N2y, for all 2 = (2,)nen, ¥ = (Yn)nen € W*.

n=1

(c) (3 points) Prove for every s € (0,00) that the embedding ¢: (W* ||-[|ws) —
(0% |l¢2), defined by ¢(z) = z for every z € W*, is a compact operator.

Solution: Way 1) Let (z(™),cy € W* be a sequence with [|z(™ ||y < 1 for all n € N,
ie.,
Z]k!28|x,§")|2 <1 forallmeN. (1)
k=1
On one hand, this implies that supneN|x,(€n)\ < & < 1forall k € N. Passing to a
subsequence (by subsequently choosing subsequences and then using the usual diagonal
trick), if necessary, we may assume that there exists 2> = (x,goo)) ren € R such that

limsup |z — 2| =0 for all k € N.

n—oo

Combining this with (1), we obtain in addition that

o0 N N
> K[> = sup (Z kzs\x;(gmw) < sup sup (Z kzs\x;(g")F)

NeN neN

k=1 NeN \k=1 k=1 2)
< sup <Z kQS\xﬁf‘)I?) <1
neN \p—1



Mock Exam Functional Analysis | — Solution ETH Ziirich
Fall Semester 2021/2022 February 2022

Moreover, (1) implies in particular for all n, N € N that

N2 lein)|2 < Z k2s|.7}](€n)|2 <1

k=N
(and (2) implies that ZZOZNM,(;O)P < ). This implies for all N € N
that
00 N
lim sup <Z\x§€n) — x,ﬁoo)\2> < hmsup (Z 2 > +limsup | 3 [a” — 22
n—00 E—1 k=1 n—oo k>N

=0

: 4
< 2limsup (ané )+211msup (Z|$k ) < s

=0 \gsN =0 \k>N

which, in turn, proves that limsup,, ,._ [z — (|2 = 0. Thus, we demonstrated
that ¢ is a compact operator by showing that bounded sets in (W?, ||-|lw-) are relatively
compact when considered as subsets of (€2, ||-|2).

Way 2) Define, for every n € N, the operator I,: (W, ||-[lws) — (€2, [|||le2) b
I(z) = (x1,29,...,2,,0,0,...) forevery x = (xx)ken € (W?, ||||ws).

It clearly holds for every n € N that I,, € L((W*, |||lws), (%, ||-]l¢z)). Moreover, since
I,, has finite-dimensional range for every n € N, the operators I, are all compact
operators. In addition, it holds for every x = (zy)reny € W* that

o0

oo
1
1w —walfe = 30 Jal® < o 30 Kol < Cllale
=n-+ =n-+

This implies that
lim sup {2 = ell e, fwo) 2120 = O-

Since the space of compact operators K ((W#, ||-|lws), (€2, ||-|le2)) is a closed subspace
of LI(W*,||-llws), (¢, ]]|lez)) (equipped with the operator norm), the limit ¢ is also
compact.

Way 3) Let (2(™),,en € W* be a weakly converging sequence in (W*, ||-|ws) with weak

limit (> € W#. This implies, in particular, for every k € N that

lim sup |k25$,(€n) - k%m,(fo)| = 0.
n—o0
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Moreover, since (™), cy is weakly converging, it holds (by the Banach-Steinhaus
theorem) that
C :=sup <Z k23]x,(€")|2> < 00.
neN k=1

The convergence of (2\")nen to 2 in R as n — oo (for every k € N) also implies

that 377, 1625|x,(f°)|2 < C < o0o. The rest of the argument can now be carried out
similar to Way 1), that is, noting that for all N € N it holds that

C

sup<2|xn)|> N5 and Z|azk —ﬁ

neN k=N

we estimate for all N € N that

lim sup (Z\xé’“ - °°>|2> < lim sup (Zm - x§:°>|2> + lim sup (Z ) — x§:°>|2)
n—00

n=oo \g=1 k=1 N \ k>N

=0

: n . ~ 4C
< 2lim sup (Z\x,(g)ﬁ) + 2lim sup (2:]31:,(C )\2) < N2

which implies that limsup,, .||z — 2(>)||,» = 0.

(d) (2 points) Prove for every F € (W?, |-|lws)* that there exists a sequence

(fu)nen € R with >0, |£’;S < oo such that F(z) =322, fox, for all 2 = (2,)nen €
Wwe.

Solution: Let F' € (W?, ||-|lws)* be arbitrary. Since (W*, ||-||ws) is a real Hilbert
space according to (b), it holds by Riesz’s representation theorem for Hilbert spaces
that there exists ¢ = (¢n)neny € W? such that

F( ) <907 Z n Spnxn for every r = (xn)neN e w”.

n=1
Defining f,, := n%¢,, for every n € N, we obtain that
F(z) = Z foxn for every x = (2,)neny € W?
n=1

and

[l SN ae 2 g2
Z =2 n"lenl” = llellys < oo.

2s
- n n=1
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(e) (3 points) Prove for all s; > sy > 0 that W* C W*2 and that W*' is meager in
(W22, - [lwsz)-

Solution: Let s, s € (0,00) with s; > sy. For all z = (x,,)neny € W* it holds that

oo 0 oo
259 2 2(s2—s1),,281 2 251 2 2

S = 30 2 g, 2 < 3 0 a2 = ol < o0

— n n n s1

n=1 2 n=1

(since s2 < s1). Hence, W* C W** (and the embedding is continuous).

Setting o := %, we observe that the sequence z = (z,,)neny C R, given by 2, = n™
for every n € N, satisfies that
o 2€ W5 as
o0 o [o¢] o o
Z|zn|2 S Z n282|2n|2 — Z ang—Zoc — Z n282—51—82—1 _ Z nsg—sl—l < 00
n=1 n=1 n=1 n=1 n=1
(since s3 > 0 and sy —s; — 1 < —1) and
e 2¢ W5 as
oo o o) oo
Z n251‘zn|2 — Z n23172a — Z n25175175271 — Z nslfsgfl = 00
n=1 n=1 n=1 n=1

(since 51 — s — 1 > —1),
so that z € W*2\ W1,

Finally, to prove that W is a meagre subset of (W*2_ ||-||y=2), consider the sets A,,
n € N, given by

k=1
Clearly, U,eny An = WS N W52 = W= Moreover, it holds for every n € N that A,
is closed. Indeed, if n € N and (z),eny C A, converges to (%) in (W92, ||-||yys2) as
k — oo, then, clearly, xl(k) — xl(
N e N:

) for every | € N as k — oo and therefore, for every

N N
> ™ = lim (Z 21 rx§’“)|2> < limsup [|2V|[fy., < n?,
Pt k—o0 =1 k—o00

which implies () € A,,. It remains to show for every n € N that the interior of A, is
empty. For this, let n € N and y € A,, be arbitrary and let z € W#2 \ W*'. Then it
holds for every k € N that y 4+ 1o € W\ W* C W*\ A,. Moreover, it holds that
y+ 1o —yin (W2, ||-[lws) as k — oco.

10
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Exercise 3. 11(=2+43+42+4) points

Let m € N, let p € (1,00), let ) # © C R™ be a bounded open set, let k €
L7 (Q x Q,R), and let K: LP(Q,R) — L7 1(Q,R) be defined by

(Kf)(z) = /Qk(w,y)f(y) dy for a.e. x € Q) for all f e LP(Q,R).

(a) (2 points) Prove that K is a well-defined bounded linear operator with operator
norin ||K||L(LP(Q,R),LP/(P—U(Q,R)) < ||k||LP/(P—1>(Q><QJR)'

Solution: We only argue for well-definedness and boundedness as linearity is clear.

By Holder’s inequality, it holds for every f € LP(Q2,R) that
JRTALC YO d:c<//|k (2, )I77 dy 111l
”kHUﬂpl)QXQRﬂU“LPQR)

The Fubini-Tonelli theorem hence implies that K f € LP/P=Y(Q R) for every f €
LP(2,R). Moreover, the above computation demonstrates that || K ||, 1o(q R, Le/e-1 ,r))

1kl Loro-1 (axR)-
(b) (3 points) Prove that K is compact.

Solution: Since LP(Q, R) is reflexive (as p € (1,00)), for proving compactness of K it
is sufficient to prove that K maps weakly converging sequences to strongly converging
sequences as every bounded sequence in LP(€);R) possesses a weakly converging
subsequence.

Now, let (fn)nen € LP(Q,R) and fo, € LP(,R) be such that f, ~ f. in LP(,R)
as n — oo. We are going to prove that K f, — K fs strongly in LP/®=D(Q R) as
n — oo. Note that, since for a.e. x € Q, k(z,-) € LP/®~D(Q,R), and since f,, = fo
in LP(Q,R) as n — oo, it holds for a.e. x € Q that

tim sup| (K f,)(z) — (K foc) (2)
—timsup| [ K(e,y)fu(y)dy — [ b y) fouly) dy] = 0.

Moreover, since (f,)neny C LP(€,R) is bounded (by the uniform boundedness principle)
and since || fool|zr(r) < SUPLenl follLr@r) (by the fact that f., € conv(f,: n € N) or
Mazur’s lemma or the weak lower semicontinuity of the norm), we obtain for almost
every x € () that

sup [(K fn)(#) — (K foo) ()] = sup

neN neN

(3)

| k) () = Fol)) ]
pei (4)
<2 [/Ug z,y)|71 ldy] ’ itellN)||fn||Lp<Q,R>a

11

IN
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where the function (in x) on the right hand side (more precisely, the equivalence
class of functions) belongs to LP/®~D(Q, R). By (3) and (4), Lebesgue’s dominated
convergence theorem implies that

hm_}sup | K fr — K fooll Lo/o-1 . r)

= lim sup l /
n—00 Q

i.e., K is compact.

[ k@) (Faly) = F ) dy

(c) (2 points) Determine the dual operator K*.
Solution: For every ¢ € (1,00), let J,: LY@=D(Q R) — (L(£2, R))* be given by

(J,9)(f) = /ng dr for all f € LY, R), g € LY@V (Q,R).

Riesz’s representation theorem ensures for every ¢ € (1,00) that J, is an isometric
isomorphism. Thus, we obtain — using Fubini’s theorem — for all f,g € L?(2,R) and
¢ = Jpyp-1yg € (LP/P7D(Q,R))* that

(K1) = Uoyon9) (K f) = [ g(a)(Kf)(a)da

= [ o / v)F(y) dy de
—// (y,2)g(y) dy f(x) dw
:/QKg x)

where K: LP(Q,R) — LP/*=D(Q,R) shall be defined as
(Kh)(x) = / k(y,z)h(y)dy for a.e. x € Q for all h € LP(Q,R).
Q

(Well-definedness, boundedness and linearity of K are clear by (a).) Continuing
the previous calculation, we obtain for all f,g € LP(Q,R) and ¢ = J,/p-1)9 €
(LP/P=1(Q R))* that

(K)(f) = 9(K[f) = (JpKg)(f) = (oK T, 1y9) (),

which implies that K* = J, K Jp J(p—1)- Or, sloppily speaking, identifying (LP(Q2,R))*

with L2/~ (Q, R) and (LP/P~1)(Q, R)) with LP(Q, R) (via J, and Jp,(,—1), respectively)
K* can be considered as a linear operator from LP(€, R) to Lp/ (P=1(Q, R) and, as such,
coincides with K defined above since [,,(K f)(x)g(z) dz = [, f(z)(Kg)(z) dz for all
f,g € LP(Q), R).

12
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(d) (4 points) Assume in addition that 1 < p < 2 and show that, for g €
LP/P=D(Q R), there exists f € LP(2,R) such that

f(x) — (Kf)(x) =g(x) fora.e ze€

if and only if [, gpdx = 0 for all ¢ € LP(§2, R) satisfying

o(z) = /Qk(y,x)go(y) dy for a.e. xz € Q.

Solution: First, note that if g € LP®~D(Q,R) satisfies g(z) = f(z) — (Kf)(z)
for a.e. x € Q for some f € LP(Q,R), then — since Kf € LP/®*"D(QR) — f
has also to belong to L/ (p_l)(Q,R). That is, it is enough to consider the restric-

tion of K to LP/P~YD(Q R). Since p € (1,2], we obtain that p%l > 2 > pso

that, as Q is bounded, L/?*~Y(Q),R) embeds continuously into LP(Q,R). Letting
v LY/ (Q R) — LP(Q,R) denote the canonical embedding, we obtain from the
above considerations that g € LP/P=1)(Q R) satisfies that g(x) = f(x) — (K f)(x) for
a.e. x € ) for some f € LP(Q,R) if and only if f € LP/®P~D(Q,R) and g = f — Kvf (as
equality in LP/(P=1D(Q, R)). Since K is compact and ¢ is bounded, K is a compact opera-
tor from LP/®P~Y(Q, R) to itself. Since K¢ is compact, we know that dpp/e-1r —Kt

(where idp/e-1)(or) shall denote here the identity operator on LP/e=D(Q, R)) has
closed range. Banach’s closed range theorem (cf. Theorem 6.2.1 in M. Struwe’s script)
hence ensures that

(lde/(p 1(Q,R) —KL) J'kel‘((lde/(p (Q,R) —KL) )

Using the same notation as in (c), we know already that K* = J, K Jp (p—1)" For 1*, we
obtain for all f,g € LP/*=D(Q,R) and ¢ := J,g € (LP(2,R))* that

(o) (f) = (f) = (Jpg)(vf) Z/Qg(l‘)(bf)(ﬂf) dx

= [ 9@ f@)de = [ (19)@)f(2)do
= (Jp/(p—l)bg)(f) = (Jpjo-nytdy @) (f),

which leads to v* = Jp,p—1)t J . This implies that

(idpe/o-v(or) — K1) = (idpp/e-n@r)" — " K"
= id(Lp/(zofl)(Q,R))* _Jp/(p 1) LKJ_l -1)
= Jypy -1 (idrrzr) —tK) 1.
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Hence, ¢ € ker((idp/o-1qr) —K¢)*) if and only if ¢ = J, /1) for some ¢ € LP(Q, R)
and ¢ € ker(id Lr(Rr) —LIK ). Above closed range theorem related considerations now im-
ply that g € im(id /-1 qr) —K¢) if and only if it holds for all ¢ € ker(idzrqr) —tK)
(which means nothing else than ¢ € LP(Q) and ¢(z) = [, k(y, x)p(y) dy for a.e. x € Q)
that 0 = (Jp/p-19)(9) = Jo gy du.
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Exercise 4. 10(=2+4+4) points

Let m € N, let p € (1,00), let s € (0,00), let ) # Q C R™ be a bounded open set, let
g € L¥1(R™ R), let h € LP(Q,R), and let V: L?(Q,R) — R and E: LP(Q,R) — R
be defined by

// r—y)f(y)f(x)dydzr forall f € LP(Q,R)

and

E(f)=V(f)+If —hllisqr forall feLP(QR).
(a) (2 points) Prove that V is well-defined.
Solution: For all f € LP(£2,R), it holds by Hélder’s inequality that

[ 1o~ s dydr = [ [ ot - Do)
< [ [t = &7 1 flanlf@)] do

< Ngllession @yl v [ 1F@)lda

p-1
< HgHLP/(P—l)(Rm,R)||f||%P(Q,[R<)|Q| Po< 00,
where || shall denote the Lebesgue measure of ). Thus, V' is well-defined.
(b) (4 points) Prove that V' is weakly sequentially continuous.

Solution: Let (f,)nen € LP(2,R) be a weakly converging sequence with weak limit
foo € LP(2,R). We have to show that limsup,,_, |V (fn) — V(fx)| = 0.

Due to g € LP%(R’”,R) and the Hoélder inequality, it holds for every ¢ € LP(Q2,R)
and every = € () that

ot =)o)l dy < lgll0-0em )9l < oo.
Hence, the mapping K: LP(Q),R) — L*®(Q, R), given by
(Ko)(x) = /Qg(:v —y)p(y)dy for a.e. x € Q and all ¢ € LP(Q2, R),
is well-defined, linear and bounded. Since 2 is bounded, it holds for every ¢ € LP(Q2, R)

that Ko € LP/?*~D(Q,R). Moreover, since f, — fo in LP(,R) as n — oo and
g € LP/P=D(Q R), we obtain for almost every x € € that

lim sup | (K £,)(x) — (K foo) (2 r:hmsup\ | 9o =) (falw) = fulw)) dy| = 0. (5)

n—00 n—oo
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Furthermore, by the Banach—Steinhaus theorem and since f., € conv({f,: n € N}),
we have || foo||Lr(@r) < SUPpenl| fallLr@r) < 00 . Therefore, we obtain for almost every
x € () that

sup (K ) () = (K ) (2)] < sup | [ gl =) (fuly) = frclu)) dy
neN

(6)

< QHgHLP/(P*U(Rm,R) SUII\]) ”anLP(Q,]R)-
ne

Since Q is bounded, (equivalence classes of) constant functions belong to LP/®~1(Q, R).
Properties (5) and (6) allow to apply Lebesgue’s dominated convergence theorem to
infer that

hgl_}sogp 1K fn — KfOOHLP/(P—l)(Q,]R) = 0. (7)

Finally, we conclude by

timsup |V (£,) = V(foo)| = limsup | [ (K f,)(@)ful) da — [ (K foc) (@) () do

n—00 n—00

< timsup | [ (K £) () = (K £u)(2) o) ]

n—00
+ limsup‘/ Kfo)(x (7) = foo(z)) dz

n—00

=0 since K foo€LP/(P=1) and fnéfoo in LP as n—oo

<limsup |Kf, — K fooll oro-n@ry SUp || fillzror) = 0.

n—00 keN

—_—
=0 by (7) <oo by unif. bdd. princ.

(c) (4 points) Prove that E|{fcrr(or): £>0 ac} attains a global minimum under the
additional assumption that g > 0 almost everywhere.

Solution: Since g > 0 a.e., it holds for every f € LP(Q,R) with f > 0 a.e. that
V(f) > 0, and, consequentially, F(f) > 0. Hence (keeping in mind that {f €
LP(Q,R): f > 0 ae.} # 0 as, eg., 0 is contained), there exist (f,)nen € LP(Q2,R)
satisfying f,, > 0 a.e. for all n € N such that

limsup E(f,) = inf E(p) € ]0,00).

n—00 peLP(QR),p>0 a.e.
Moreover, since it holds for every ¢ € LP(Q,R) with ¢ > 0 a.e. that
E() = [le = Miror = Imax{[le]le@r) — Ihllr@m), 03,

we have that E(p) = 00 as [|¢||zror) — 00 and, therefore, sup, oyl fullLror) < 00
Since p € (1,00), LP(£2,R) is reflexive and we may — passing to a subsequence if
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necessary — assume that (f,,)n,en converges weakly in LP(€2, R) to some (weak) limit
foo- Since the set {¢ € LP(Q,R): ¢ > 0 a.e.} is (norm-)closed and convex, f., also
belongs to it (otherwise, the Hahn-Banach theorem could be used to construct a linear
functional separating f., from the closed convex hull of {f,: n € N}, contradicting
weak convergence). Finally, since V' is weakly sequentially continuous by (b) and the
norm is weakly sequentially lower semicontinuous, we conclude that

inf E(p) < E(fx)

s@ELP(Q,l]R),LpZO a.e.
= V(fOO) + Hfoo - hHsLP(Q,R)
———

=limn 00 V(fn) by (b)  <liminf, ool Fn=hll5p0p)
< liminf (V(fa) + lfo = hllirem)
= liminf E(f,) = inf E(p),

n—00 PELP(QR),p>0 a.e.

which shows that f, is a minimizer of E|{,crr@r): >0 ae}-
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