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10.1. Various notions of continuity

Suppose (X, ‖·‖X) and (Y, ‖·‖Y ) are normed K-vector spaces (with K ∈ {R,C}).

(a) A linear map A : X → Y is bounded if and only if it is σ(X,X∗)-σ(Y, Y ∗)-
continuous (i.e., continuous with respect to the weak topologies on X and Y).

(b) A linear map B : Y ∗ → X∗ is σ(Y ∗, Y )-σ(X∗, X)-continuous (i.e., continuous
with respect to the weak∗ topologies on Y ∗ and X∗) if and only if there is a bounded
linear operator A : X → Y such that B = A∗.

(c) A linear operator A : X → Y is σ(X,X∗)-‖·‖Y -continuous (i.e., weak–norm
continuous) if and only if it is bounded and has finite rank (i.e., has finite-dimensional
range).

10.2. Elementary properties of dual operators

Let (X, ‖·‖X), (Y, ‖·‖Y ) and (Z, ‖·‖Z) be normed K-vector spaces (with K ∈ {R,C}).
Recall that if T ∈ L(X, Y ), then its dual operator T ∗ is in L(Y ∗, X∗) and it is
characterised by the property

〈T ∗y∗, x〉X∗×X = 〈y∗, Tx〉Y ∗×Y for every x ∈ X and y∗ ∈ Y ∗.

Prove the following facts about dual operators.

(a) (IdX)∗ = IdX∗ .

(b) If T ∈ L(X, Y ) and S ∈ L(Y, Z), then (S ◦ T )∗ = T ∗ ◦ S∗.

(c) If T ∈ L(X, Y ) is bijective with inverse T−1 ∈ L(Y,X), then (T ∗)−1 = (T−1)∗.

(d) Let IX : X ↪→ X∗∗ and IY : Y ↪→ Y ∗∗ be the canonical inclusions. Then,

∀T ∈ L(X, Y ) : IY ◦ T = (T ∗)∗ ◦ IX .

10.3. Dual operators and invertibility

Let (X, ‖·‖X) and (Y, ‖·‖Y ) be normed K-vector spaces (with K ∈ {R,C}) and
T ∈ L(X, Y ). Prove the following.

(a) If T is an isomorphism with T−1 ∈ L(Y,X), then T ∗ is an isomorphism.

(b) If T is an isometric isomorphism, then T ∗ is an isometric isomorphism.

(c) If X and Y are both reflexive, then the reverse implications of (a) and (b) hold.
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(d) If (X, ‖·‖X) is a reflexive Banach space isomorphic to the normed space (Y, ‖·‖Y ),
then Y is reflexive.

10.4. Invariant measures again

Let (K, d) be a non-empty compact metric space and let T ∈ L(C(K,R), C(K,R))
satisfy

• T1 = 1, where 1 := (K 3 x 7→ 1 ∈ R) ∈ C(K,R) and

• Tf ≥ 0 for all f ∈ C(K,R) with f ≥ 0.

(a) Prove for all n ∈ N that the mapping Sn : P(K)→ P(K), defined via
∫

K
f d(Snν) = 1

n

n−1∑
k=0

∫
K
T kf dν for all f ∈ C(K,R), ν ∈ P(K),

is indeed well-defined.

(b) Show for all ν ∈ P(K) that there exist (nk)k∈N ⊆ N with nk ↗ ∞ as k → ∞
and µ ∈ P(K) such that∫

K
f dµ = lim

k→∞

∫
K
f d(Snk

ν) for all f ∈ C(K,R).

(c) Let ν, µ ∈ P(K) and (nk)k∈N ⊆ N satisfy nk ↗∞ and
∫

K f d(Snk
ν)→

∫
K f dµ∞

as k →∞. Infer that∫
K
Tf dµ =

∫
K
f dµ for every f ∈ C(K,R).

(d) Prove for every f ∈ C(K,R) with Tf = f and f 6= 0 that there exists µ ∈ P(K)
satisfying

•
∫

K f dµ 6= 0 and

•
∫

K Tg dµ =
∫

K g dµ for all g ∈ C(K,R)

(e) Solve Problem 9.5 (Invariant measures à la Krylov–Bogolioubov) again using (c)
or (d).
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10.5. Von Neumann’s ergodic theorem

Let (H, 〈·, ·〉) be a K-Hilbert space (with K ∈ {R,C}), let T be a continuous linear
operator on H with ‖T‖L(H,H) ≤ 1, let U := ker(I − T ) (with I = (H 3 x 7→ x ∈
H) ∈ L(H,H) being the identity operator), let PU denote the orthogonal projection
onto U and let Sn := 1

n

∑n−1
k=0 T

k for every n ∈ N. Our goal is to show that

lim sup
n→∞

‖Snx− PUx‖H = 0 for all x ∈ H.

For this, we recommend to proceed along the following steps:

(a) For all x ∈ H, we have Tx = x if and only if T ∗x = x.

(b) U⊥ = im(I − T ).

(c) limn→∞ Snx = x for all x ∈ U and limn→∞ Snx = 0 for all x ∈ U⊥.

10.6. Von Neumann again

Let (X, ‖·‖X) be a reflexive space, let T : X → X be a continuous linear operator
satisfying supn∈N0‖T

n‖L(X,X) < ∞, let U := ker(I − T ) (with I = (X 3 x 7→ x ∈
X) ∈ L(X,X) being the identity operator) and let Sn := 1

n

∑n−1
k=0 T

k for every n ∈ N.

(a) Prove that Y := {x ∈ X | limn→∞ Snx exists} is a closed subspace of X.

(b) Show that P : Y → X, defined by Px = limn→∞ Snx is a continuous linear map
satisfying im(P ) = U ⊆ Y , ker(P ) = im(I − T ), and P |U = I|U . In particular,
deduce that Y = ker(I − T )⊕ im(I − T ).

(c) Demonstrate for every x∗ ∈ Y ⊥ that T ∗x∗ = x∗ and x∗ ∈ U⊥.

(d) Show for every x ∈ X that U ∩ conv({T kx : k ∈ N0}) 6= ∅.

(e) Deduce that Y = X.

Hint: The reflexivity assumption is only really used in (d). For (e), use (c) and (d) to
show for every x∗ ∈ Y ⊥ that x∗(x) = 0 for every x ∈ X.
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