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13.1. Friedrich extension

Let (H, (-,-)u) be a K-Hilbert space (with K € {R,C}) and let A: Dy C H — H be
a densely defined linear operator satisfying that

o Ais symmetric, i.e., Vax,y € Da: (Az,y)y = (z, Ay)g and

o A is bounded below, i.e., there exists C' € R such that (Az,z)y > C||z||% for all
x € Dy.

Our goal is to show that A possesses a self-adjoint extension B (i.e., A C B = B*)
with (Bz,z)y > Cllz||% for all z € Dp.

(a) Find A € R, ¢ € (0,00) so that a: Dax Dy 3 (z,y) — (Az+ Az, y)ny € K defines
an inner product on D4 which satisfies for all z € D4 that a(x,z) > e||z||%.

Solution: For any ¢ € (0, 00) it holds with A := ¢ — C that
a(z,x) = (Azx + Az, z) g > C|lz||3 + (e — O)||z||3 = €||z||* for all 2 € Da.

This demonstrates in particular non-negativity and positive-definiteness of a. More-
over, it holds for all x,y € D4 (by symmetry of A, the properties of (-, -}y, and X € R)
that

(l([L’,y) = <A{L‘ + )\ZL‘,?/)H = <Aw7y>H + >‘<x7y>H = <x7Ay>H + >\<$,y>H
= (Ay,z)g + Ny, 2)p = (Ay,x)g + My, 2)g = (Ay + Ay, 2) g = a(y, ).

Furthermore, we clearly have for all u € K, z,y,2 € Dy that a(uzr + y,z) =
palz, ) + aly, 2).

(b) Consider the metric space (Dy,d4) where da(z,y) == \/a(x —y,x —y) for all
z,y € D with a asin (a). Let (K, dg,t) be a completion of (D4, d4) (cp. Problem 3.3
(Completion of metric spaces)). Prove that there exists a unique vector space structure
on K so that ¢ is linear and the vector space operations K x K 3 (z,y) — x4y € K
and Kx K 3 (u,z) — px € K are continuous (w.r.t. the obvious choices of topologies).
In addition, show that there even exists a unique scalar product (-, )x: K x K — K

such that for all z,y € K it holds that dk(z,y) = \/<ac — Y, T —Y)K.

Solution: Note that, since ¢ shall be linear and the vector operations on K shall be
continuous, the only possible way to define the sum ., + yo, and the product pz.
for T, Yoo € K and p € K, is via

Too T Yoo = M t(n +yn) and  pree = lim o(pn),

where limits are to be understood w.r.t. (K,dg) and where (2,,)nen, (Yn)nen € Da
are such that limsup,_, . dx(t(z,),2e0) = 0 and limsup,,_, . dx(t(Yn);Yso) = O.
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For this to be well-defined, it needs to be checked that these limits always exist
and coincide when using other sequences in ((Dy) converging to . and ¥, re-
spectively. Indeed, if u € K and (z,)nen, (Yn)nen € Da are sequences satisfying
limsup,, ., dx(t(z,), T) = 0 and limsup,, . dx(t(Yn), Yso) = 0, then

limsup sup dg(¢(zn + yn), t(Tm + Ym))

N—oo mmn>

= limsup sup da(x, + Yn, Tm + Ym)

N—oco mmn>N

<limsup sup (da(xn,Zm) + da(Yn,Ym)) =0

N—oo mn>N

as well as

limsup sup da(pzn, pry,) < plimsup sup da(z,, m,) =0
N—oo mn>N N—oo mn>N
ie., (t(xn + Yn))nen and (¢(pzy,))nen are Cauchy sequences in (K, dg). Moreover, for
sequences (7(V),en, (m%))neN, (YD) ner, (Y2 nen € Dy satistying for i € {1,2} that

1(29)) = 24 and 1(yP) = Yoo in (K, dg) as n — oo, it holds that
limsup dic (¢(2) +y3D), (2 +y?))

n—o0

= limsup da(a!) +y, 27 + y?)

n—oo

< limsup (da(zV, 22) + da(yM, y?)) =0

n—oo

and

lim sup d (¢(pal), o(pa'?))

n—o0

n n

= lim sup dA(,uxgll),,ux( ) = plimsup da(z Dz 2)) =0.
n—00 n—0o0

Similarly, for the scalar product, the only possible definition for z.., Yo € K is
(Toos Yooy i = M A, Yn),

where (2,)nen, (Yn)nen € Da are such that limsup,,_, . dx(i(z,),2) = 0 and
limsup,,_,o dx(t(Yn), Yso) = 0. Again, for this to be well-defined, it needs to be checked
that these limits always exist and do not depend on the particular choice of approximat-
ing sequences in ¢(Dy). Indeed, for any z., Yoo € K, and all (2,)nen, (Yn)nen € Da
satisfying that ¢(x,) — To and ¢(y,) — Yoo in (K, df) as n — oo, we obtain that

limsup sup |a(Zn, Yn) — a(Tm, Ym)|
N—oo mn>

S lim sup sup <|a(xn7yn - ym)’ + ’a(xn - xmaym)D

N—oo mn>N

< limsup sup (dA(a:n,O)dA(yn,ym) + dA(ym,O)dA(xn,:cm)) =0,

N—oo mmn>N
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i.e., that (a(x,, Yn))nen € Kisa Cauchy sequence and the limit lim,, o, a(z,, y,) exists.
Moreover, whenever we have sequences (z()),en, () e, (W) nen, (Y )nen € Da

with ¢(2)) = 24 and t(y?)pen — Yoo in (K, dg) as n — oo for i € {1,2}, it holds
that

limsup |a(z$, y) — a(z?, y{?)]

n n

n—oo
<limsup (Ja(z?, y" — y@)] + la(z? — 2@, y2)])
n—oo
< sup \a(zh, z4) lim sup \/a(y,(ll) — Py — )
meN n—00

+ sup a(ng), yfg)) lim sup \/a(xgzl) T xg)) =0,
meN n—00

ie., lim, o a(x(M, yD) = lim,, o a(x@, y(?). Thus, there exists a map (-, ) : K x
K — K satisfying that

(Too, Yoo) x = i (2, Yn)

whenever limsup,,_, . dx(t(z,),2s) = 0 = limsup,,_, dx(t(yn), Yso). Moreover,
(-, )k clearly satisfies for all p € K, z,y, 2z € K that

(T, y)xk = (Y, x)x  and  (ur +y,2)k = p(x, 2) K + (Y, 2) Kk -

In addition, it holds for all z,, € K with zo = lim, o t(z,) in K and (z,)neny € Dy
that

<xooaxoo>K = 77,11—{20 a('xnwxn) >0

and equality on the right hand side would just imply that

di (T, t(0)) = Jim da(z,,0) = Jim a(x,, x,) =0, ie., Too = 1(0) = Og.

Finally, note that for all z, Yoo € K and (z,)nen, (Yn)nen € Da with o(x,) — oo
and (y,) — Yo in K as n — oo, we get that

A (Toos Yoo) = nh_{go di ((7n), (yn)) = nh_{go da(Tn, Yn)

= lim a(mn — Yn, Ty — yn) — \/(Ioo T Yooy Lo — yOO>K

n—oo

(c) With (K, dg,t) being a completion of (Dy, d4), equipped with the Hilbert space
structure (in particular, with the scalar product (-, )x: K x K — K) shown to exist
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in (b), argue that there exists an injective bounded linear map J: K — H satisfying
forall x € Dy, y € K that

Moreover, prove that J(K) C H can be written as
n—00

limsup sup a(z, — Tm, Tn — Tpy) = O}.
N—oo mmn>N

Solution: The linear map Dy 3 x +— x € H is %—Lipschitz according to (a):

\/EH‘I_yHH < \/CL(lL‘ - YT — y) = dA(fL’,y) = dK<x7y) = ”‘/E_yHK for all T,y € DA'

Using the universal property of completions of metric spaces (cf. Problem 3.3(a)), we
obtain that there exists a unique ﬁ—Lipsehitz extension J: K — H satisfying that

J(t(x)) =z for all x € D4y. Clearly, J is linear as
J (100 + Yoo) = Hm J(pu(@n) + ¢(yn)) = lm J(e(pn + yn)) = lm (pzn + yn)
= p lim J(o(zn)) + lm J(u(yn)) = 1 (Te) + J (yoo)
for all JUBS K7 Toos Yoo € K and ('Tn>n€N7 (yn)nEN g DA with hmsupn—)oo[HL(xn) -
ono||K + ”L(yn) - yOOHK] = 0.
Since for all x,y € D, it holds that

(t(@), (W) = alz,y) = (Ar + Az, ), = (Az + Az, J(W(y))) n-
we obtain by density of «(D4) in K and by continuity of J that
(@), y)k = (Az + Az, Jy)u

forallz € Dy, y € K.

Finally, observe that the characterization of J(K) follows from the fact that J is
continuous and injective and that the elements of K just correspond to equivalence
classes of Cauchy sequences w.r.t. (Da,a).

(d) Show that operator B: Dy C H — H, defined by Dp :=im(JJ*), B(JJ*u) :=
u — ANJJ*u for all u € H, is well-defined and a self-adjoint extension of A (i.e.,
Da C Dg) with (Bx,z)g > C||z||% for all z € Dp.
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Solution: Since J: K — H is an injective bounded linear map with dense image (as
D4 C J(K)), Problem 12.4 (Special construction of self-adjoint operators) ensures that
(JJ)7t: im(JJ*) C H — H is self-adjoint. Hence, B = (JJ*)™! — X is well-defined
and also self-adjoint. Moreover, for all x € D4, u € H it holds that

(Az, JJ'uyg = (Ax + e, JJ w)yg — Nz, J T u)y g = (1(z), Ju)xk — XNz, JJ u) gy
= (Ju(x),u)yg — Mz, JJ"u)g = (v, u — N J u)g = (x, B(JJ"u))n.

Hence, it holds for all x € D4 that x € Dg« = D and Bx = B*x = Axz. Moreover,
for all x € Dp, it holds that there exists w € H with x = JJ*w and

(Bx,x)g = (B(JJ'w), JJ " w)y = (w — ANJJ*w, JJ*w) g
= [T wllk = Al T wllz > ell J T wlf = MJ T wlg
= CllJJ vl = Cllz|l%,

where we used that A = C' — ¢ and that J is ﬁ—LipSChitz.

13.2. The Dirichlet-Laplace operator as a Friedrich extension

Let A: C°((0,1),R) C L?((0,1),R) — L*((0,1),R) be defined by Af = —f" for all
feC*((0,1),R). Our goal is to construct the Friedrich extension of A.

(a) Prove that (C°((0,1),R),a) with a defined via a(u,v) = [,y u'v'dx for all
u,v € C°((0,1),R) is an inner product space and prove that there exists ¢ € (0, 00)
such that for all u € C°((0,1),R) it holds that [, |u|?>dz < ¢ [y |u/|? dz.

Solution: Clearly, C°((0,1),R) (with the usual operations) is an R-vector space.
Moreover, it holds for all u,v,w € C°((0,1),R), A € R that

a(Au+v,w) = Aa(u,w) + a(v,w), a(u,v) =a(v,u), and a(u,u)>0.

In addition, for every u € C2°((0,1),R) it holds due to the fundamental theorem of
calculus that

u(z) = /Ox u'(t)dt  for all z € (0,1).

The Cauchy—Schwarz inequality hence implies for all u € C2°((0,1),R) that

/Ol\u(x)]de < /01 (/Ox|u’(t)\dt)2 iz < /01 [wwpa [1aar
g/ol /01|u’(t)|2dtd:v:/Ol|u’(t)|2dt.

In particular, for v € C2°((0,1),R), a(u,u) = 0 implies that |lu||L2(01)r) = 0, ie.,
u = 0. This completes the proof that a is an inner product.
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(b) Let K C L?((0,1),R) be such that u € K if and only if there exists a sequence
(fa)nen € C2°((0,1),R) such that

e fo—uin L*(0,1),R) as n — oo and
o (f))nen € L?*((0,1),R) is a Cauchy sequence.

Prove that, for every u € K, there exists a unique w € L?((0,1),R) such that
/ wedr = —/ up' dz for all ¢ € C°((0,1),R).
(0,1) (0,1)

Afterwards, we shall always write w = «/ in such a situation (as w equals the classical
derivative in the case of smooth functions).

Solution: Let u € K. Then there exists (f,,)neny € C°((0,1),R) such that f, — u
in L2((0,1),R) as n — oo and (f)nen € L?((0,1),R) is a Cauchy sequence. Since
L*((0,1),R) is a Hilbert space, there exists w € L?((0,1),R) such that f, — w as
n — oo. Moreover, for all p € C°((0,1),R) it holds that

/ wpdr = lim / flodr =— lim fo do = —/ up' du.
(0,1) oo (0,1)

n—oo (0’1)

Finally, if (gn)nen € C°((0, 1) R) is another sequence satisfying that g, — u in
L*((0,1),R) as n — oo and (¢/,)nen € L*((0,1),R) is a Cauchy sequence (with limit
v € L*((0,1),R)), then the previous considerations imply that

/( )(w —v)pdr =0 forall p € C*((0,1),R).
0,1

By the fundamental theorem of the calculus of variations (or by C2°((0,1),R) being
dense in L*((0,1),R)), w = v in L*((0,1),R).

(c) Prove that (-, )x: K X K 3 (u,v) = [y u'v'dz € R defines a scalar product
on K and that (K, (-,-)x) is a completion of (C2°((0,1),R),a).

Solution: For any sequence (f,)nen € C°((0,1),R) which is Cauchy w.r.t. a, part
(b) implies that (f,)nen and (f])nen are Cauchy sequences in Lz((O 1),R). By part
(b) again, there exists v € K such that f, — v and f, — «' in L*((0,1),R) as
n — oo. Moreover, equivalent Cauchy sequences give rise to the same element of
K. Conversely, every element u € K can be identified with an equivalence class of
Cauchy sequences w.r.t. a. Finally, for u,v € K and (f,)nen, (gn)neny € C((0,1),R)
with f, = u, f, =/, g, — v and ¢/, — v’ in L?((0,1),R) as n — oo, we obtain

(u, v) :/ v dr = lim flgl dx = lim a(f,,gn)-
(0’1) n—00

n—oo (0’1)
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(d) Prove that the Friedrich extension B as in Problem 13.1 (Friedrich extension)
is given as follows: u € Dp if and only if u € K and there exists g € L*((0,1),R)
such that for all ¢ € C°((0,1),R) it holds that [y u¢”dx = [y g dr; in this case,
—g = Bu.

Solution: Note that it holds for all u,v € C°((0,1),R) that

a(u,v) = / u'v dr = / —u"v dz.
(0,1) (0,1)

By (b), we may carry out the construction in 13.1 with A = 0 and ¢ = 1 and
even identify K as well as J(K) (from 13.1) with K in the current context. With
these choices, J is just the embedding of K into L*((0,1),R). Moreover, for every
f e L*(0,1),R), u = J*f € K is the unique element of K satisfying that

(u,v)K:/ u'v'da::/ vad:E:/ fvdr forallve K
0,1) 0,1) 0,1)
and equivalently, by density of C2°((0,1),R),

/ u'gp'dmz/ fJ(pdx:/ fodr for all v e C((0,1),R).
(0,1) (0,1) (0,1)
Thus,

/ uga”dac:—/ u’w/dx:/ —fodz forall ¢ € C((0,1),R).
(0,1) (0,1) (0,1)

Since it holds that JJ*f = Ju = u in L*((0,1),R), the above implies that u € Dp
and Bu = (JJ*)"'u = f. And conversely, if u € K and there exists g € L*((0,1),R)
such that [ ) up” de = [ 1) gpdr for all ¢ € C((0,1),R), then the above yields
that with JJ*g = —u, i.e., w € Dg and Bu = —g.

(e) Prove that the embedding J: (K, |-||x) 2 f + f € (L*(0,1),R),||-||z2) is com-
pact. In addition, prove that every element of K has a unique continuous representative

and that this continuous representative extends uniquely to a continuous function on
[0, 1] vanishing on {0, 1}.

Solution: Let (u,),eny € K be a bounded sequence. There exist, by (b), (fn)nen C
C((0,1),R) satisfying for all n € N that

1
litn = fullds + N1ty = ol < .

By the fundamental theorem of calculus, it holds for all 1, x5 € [0, 1] that

Z2
sup (1) = fulea)| = sup | [ £1(0)dt] < sup | z2[os = ol
r1 ne

ne neN
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This (keeping in mind that lim,\ o f,(2) = 0 = lim, ~ f,(x) for every n € N), implies
that the continuous extensions of the functions f,, n € N, to [0, 1] are uniformly
bounded and equicontinuous on [0, 1]. The Arzéla—Ascoli theorem hence implies
that there exist a sequence (ng)reny € N with ny 7 0o as k — oo and a function
foo € C([0,1],R) with fs(0) = 0 = fs(1) such that

limsup | sup |fu, (2) — foo(@)]| = 0.
)

k—o0 z€(0,1

Identifying f., slightly sloppily with its L?((0, 1), R)-equivalence class, we obtain that

lim sup ||un, — fooll£2(0,1),R)
k—o00

< lim sup ||uy,, — fTLkHLQ((O,l),R) + limsup || f,,, — foo||L2((0,1)7R)
k—o00 k—o00

. 1 )
< limsup — + limsup || fn, — foolloo((0,1),%) = 0.
k—o00 Ny k—o0

Finally, for every u € K, there exists a sequence (f,,)nen € C°((0,1), R) satisfying
that f, — v and f/ — ' in L*((0,1),R) as n — oo. In other words, f, — u in K
as n — oo. The same reasoning as above implies that there exists f,, € C([0,1],R)
such that limsup,,_, ., sup,c1)|fu(2) = foo(z)| = 0. Since f,, — u in L*((0,1),R), it
must hold that u = f, a.e.

Remark. Actually, we proved above that (K ||| x) embeds compactly into the space
(C(]0,1],R), |||lsup) and if we had paid more attention, we could have proved that
(K, ||-||x) embeds continuously into the space of Hélder continuous functions with
exponent % and compactly into any Holder space with exponent strictly less than %

(f) Infer that B~': L?((0,1),R) — L*((0,1),R) is a compact operator.

Solution: From the construction of the Friedrich extension we know that B~! = J.J*.
Since J is compact (by (e), JJ* is also compact.

(g) Determine the spectrum of B as well as an orthonormal basis of L?((0,1),R)
consisting of eigenvectors of B (respectively of B71).

Solution: From to the spectral theory of compact self-adjoint operators on Hilbert
spaces, we know that in this case o(B~!) = 0,(B~!) U {0}. For f € L?((0,1),R), we
find u = B~ f as the unique element of K satisfying
/ wv' dr = fvdx forallv e K.
0,1) (0,1)
Thus, u is an eigenvector of B~ with eigenvalue p € R\ {0} if and only if

o u'v' dx = / wodr forallve K.
(0,1) (0,1)
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By (e), we may and will from now on consider u as a continuous function on [0, 1]
vanishing on {0, 1}. Moreover, for all ¢ € C2°((0,1),R) it holds that

u ' dr = / w(x)e(z) dx
(0,1) (0,1)

= u(z) /Ogc o' (t) dt do = /(071) /tl u(x) dx ¢ (t) dt.

(0,1)

This implies that there exists ¢ € R such that pu'(t) = ¢+ [ u(x) dz for a.e. t € (0,1).
Since the function (0,1) 3 t — ¢+ [ u(x) dz is continuously differentiable (actually,
it extends to an element of C'(]0,1],R)), we obtain that « has a continuously
differentiable representative and u itself is therefore twice continuously differentiable
in the classical sense. Moreover, it holds for all ¢ € C'°((0,1),R) that

L u”gpd:c:—u/ u’@’dx:—/ wp dx,
(0,1) (0,1) (0,1)

which implies that —pu”(z) = u(z) for a.e. x € (0,1). Since we consider continuous
representatives whenever possible, this relation remains true for every « € [0, 1]. Thus,
the eigenfunctions we are looking for are just classical (non-trivial) solutions of the
ODE boundary value problem

—pu”(z) = wu(z) forall x € [0,1],

u(0) = 0,
u(l) = 0.

It is well known that such a problem has non-trivial solutions if and only if p = ]@%
for some k € N (in which case u(t) = asin(knt) for some a € R). Hence, we obtain
that

o(BY) = 0,(B1) U {0} = {kzlﬂz [ keN}u o}

and

o(B) = 0,(B) = {k*n* | k € N}.
For every k € N, there is a one-dimensional space of eigenvectors w.r.t. the eigenvalue
k*m?, spanned by (the normalized element) e, € L*((0,1),R) satisfying ey(t) =
V2sin(knt) for a.e. t € (0,1).

(h) Express B (and, especially, Dg) and B~! with the help of these eigenvalues and
eigenvectors. Can you find a way to define B*® for s € (0,00)?
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Solution: For all f € L?((0,1),R), it holds that

B—lf:w !

) sin(nmz) de sin(n-)

fenL2 (0,1),R)€
— n2m? (.1, Zn27r2 (0,1)

Since Dp = im(B™!), we obtain the characterization

Dg

{u = i tinen, € L*((0,1),R): i n*m*i,e, € L*((0, 1),R)}

n=1

{ = Zunen € L*((0,1),R): i|n2ﬂ2ﬁnl2 < oo}

n=1

Mg 1

{u = linen € L2((0,1),R): 3 0, | < OO}
n=1

n=1
and
Bu = i n*n%a,e, for all u = i Unpe, € Dp.
n=1 n=1
For s € (0,00), it is reasonable to define
Dps = {u = i Ginen € L*((0,1),R): im%anﬁ < oo}
n=1 n—1
as well as

o [o.¢]
Bu = Z n®r%0,e, forall u= Z Upen € Dps.

n=1

13.3. Spectral properties of generators of C’-semigroups

Let (X, ||| x) be a Banach space and let T' = (T}):e0,00) € L(X) be a C°-semigroup,
that is,

o To=1,
o Ty s =TT, for all t,s € [0,00), and
o limsup, o ||Tiz — z||x =0 for all € X.

We know that there exist M € [1,00), w € R such that ||T;||nx) < Me** for all
t € [0,00). The generator of T is the operator A: Dy C X — X defined by

Tox —
it for all z € Dy.

T —
Dy —{x€X|hm ’

:E exists} and Az :=lim
N0

N0
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(a) Prove for all t € [0,00), © € Dy that Tyx € Dy and AT,z = T, Ax.
Solution: For all ¢t € [0, 00), € Dy it holds that

T,Tix — T, T.x —
limsup‘H—TtAx :limsup‘Tt( * x—AI)’
s\0 t X s\0 t X
Tox —
< || T3|| £.(x) lim sup ‘ T Az =o.
s\0 X

Hence, for all t € [0,00), * € D4 it holds that Tyx € Dy and ATix = T Ax, as
claimed.

(b) Show for all t € [0,00), # € X that [ Tyxds € Dy and A(Ji Tyx ds) = Tyx — =.

Solution: The claim clearly holds true for t = 0, z € Dy4. For all t,h € (0,00),
x € X it holds that

t t
Th/ Tsxds—/ T.xds =
0 0 h

Hence, for all ¢ € (0,00), x € X it holds that

t+h t+h

t h
T.xds — / T.xds = T.xds — / T.xds.
0 0

t

]_ t t
lim sup ’ [Th/ T.x ds —/ T.x ds] — (Tyx — x)
o A 0 0 X
1 ft+h 1 rh
= lim sup ‘/ (Tsx — Tyx) ds — —/ (Tsx — x)ds
o || hJt h Jo x

1 rtt+h 1 rh
< limsup — ||Tsx—Ttx||de+limsup—/ |Tsx — x||x ds = 0,
o hJi o hJo

ie., f(f T.xds € D4 and A(fg Tsxds) = Tyx — x.
(c) Show for all t € [0,00), # € D, that [ T,Axds = A [} Tyx ds.

Solution: The claim is clearly true for ¢t = 0, + € D4y. Fix now t € (0,00) and
x € Dy. Note that, by (a), it holds for all A € (0,1), s € [0, ¢] that

Ty Tsx — T, Thx —
"M_ATSJ;’ =’Ts< i x_Ax)’
h X h X
Thx —x
< Tl |25 - A
b's
T.x —
< sup (Me*") sup T | < oo
rel0,t] re(0,1) r X
Lebesgue’s dominated convergence theorem therefore assures that
t t Top— 1 [t+h 1 h
/ T, Ax ds = lim/ TSM ds = lim — T.x ds—1im —/ T,xds,=Tir—ux.
0 hN\0 Jo h hWNO B St w0 b Jo

According to part (b), we obtain that [j T,Ards = A [} T,z ds.

last update: 29 December 2021 11/19



ETH Ziirich Functional Analysis | D-MATH
Autumn 2021 Solution Holiday Problem Set Prof. J. Teichmann

(d) Prove for all z € Dy that the function u := ([0,00) 3 ¢t — Tyx € X) satisfies
that u € C(]0, ), (X, [||lx)) N C([0,0), (Da, ||-||p,)) and that «'(t) = Au(t) for all
t €10, 00).

Solution: Fix z € Dy and u = ([0,00) 3 t — Tix € X). We know that u €
C([0,00), (X, ||llx))- By (a), we have that u € C([0,00), (Da,||:||p,)) since AT,z =
TiAx for all t € [0,00), z € Dy and ([0,00) 3 t — Ty Ax € X) is continuous. For
differentiability, note that parts (b) and (c) show for all ¢, s € [0, 00) that

t S t
Tix — Tox = (The —z) — (Tsx — ) = / T, Az dr — / T, Az dr = / T, Az dr.
0 0 S

This (and the fact that [0,00) 3 ¢t — T,Azx € X is continuous) implies that u €
C1([0,00), (X, ]|-]|x)) and that

u'(t) = TyAx  for all t € [0, 0).

Part (a) now yields that u/(t) = ATix = Au(t) for every t € [0, 00).
(e) Demonstrate that A is densely defined and closed.

Solution: To see that A is densely defined, note that it holds according to (b) for all
t € (0,00), x € X that %fg Tsxds € Dy. Since

1 gt
’/ Toxds —x
tJo

lim sup

1 st
glimsupf/HTsx—xdesz() for all x € X,
t\0 o tJo

X

we conclude that D4 is dense in X. To prove that A is closed, let (x,,)neny € D4 and
Too, Yoo € X such that z,, — v and Ax,, — ys in X as n — co. By (b) and (c), it
holds that

t
Ttxn—a:n:/ T Az, ds for alln € Nt € (0,00).
0

Since it holds for all ¢t € (0,00) that

limsup |[(Tyrn — 2n) — (TiToo — Too)|x < limsup ([|[Tizn — Tivoo|lx + |70 — Tool|x)
n—00 n—00

< limﬂsup (1T 2oy + Dllzn — 2oollx =0
and

lim sup
n—oo

t t t
/ T, Az, ds — / T ds|| < limsup | ||Ts]|ox)]|[ATn — Yool x ds
0 0 X 0

n—oo

<t sup (Me**)limsup ||Az,, — Yool x = 0,
s€[0,t] n—0oo
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we obtain that
¢
TiToo — Too = / Tsyoo ds for all t € (0, 00).
0

It follows, dividing by ¢ and letting ¢ \, 0, that x,, € D4 with Az, = yo. Thus, A
is a closed operator.

(f) Prove for all A € (w,00) that Ry € L(X), given by Ryz = [;° e MTiz dt for all
x € X, is well-defined and satisfies

e R\((N—A)x=zforallz € Dy
e Ryx € Djyand (A — A)Ryz = x for all z € X.

Solution: Fix )\ € (w,00). For all z € X, it holds that [0,00) 3 t — e MTiz € X is
an exponentially decaying continuous function. Hence, we can for every x € X make
sense of the integral [;° e MTiz dt as

oo T
/ e Mz dt = lim e M dt

O T—r00 0
(where we can construct [j e T,xdt as Riemann integral — as we actually have
been doing the whole time in connection with C°-semigroups). You may view these
integrals as Lebesgue-Bochner integrals but since they coincide in our case with the
probably simpler Riemann integrals, an excursion into measure and integration theory
for vector valued functions is not really necessary for our purposes. Linearity of R is
clear. For boundedness, note that

o o M
IRaallx < [ e Tallxdt < [~ e Meallx dt = 5
0 0

|z||x forallz € X.
—w

This proves that Ry € L(X) with ||Ry||rx) < 4. Next, note that for all z € X,
h € (0,00) it holds that

Ty Ryx — Ryx = T}, lim / e Mz dt — lim e M dt
T—00 0 T—00 0

= lim e My pxdt — h_>m/ e M dt
0

T—00 0 T o0
[T Tt
= lime / e "ixdt — hm/ e “Tixdt
T—00 h T—00 0

T+h h T
= lim e’\h/ e M dt — ekh/ e MTx dt — ILm e M dt
0 0 T (e.)

T—00 0

h
= (M~ 1)Ryz — e’\h/ e MTyx dt.
0
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Dividing by h and letting h 0, we obtain for all x € X that Ryx € D4 and
ARyx = ARyx — x,

e., (A= A)Ryx = z. On the other hand, for all z € D,4, we obtain — since
[0,00) 2t +— Tyx € X is continuously differentiable with derivative given by [0, 00) 3
t — T;Ax € X — via integration by parts that

RyAx = hm e M Az dt

= lim ([e‘”Ttx} T e Mz dt> = —r+ ARy,

t=0 0
ie., Ry(A\x — Azx) = x.

(g) Conclude for all A € (w,00) that A € g(A), i.e., A — A is continuously invertible,
with
M

A= A)™|nx) < oo for all n € N.

Solution: We saw already in (f) that (w,00) C o(A) with Ry = (A — A)~! for every
A € (w,00). It just remains to prove the claimed estimates. For this, we appeal to the
fact that o(A) 2 A — (A — A)~! € L(X) is actually a smooth (even analytic) function
and that, by a general property of resolvents, for all n € N, A € (w, 00), it holds that
dn n 7
WR)\ = (—1) n!R)\H.
By repeated application of Lebesgue’s dominated convergence theorem, we obtain for
every A € (w,0), n € N, z € X that

Hdz\" Ryx)|| = /0 (—t)”e_’\tTtxdtHX §M/O t"e@ V||| x dt
Mllz|lx e _ M ||z|| x
— 2lZlx sghds = —NNX P 4y
()\—w)”+1/o e ’s"ds O o) (n+1)
= e nle]
- (A —w)rtt X
Therefore, it holds for all n € N that

M

||R)\ || — (A _ Ld)n—"_l‘

Since the estimate for R, itself was already achieved when checking the boundedness
of Ry in part (f), we are done.
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Remark. The Hille-Yosida theorem, in fact, ensures that any densely defined closed
operator A on a Banach space X which satisfies for some M, w € R that (w, 00) C o(A)
and [|[(A — A) ™| 1x) < e for all A € (w,00), n € N, is the generator of a C°-
semigroup.

13.4. A heat semigroup

Let B: D C L*((0,1),R) — L*((0,1),R) denote the self-adjoint extension of
A: C((0,1),R) C L?((0,1),R) — L%((0,1),R)), given by Af = —f" for all f € Dy,
which we constructed in Problem 13.2 (The Dirichlet-Laplace operator as a Friedrich
extension). In this exercise we dwell on the spectral representation of B obtained in
part (h) of Problem 13.2 to construct the associated C°-semigroup.

(a) Prove that there exists a C°-semigroup (7})icp,0) © L(L*((0,1),R)) whose
generator is —B.

Solution: From Problem 13.2, we know that there exists an orthonormal ba-
sis (en)nen € L%((0,1),R) of L?((0,1),R) such that, for every n € N, e, € Dp
and Be, = n?r?e,. Moreover, by Problem 13.2(h), it holds that Dp = {u =
S L tne, € L2((0,1),R): Y22, ntd,]*? < oo}. Clearly, for every | € [0, 00),
the map Ty: L2((0,1),R) — L2((0,1),R), defined by Tyu = ¥, e """, for
u =Y, 1d,e, € L*((0,1),R), is a well-defined bounded linear map. It is readily
checked that Ty = I and that T}, = 7,7 for all t,s € [0,00). Moreover, for every
u =32, 1d,e, € L*((0,1),R), it holds by Lebesgue’s dominated convergence theorem
that

lim\i}lp I Tru — ul|72 ((0,1),R) — thUP [Z 1)?[a,[*| = 0.
t

Thus, (T3)teo,00) 18 a C-semigroup on L?((0,1),R). For this, observe that, if u =
S0 L dne, € L*((0,1),R) lies in Dp, then it holds for all ¢ € (0,1), n € N that

2

—n2n2t -1

t

1

¢
¢ ZE/nW(l—e_"”s)ds<n7T2
0

+ n?mr?

so that Lebesgue’s dominated convergence theorem implies that

2 e n 7r2t_1

Ty —
v U—I—Bu +n’r

I

n=1

= lim sup

lim su ‘
P L2((0,1),R) )

N0

2
2]:0.

Hence, if we denote by G the generator of (7});cjo,00), We have that G is an extension
of —B, i.e., Dg C Dg and Gz = —Bx for all x € Dg. On the other hand, if
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u =322, 7€, € L*((0,1),R) lies in D¢, then it holds for every n € N that

Tou — Tty
< Y u’ en> = limei = —n’r2.
t L2((01)R) N0 t

In particular, since 3202, [(Gu, €,) 12(0,1)r)|* < oo for every u € D¢, we infer that
D¢ C Dp. This completes the proof that —B is the generator of the C°-semigroup
(Tt)tG[O,oo) g L2<<Oa 1)7 R)

(b) Prove for all t € (0,00), f € L?((0,1),R) that

<GU> €n>L2((0,1),R) = ll\f%

o T,f € C*(]0,1],R) in the sense that there is a (necessarily unique) element of
C>([0,1],R) in the L2*-equivalence class T} f and

e (T;1)(0) =0 = (T;f)(1) in the sense that the unique element of C*°([0, 1], R) in
the L?-equivalence class T} f takes on the value 0 on {0, 1}.

Solution: Let t € (0,00) and f = ¥, fue, € L2((0,1),R) be arbitrary but
fixed. For every N € N, let us define the function Fy: [0,1] — R by Fy(x) :=
V2Y N, et f sin(nmx) for every x € [0,1]. Clearly, for every N € N, it holds
that the L2-equivalence class >, e~"’™’t f e, contains a smooth representative which
vanishes on {0, 1}, namely the function Fly. For all m € Ny, N € N, we have

FU (2 \/_Z (nm)™e ™t f, sin®™ (nzz) for all z € [0, 1],

where ()™ shall be used to denote the m" derivative. From the fact that for all
m € Ny it holds that

. 1/2 1/2
<V2 (Z(nﬁ)2me_2"2”2t> lim sup (sup > |fn|2) =0,

lim sup Li‘i% |3 - Ffvm)\\cwﬁ

M
V2 > (nm)™e ™ f sin™ (nrz)

n=N+1

= lim sup [sup sup
N—oo |M>N z€[0,1]

M
< /2 lim sup [sup > (nm)me " 7r2Wn|]

<oo (due to t>0) =0

we can infer that there exist functions (G, )men, € C([0, 1], R) satisfying

s | sup [(0,F)(0) — G| =0

N—oo |z€[0,1]
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(Note that G(0) = 0 = Go(1) since Fy(0) = 0 = Fy(1) for every N € N.) The
fundamental theorem of calculus and continuity of integrals under uniform convergence
allow to show for every m € N that G,, = G(()m), i.e., that G,, is the m*" derivative
of G. Moreover, from the fact that Fy converges uniformly to Gy on [0, 1], we can
infer that Fyy (strictly speaking, the corresponding L?((0,1),R)-equivalence class)
converges to Gy (its L*((0, 1), R)-equivalence class) in L?((0,1),R) as N — oo. That
is, Go = f a.e. and Gy € C*([0, 1], R) with G¢(0) =0 = Go(1).

(c) Prove for all z € (0,1), f € L*(0,1),R) that (0,00) 3 t — (T;f)(z) € R is
smooth (where we identify T;f € L*((0,1),R)) for t € (0,00), f € LQ(( 0,1),R) with
its continuous representative, which exists according to (b)) so that (T;f)(z) is defined
for every x € (0, 1).

Solution: Let z € (0,1) and f = X%, fue, € L?*((0,1),R) be arbitrary but
fixed. For every N € N, let us define the function Fiy: (0,00) — R by Fy(t) :=
V2YN e'mt sin(nmz) for every t € (0,00). Clearly, for every N € N, it holds
that Fiy € C*((0,1),R). Moreover, for all m € Ny, N € N, it holds

\/_Z —n27?)"e ™ sin(nmz)  for all ¢ € (0, 00).

For every ¢ € (0,1), m € Ny it holds that

lim sup [f;;% |73 - Ffvm)i!cq&;],m]

(—n272)"e T f, sin(nm)

|

00 1/2 1/2
<V?2 <Z<H7T)4m62n27r25> lim sup (sup > ]fn|2) = 0.

n=1 N—oo0 M2>N p—N+1

= lim sup [sup sup

N—o00 M>N te[gyi} n=N+1

M
< v/2 limsup [sup > (nm) 27716_7127r2€|fn|]

N—oo |M>N, N

<oo (due to t>0) =0

From this, we can infer (in a similar fashion as in (b)) that Fyy converges locally
uniformly to the function (0,00) 3 ¢ — 2%, v2e ™7t f, sin(nwz) € R, that the
latter is smooth and that its derivatives emerge as a locally uniform limits of the
derivatives of Fly.

(d) Prove for all f € L%((0,1),R) that u: (0,00) x [0,1] — R, given by u(t,z) =
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(T:f)(z) € R for all t € (0,00), x € [0, 1], satisfies that

(Ou)(t,z) = (9%u)(t,z), forallte (0,00),x € (0,1),
u(t,0) = 0, for all t € (0, 00),

u(t,1) = 0, for all ¢ € (0, 00),

0

limsupy g [lu(t,-) — fllz =

Solution: By part (b), we know already that w(t,0) = 0 = u(¢,1) for t € (0, 00).
By part (a), we know that limsupy gl|u(t, ) — fllz2(0,1),r) = 0. Moreover, u(t,z) =
Y et \f2sin(nra) for all (t,z) € (0,00) x [0,1]. Also, we know from (b)
and (c), that [0,1] > = — u(t,x) € R belongs to C*°([0,1],R) for all ¢ € (0, 00)
and that (0,00) 3 t — u(t,z) € R belongs to C*°((0,00),R) for all € (0,1). This
time, we finally consider u as a function of ¢t and x, but the overall philosophy stays
the same. Defining, for every N € N, the function Ux: (0,00) x [0,1] — R via
Un(t,z) = XN e ™™ f, \/2sin(nmz) for all (t,z) € (0,00) x [0,1], we have for every

n=1

N € N that Uy € C*((0,00) x [0,1],R) with
(OFOmUN)(t, ) \/—Z )T f L (n) sin® (nara)

for all k,m € Ny, t € (0,00), = € (0,1). (Here, we denoted by sin®) the k" derivative
of the sine function, which is one of £sin or +cos.) For all m, k € Ny and every
€ (0,00), it holds that

limsup sup [[(950,"Unr)(t, ) — (a];aanN)(tax)HC([s,g]x[o,u,R)

N—oo M>N

M
= limsup | sup sup V2 3T (=nPr)me T (n) sin® (nx)
N—oo [M2N (tz)ele,2]x[0,1] n=N+1

< limsup | sup (\/_ Y (nm)P™tre nﬂe\fn’)]

N—o0 M>N n=N4+1

" 2 1/2
< limsup sup (2 > (n7r)4m+2k62”27’25) ( > \fn|2>

N—oo M>N n=N4+1 n=N+1

n=1 N—oo M2N \p=nN+1

[e%S) 1/2 M 1/2
< <2 Z(nﬂ)4m+2ke_2"2”25> lim sup sup ( > |fn|2) =0.

<oo (by e>0) =0

Hence, there exist functions (Vi i) m,k)enoxn, € C((0,00) x [0,1], R) satisfying for all
k,m e N, e € (0,1) that

lim sup [[Vin i — (07 05U )l oo 1xo,1R) = 0-

N—o0

18/19 last update: 29 December 2021



D-MATH Functional Analysis | ETH Ziirich
Prof. J. Teichmann Solution Holiday Problem Set Autumn 2021

Leveraging the fundamental theorem of calculus, we obtain that V,,, , = 8{”33’;%’0 for
all m, k € Ny. Also, it easily follows that V{ o = u. Moreover, we have that

D) (t,x) = V2 3 —n72e ™™t f, sin(nmx)  for all () € (0,00) x [0,1]
n=1

and

(O2u)(t,z) =vV2 > —n?r2e ™t sin(nmz)  for all (¢,2) € (0,00) x [0, 1],
n=1

which proves that (9,u)(t,z) = (0?u)(t,z) for all (t,z) € (0,00) x [0, 1].

(e) Finally, prove for all f € L*((0,1),R), v € C*((0,00) x [0, 1], R) satisfying
(Ow)(t,x) = (0?v)(t,z) forallt e (0,00),z € (0,1),

v(t,0) = 0 for all ¢ € (0, 00),
v(t,1) = 0 for all ¢ € (0, 00),
limsupy g [[o(t, ) = flle2 = 0,

that v(t,x) = (T.f)(x) for all (¢,z) € (0,00) x [0, 1].

Solution: Let w: (0,00) x [0,1] — R be defined by w(t, z) = u(t,z) — v(t, z) for all
(t,x) € (0,00) x [0, 1], where we reuse the function u introduced in part (d). Since,
by part (d) and by assumption, u,v € C*((0,00) x [0,1],R), it follows that also
w € C°((0,00) x [0, 1], R). Therefore, the function (0,00) 3t = [i )|w(t, 2)[*dv € R
is differentiable and it holds for all ¢ € (0, 00) that

;c;lt [/(O,l)lw(t,:c)]2 daf] = /(071)(3tw)(t,x)w(t,x) dx
= (071)(8§w)(t, x)w(t, ) dx

= — |(Q,w)(t, 2)|* dz < 0.
(0,1)

This monotonicity property and the assumption on the initial conditions, it follows
for all t € (0, 00) that

/ lw(t, z)[* dr < limsup lw(s, z)|* dx
(0,1) s\NO  /(0,1)

< 2limsup Ju(s, ) — FIs + 2limsup | £ — v(s, )3 = 0.
s\0 s\0

Since w is continuous, this implies that w(t,z) = 0 (i.e., v(¢,x) = u(t,z)) for all
(t,x) € (0,00) x [0, 1].
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