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f- ij=J¥iz×;) - - -

%÷+%÷. -?Ie=¥iH¥> +3-xilf-iit-I-3-xek-i.fi?--ffi,fej-fieY+4-j=ifei-fie)tKfe=fi;)
= Tangentftp.j

= 2ftp.fiF/--2(fe,EfFfn)--2InPiF8en
✗ both side by she
and sum over l µ( -48"8e×= 8th ) replace h-1k



Case m=2 : Gauri notation E :=Gµ , F- Gz , , G-
- gzz

Christoffel symbols (
H

,
Phil

A.ftp.Y/--d--EE)fEiEe2t-z-G/2t-,-EzGG2iDefh-3.4Mc1Rhm-din . submanifold , Ci I -1M anne
,

✗ :[ → Rn a tangent vector field onMalory c ( i.e ✗(f) c- TMCH,
for all 1-c-I )

covariant deirdre : ¥X :[ → R" , XCH := Fatty "tFI¥Y
Oryol projection

✗ is parallel along c if 1-+14+1=0 IN -1TMay

for all 1- c-I , i. e ✗ (f) c- TMÉ+,



thm-3.SN , c as above , X, Y : I → IR" d tangent vector field
Then :

X : I → R along c.

a) ¥+1✗+Y) = Edt✗ + ¥Y
14 Ftw) =/¥HXtXF+X

(3) ¥+84M = g(F+x,Y)tgH,☐d+Y)

(4) If f :b -1 flu)cM is a local penan
.

8 : 5-1 U d s.t. c = for

3 :[→ Irma ✗Ctl = dfm.IM/--E?9ilt1L-xiKH)

then F+X=E? 154-5580117;%H]¥*
i ,j=l



Root in and (2) straight toward frein def'nµhen4:lR→lRh-E-wedenete¥d④|
b) glx,Y)

'
= gli

,
Y) + glxii ) = gait,Yi + glxiit

* ✗ if one tangent t

(v ,X) = WITH His c-IN¥ÉÉ sohu.vn -

-winTMCIH

(4) Denote fi :=¥xi , fij :=%¥×i ,
✗ = §?5ilfii0HK3ilfioH1YE@ilfi.r)/I Énlfij •8) 84T take taught

j -4
party

Detn•tAi_ = %1f.orltgi-ziilriifn.IN
j , K -4( fi ; an)T=:¥m Pi;Ñ f-Kk)

Summing over i ,
we conclude(4)



Remains 1 .

1.41 shows that ¥+✗ is intrinsic

2 . If ✗it are parallel along c,
then Sca,

Hal
, YHI) is

content in td-dtglxih-gglb-a.gg/Y1t8lXiktYl--
°

¥

Yecall ✗
act tangent reckon field on Mann if ✗ : M→ inn

✗ = (✗
^
,
-
-✗
") ✗ i are CK funding

from M to Iru

and IXJCplc-TMpt.pe M←this is why they are called tangent !

XY tangent rf on
M then we define the Eat derivative

of Y
with respect to ✗

at PEM
c :c.ge, → m sit .

CDYX / (p) := Ratko c) lol for any clot =p , did = Ycp)



This defhis independent of choice of c

✗ : M→ 11h" by chain
rule (or snbneifvrd)

← differential Tmp
→ 1124

④ • c)HIM✗ 1 pilot D= ldxp.HN/T 1*1

Also if I : V -1 IR
"

,
V > M open

extends✗

( i.e .

I / m=_ 14fkn
then
similarly Dyx

= dX-p -Ylpl

/ 7 And!¥¥a1 MTM

1*1 8ham this does not depend on the extension

of ✗ employed



In order to motivate covariant derivative we now fire the proof of

Thm 3.10 I see the statement in the holes ) but in a
motivated

wait
what is the shortest

curve

joining p and g- ?

To answer this
: CHI

variations

suppose that
the shortest curve

exists and is smooth (C)

C : cap ]→ M 44 =p ((b)
= g-

( one proven this
later ! )

Anne wloj Id / = 1 ( neparanetiie by
are length )

suppose for simplicity p, g- belong to the flu )
f- local paran .

CIRM
Let r :[a. b) → U St c- for

\



☒ Anf h :[
a
,b) → IRM of class d such that

h (a) =hCb)=0

Consider É(qt:=f(8tEh) ear ( let smell so that 8tEh€U)

Note Thet ICE
,
a) =p and c-( e , g)

= g-
teas above

so CTE, It is a
" competitor " curve .

8 (f) has minimal light among curves joining pig

⇒ HEH ,
-1/2 Lfc)

FE (kith
let smell /

lktein-d-elg.osaf.EE#itTdt=o--d-de-.ocq--Z-tc
=si¥÷÷÷÷÷÷±*



= b)ftp.ttloitlieftl/dtKtCo,tY--ldlHl--1iutepctioh-s=a t.is

by.pentsjyiy.yayyygyyg@taTZEGtt4-tltDdttEEecTo.t
)
, c.tw?=a

Fo
b

a

(with raped- terai able
=
- I 1%0-1%-1 , c

" A1)
a
~

as we vary g
we

t ! I
can generate any

vector field

1 vanishing onpan#
The integral will be = 0 kg
it and outfit cult) is tangentV-tc-C.am#/Dq-tc1-=O)-This is the geodesic

cloth . Rdf appeases maturely



We now define panelled transport .

We need the following

Thm_ 3.6 .

MCM submanifold , c : I → M C' Carne

OEI , Xo c- 1-Mccoy =) 2- urine parallel CI hector field
✗

along C with ✗co)= Xo

proof Wemeyamne
d- compact and CLIKFCU) for a local

pmem.fi. UTFCUICM .

Write c-for ✗= E) Sittin 1*1

by Thu 3.5141 8 is parallel iff .

5. " + Em Jijiftp.koy-olk-1/--ym1ij--i
This is a (linear/ ODE with

cent . coeff for 5

=\ 2 ! Solin wth ✗Col = Xo

(wethen use it to define
X Wak ) )



✗ is called pure transport of Xo along C

Rink2 given before shows that for a cure c frump to g-

in M the perched transport along c defines an isometry

(Tmp , Sp) → (TM g- , Jp )

This isometry depends typically on the curve C- joiigpandf

Topman . y
✗(t) = ☒ 144111 = Ics)

£-4, I ✗F- Cat, IleanÑH
Idt ✗At = Is IMAD ¥÷

So
,
✗ parallel along c ⇐ # is perched along I


