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PROBABILITY THEORY (D-MATH)
EXERCISE SHEET 4

Exercise 1. Let (Xn) be a sequence of independent random variables and let (an) be a
deterministic sequence with an → 0 as n → ∞. Show using Kolmogorov’s zero-one law
that there exists (deterministic) constants C± ∈ [−∞,∞] such that

lim inf
n→∞

an · (X1 + · · ·+Xn) = C− and lim sup
n→∞

an · (X1 + · · ·+Xn) = C+

almost surely.

Exercise 2. The goal of this question is to walk through Etemadi’s proof of the strong law
of large numbers under a pairwise independence assumption. Let (Xn) be a sequence of
pairwise independent, identically distributed and integrable random variables with mean
µ. We will show that (X1 + · · ·+Xn)/n→ µ as n→∞ almost surely.
(i) Show that it suffices to prove the result in the case where Xn ≥ 0 for all n ≥ 0. In

the rest of the exercise, we will restrict to this scenario.
(ii) Let X have the same law as each of the (Xn). Show that for α > 1 and ε > 0∑

m≥1

P

∣∣∣∣∣∣ 1

bαmc

bαmc∑
i=1

(Xi1(Xi ≤ i)− E(Xi1(Xi ≤ i)))

∣∣∣∣∣∣ > ε


≤ ε−2

∑
m≥1

1

bαmc2

bαmc∑
i=1

E(X21(X ≤ i)) <∞ .

Hint: To see the finiteness it might prove helpful to interchange the sums.
(iii) Deduce that for all α > 1,

1

bαmc

bαmc∑
i=1

Xi1(Xi ≤ i)→ E(X) as m→∞ almost surely .

(iv) Show that almost surely, Xi 6= Xi1(Xi ≤ i) for at most finitely many indices i and
then deduce that (X1 + · · ·+Xbαmc)/bαmc → E(X) as m→∞ almost surely.

(v) Using that (Xn) ≥ 0 obtain that for all α > 1,
E(X)/α ≤ lim inf

n→∞
(X1 + · · ·+Xn)/n

≤ lim sup
n→∞

(X1 + · · ·+Xn)/n ≤ αE(X) almost surely .

(vi) Carefully deduce the strong law of large numbers from (v).
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Exercise 3. Let (Xn) be an i.i.d. sequence with the same law as X such that E(X2p) <∞
for all integers p ≥ 1. Also assume that E(X) = 0.
(i) Show that for all integers p ≥ 1 there exists a constant Cp <∞ such that

E
(
(X1 + · · ·+Xn)

2p
)
≤ Cp n

p .

(ii) Deduce that (X1 + · · ·+Xn)/n
1/2+δ → 0 as n→∞ almost surely for all δ > 0.

Submission of solutions. Hand in by 18/10/2021 5 p.m. (online) following the
instructions on the course website

https://metaphor.ethz.ch/x/2021/hs/401-3601-00L/
The exercise classes are listed below; the Zoom meeting details are given on the course
website shown above.

Time Room Assistant
Tuesday 2 p.m. – 3 p.m. HG F 26.5 Matthis Lehmkuehler
Tuesday 2 p.m. – 3 p.m. ML H 41.1 Luca Pelizzari
Tuesday 3 p.m. – 4 p.m. Zoom Daniel Contreras Salinas
Tuesday 3 p.m. – 4 p.m. ML H 41.1 Genc Kqiku
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