Ising Model: Exercise sheet 2

Let G = (V,E) be a finite graph and Q = {—1,1}V. Let J = (J.)eer be a family of non-
negative weights. We recall that for o € Q)

H(o)=—- Z JayOu0y.
Tyer

Ezercise 1. (*) Let 3> 0. Set V. =1{0,1}?> and E = {zy : z,y € V, |z — y|1 = 1}. Set J. =
for all e € E.

1. What are the possible values for H on Q ?
. For each of these values, how many different configurations take this value 7

. For each o € ), compute the measure pig.

2
3
4. Compute the probability ps(o0,0) = 0(1,1))-
5. Compute the limit of g as 8 goes to 0.

6

. Compute the limit of g as 3 goes to oco.

Ezercise 2. Let d >1andn > 1. Set V ={-n,....,n}¢and E = {zy : 2,y €V, ||z —y|; = 1}.
Compute the minimum and the maximum of H on ).

Ezercise 3. Let A C V and o € ). We define o’ as follows

—0, fzeA
Oy otherwise.

VeeV 0;2{

Compute H(o) — H(d').

Erercise 4. Let 3 >0and h > 0. Set A = {-n,...,n}?, Q= {-1,1}  and E = {2y : =,y €
A, ||z — y||1 = 1}. For every o € Q, define

Ht(o)=-p Z 050y — h Z Oy

ryel z:||z]|ce=n

and

Zt =" exp(—H" (o).

oeN
We define the measure p on 2 as follows
1
~ N gt
Vo e Q pfo) = ﬁexp( H™(0)).
Let g ¢ A be a ghost point. Set E' = EU{zg : « € A, ||z||co = n}. Let p be the Ising measure
associated with the finite graph (V U {g}, F’) and the weights J. = 8 for every e € F and J, = h
foree E'\ E. Set ut = p[-|oy = +1].
Let 0 € Q. Let 7 € {—1,1}AY{9} be defined as follows

_ _Joog ifzeA
Ve e AU{g} am—{l if o =g,

Prove that fi(c) = u™ (7).



