[sing Model: Exercise sheet 6

Let G = (V,E) be a finite graph and Q = {—1,1}V. Let J = (J.)cer be a family of non-
negative coupling constants.

Ezercise 1. To avoid confusion, we will denote by ()¢ the expectation for the Ising measure on
the graph G. Let A C V. Let K be the set of vertices of G that are connected to A in G[J > 0].
The aim of this exercise is to prove that

(oa)a = (oa)k

1. Prove that
Hg(o) = Hk(o|x) + Hy\k (0]v\ i )-

2. Conclude.

Ezercise 2. (x) (Pushing boundary conditions) Let A C V. Let f € FE such that fN A =
(). Let us denote by G and J the graph and the coupling constants obtained from (G,.J) by
identifying endpoints of f as one vertex. More precisely, G has vertex set V = (V \ f) U {v}
(where v ¢ V is an additional vertex), and edge set E = {e € E : enf =0} U {av, : o ¢
f,x neighbour to one vertex of f}.

We define the following families of coupling constants J(® for o > J + as follows:

() _ (07 ife= f
Vee E Je { J. otherwise
1. Prove that (0a)z 7 = lima—0c(04) G, (e -

2. We recall that A,, = {—n,...,n}%. Use question 1 to prove that for every A C A,,, we have

<O—A>Xn =z <UA>K,L+1'

Let A cC Z4. Let Qp = {—1,1}V. For o € Q) we recall that

H{(o)=-p Z 050y — B Z Og-
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Ezercise 3. Let A C S € A. We aim to prove that
(oa)s =(oalVz € A\ S 0, =1)].
Let F={e€E:enS=0,enA\S#0}. Let 0 € Qp such that o, =1 forall z € A\ S.

1. Prove that
Hy (o) = HS (o]s) — BIF].

2. Conclude.



