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1 FINANCIAL MARKETS IN FINITE DISCRETE TIME 5

1 Financial markets in finite discrete time

In this chapter, we introduce basic concepts in order to model trading in a frictionless
financial market in finite discrete time. We recall the required notions from probability
theory and stochastic processes and directly illustrate them by means of examples.
Standard concepts and results from (measure-theoretic) probability theory are as-
sumed to be known; Chapter 8 contains a brief (and non-comprehensive) summary, and

details can be found in Jacod/Protter [10] or Durrett [6].

1.1 Basic probabilistic concepts

Financial markets involve uncertainty, in particular about the future evolution of asset
prices. We therefore start from a probability space (2, F,P). Time evolves in discrete
steps over a finite horizon; we label trading dates as k =0,1,...,T with T € IN.

The flow of information over time is described by a filtration IF' = (Fj)k—o,1,.. r; this
is a family of o-fields F, C F which is increasing in the sense that F, C F, for £ < /.
The interpretation is that Fj contains all events that are observable up to and including
time k.

An (IR%~valued) stochastic process in this discrete-time setting is simply a family
X = (Xi)g=o1.. 7 of (IR%-valued) random variables which are all defined on the same
probability space (£2, F, P). This can be used to describe the random evolution over time
of d quantities, e.g. a bank account, asset prices, some liquidly traded options, or the
holdings in a portfolio of assets. A stochastic process X is called adapted (to IF) if each
X}, is Fr-measurable, i.e. observable at time k; it is called predictable (with respect to IF')
if each X} is even Fj_j-measurable, for K = 1,...,T. (For the predictable processes X

we use here, the value X at time 0 is usually irrelevant.)

Example. If we think of a market where assets can be traded once each day (so that
the time index k£ numbers days), then the price of a stock will usually be adapted because
date k prices are known at date k. But if one wants to invest by selling or buying shares,
one must make that decision before one knows where prices go in the next step; hence

trading strategies must be predictable, unless one allows insiders or prophets. For a more
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detailed discussion, see Section 1.2.

Example (multiplicative model). Suppose that we start with random variables

r1,...,rr and Yy, ..., Yy, Take a constant S§ > 0 and define

k k
st=11a+m),  Si=5]v
j=1 j=1
for k=0,1,...,T. Note that we use here and throughout the convention that an empty
product equals 1 and an empty sum equals 0. Suppose also that r, > —1 and Y, > 0
P-as. for k=1,...,T. Then we have

Sy S
~k :l—I—Tk, ~k :Yk,
0 Sl

k—1 k-1

or equivalently
512 - §2—1 = 518—17% gli - 511—1 = §11—1(Yk - 1),
with S0 =1, S} = S1.

Interpretation. r, describes the (simple) interest rate for the period (k — 1,k]; so S°
models a bank account with that interest rate evolution, and r, > —1 ensures that SO > 0,
in the sense that §2 >0 P-a.s. for k=0,1,...,T. Similarly, S models a stock, say, and
Y} is the growth factor for the time period (k — 1, k]. Of course, we could strengthen the
analogy by writing Y, = 1+ Ry; then Ry > —1 would describe the (simple) return on the
stock for the period (k — 1, k.

How about the filtration in this example? For a general discussion, see Remark 1.1

below. The most usual choice for IF' is the filtration generated by Y, i.e.,
fk = O'(Yl,...,Yk) == O'(gé,gll,,gé)

is the smallest o-field that makes all stock prices up to time k observable. Then ST s

obviously adapted to IF'. The bank account is naturally less risky than a stock, and in



1 FINANCIAL MARKETS IN FINITE DISCRETE TIME 7

particular the interest rate for the period (k — 1, k] is usually known at the beginning,
i.e. at time k— 1. So each 7 ought to be Fj_j-measurable, i.e. the process r = (ry)g=1. 7
should be predictable. Then SO is also predictable (and vice versa). In particular, the
interest rate ry for the period (k — 1, k| then only depends on Y73, ..., Y, or equivalently

on the stock prices St, SY,..., S, but not on other factors. This can be generalised.

Example (binomial model). Suppose all the r; are constant with a value r > —1;
this means that we have the same nonrandom interest rate over each period. Then the
bank account evolves as SO = (14 7)F for k=0,1,...,T.

Suppose also that Yp,...,Yr are independent and only take two values, 1 4+ u with
probability p, and 1 + d with probability 1 — p. In particular, this means that all the Y}
have the same distribution; they are identically distributed (with a particular two-point
distribution). Usually, one also has u > 0 and —1 < d < 0 so that 1 + u > 1 and
0 < 1+ d < 1. Then the stock price at each step moves either up (by a factor 1+ u) or
down (by a factor 1 + d), because

S : 1 +wu with probability p

= k
St 1+d with probability 1 — p.

This is the so-called Coz—Ross—Rubinstein (CRR) binomial model.

Remark. If in the general multiplicative model, the 7, are all constant with the same
value and Y7, ..., Yy are i.i.d., we have the 7.i.d. returns model. If in addition the Y} only

take finitely many values (two or more), we get the multinomial model. o

Remark 1.1. (This remark is for mathematicians, but not only.) In the general multi-

plicative model, one could also start with the filtration
Fi=cY1,....Y,r1,. .. 78) :0(53,511,...,§;,§8,§?,...,§2)

generated by both Y and r, or equivalently by both assets S0 and S'. In general, this
filtration [F” is bigger than IF', meaning that F, O Fj for all k. But if one also assumes
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that the process r (or, equivalently, the bank account §0) is predictable, one can show by

induction that
Fi=o0(Yi,....,Y,)=F, forall k.

This explains a posteriori why we have started above directly with IF' generated by Y. ¢
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1.2 Financial markets and trading

In this section, we present the basic model for a discrete-time financial market and explain
how to describe dynamic trading in a mathematical way. This involves stochastic processes
to describe asset prices and trading strategies, and gains or losses from trade are then
naturally described by (discrete-time) stochastic integrals.

As Dieter Sondermann, the founder and first editor of the journal “Finance and
Stochastics”, once said: “The financial engineer always starts from a filtered probabil-
ity space.” In all the sequel in this chapter, we work on a probability space (2, F, P)
with a filtration [F' = (Fy)k—01,.r for some T" € IN, without repeating this explicitly.
We shall only be more specific when we want to exploit special properties of a particular
model (2, F, IF, P). We sometimes assume that Fy is (P-)trivial, i.e. P[A] € {0,1} for all
A € Fy; this equivalently means that any Fy-measurable random variable is P-a.s. con-
stant, and it represents a situation where we have no nontrivial information at time 0.
For notational convenience, we sometimes also assume that F = F7; this means that any
event is observable by time 7" at the latest.

The basic asset prices in our financial market are specified by a strictly positive
adapted process SO — (§2)k:071,m,T and an IR%valued adapted process S = (gk)kzo,l,...,T-
The interpretation is that S models a reference asset or numeraire; this explains why we
assume that §8 =1 and S° is strictly positive, i.e. gg > (0 P-a.s. for all k. In many cases,
we think of S as a bank account and then in addition also assume that S° is predictable;
see Section 1.1. In contrast, S = (§ LI §d) describes the prices of d genuinely risky
assets (often called stocks); so §;€ is the price of asset ¢ at time k, and because this be-
comes known at time k, but usually not earlier, each St and hence also the vector process
S is adapted. For financial reasons, one might want gfc > 0 P-a.s. for all 7 and k, but
mathematically, this is not needed.

Prices (and values) are expressed in units of something, but it is economically not
relevant what that is; all prices (and values) are relative. To simplify notations, we
immediately switch to units of the reference asset S U this is sometimes called “discounting
with S°7 or “using SO as numeraire”. Mathematically, it basically amounts to dividing at

each time k every traded quantity by gg; so the discounted price of the reference asset is
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simply SY := §g/§,3 =1 at all times, and the discounted asset prices S = (Sk)k=01,.. T are
given by Sy := §k / §2 If SO is viewed as a bank account, then in terms of interest rates,
using discounted prices is equivalent to working with zero interest. We shall explain later
how to re-incorporate interest rates; but our basic (discounted) model always has S° = 1,

and we usually call asset 0 the bank account.

Remark 2.1. It is important for this simplification by discounting that the reference
asset 0 is also tradable. So while we have only d risky assets with discounted prices
St ..., 899 there are actually d + 1 assets available for trading. This is almost always
implicitly assumed in the literature, but not always stated explicitly.

2) Economically, it should not matter whether one works in original or in discounted
prices (except that one has of course different units and different numbers). Mathe-
matically, however, things are more subtle. In finite discrete time, there is indeed an
equivalence between undiscounted and discounted formulations, as discussed in Delbaen/
Schachermayer [4, Section 2.5]. But in models with infinitely many trading dates (whether
in infinite discrete time or in continuous time), one must be more careful because there

are pitfalls. o

We assume that we have a frictionless financial market, which includes quite a lot of
assumptions. There are no transaction costs so that assets can be bought or sold at the
same price (at any given time); money (in the bank account) can be borrowed or lent at
the same (zero) interest rate; assets are available in arbitrarily small or large quantities;
there are no constraints on the numbers of assets one holds, and in particular, one may
decide to own a negative number of shares (so-called short selling); and investors are
small so that their trading activities have no effect on asset prices (which means that S
is an exogenously and a priori given and fixed stochastic process). All this is of course
unrealistic; but for explaining and understanding basic concepts, one has to start with
the simplest case, and a frictionless financial market is in many cases at least a reasonable

first approximation.
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Definition. A trading strategy is an IR4"!-valued stochastic process ¢ = (¢°,9), where
0 = (WQ)k=01..7 is real-valued and adapted, and ¥ = (Jy)r=01..7 With Jg = 0 is
IR-valued and predictable. The (discounted) value process of a strategy ¢ is the real-

valued adapted process V(¢) = (Vi(®))k=01,.. 7 given by

-----

d
(2.1) Vi) =Sy + 0 Sk =) + > i8Sy fork=0,1,...,T.

i=1

Interpretation. A trading strategy describes a dynamically evolving portfolio in the d+1
basic assets available for trade. At time k, we have (? units of the bank account and
?% units (shares) of asset (stock) 4, so that straightforward financial book-keeping gives
(2.1) as the time k value, in units of the bank account, of the time k portfolio holdings.

A little bit more precisely, ¢ = (p2, 9}, is the portfolio with which we arrive at time
k. Because stock prices change at time k from S,_; to Sy and we arrive with holdings 9y,
we could easily make profits if we could choose 9, at time k. To avoid this and exclude
insiders and prophets, 9, must therefore already be determined and chosen at time k — 1;
so Uy, is Fj_i-measurable, hence 9 is predictable, and 9, are actually the holdings in risky
assets on [k — 1, k). In the same way, ¢? are the bank account holdings on [k — 1, k); but
as the bank account is riskless (at least locally for each time step, by predictability), one
can allow ¢° to be adapted without giving investors any extra advantages. So ¢} can be
Fi-measurable, which means that ¢° is adapted..

With the above interpretation, we arrive at time k with the portfolio ¢y = (%, J}.)
and change this at time k to a new portfolio ¢j11 = (¢}, ¥541) with which we then leave
for date k+1. Hence Vi(p) in (2.1) is more precisely the pre-trade value of the strategy ¢
at time k. Note that we have not (yet) said anything about how investors get the money
to implement and update their chosen strategies.

Finally, as there are no activities before time 0, we demand via 1y = 0 that investors
start out without any shares. All they can do at time 0 is decide on their initial investment

Vo(p) = ¢} into the reference asset or bank account.

Remark. If the numeraire S° is just strictly positive and adapted, but not necessarily
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predictable, then also ©° must be predictable. We shall see later in Proposition 2.3 that

this is automatically satisfied if the strategy ¢ is self-financing. o

Of course, investors must do book-keeping about their expenses (and income). To
work out the costs associated to a trading strategy ¢ = (° 9), we first observe that
apart from time 0, transactions only occur at the dates k when ¢y is changed to g.1.
So the incremental cost for ¢ over the time interval (k, k + 1] occurs at time k& when we

change from ¢y to g1 at the time-k prices S, and it is given by

(2-2) ACkH(SO) = Ck+1(90) - Ck(SD)
= (902+1 - 902)518 + (19k+1 - 19k)tr5k

= Ppy1 — Sﬁk"‘z ko1 — U3) S

Note that this is again in units of the bank account, hence discounted; and note also that
(2.2) is just a book-keeping identity with no room for alternative or artificial definitions.

Finally, the initial cost for ¢ at time 0 comes from putting ¢ into the bank account; so

(2.3) Colp) = ¢g = Volp).

We also point out that it is to some extent arbitrary whether we associate the above cost
increment ACj41(p) to the time interval (k,k + 1] or to [k, k + 1). The choice we have

made simplifies notations, but is not financially compelling.

Remark. ¢, ¢ and S are all stochastic processes, and so ¢}, ¢}, Up+1, U and Sy, are
all random variables, i.e., functions on Q (to IR or IR?). In consequence, the equality in
(2.2) is really an equality between functions, and so (2.2) means that we have this equality
whenever we plug in an argument, i.e. for all w. In particular, what looks like one simple
equation is in fact an entire system of equations.

Of course, this comment applies not only to (2.2), but to all equalities or inequalities
between random variables. In addition, it is usually enough if the set of all w for which

the relevant equality or inequality holds has probability 1; so e.g. (2.2) only needs to
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hold P-a.s., and a similar comment applies again in general. We often do not write

P-a.s. explicitly unless this becomes important for some reason. o

Notation. For any stochastic process X = (Xj)r—0,1,.. 1, we denote the increment of X
from k — 1 to k by
AXk = Xk - Xk:—l'

Elementary rewriting of (2.2) automatically brings up a new process as follows. By

adding and subtracting ¥}’ Sk41, we write

(2.4) ACki1(p) = Vg1 — Pr + (Irp1 — k)" S
= op1 + 0 Sk — o — O3Sk — U341 (Ska — Sk)
= Vis1(p) = Vi(p) — 192+1A5k:+1
= AV () — V1 ASk1-

But now we note that ;. is the share portfolio we have when arriving at time k + 1,
and ASy4 is the asset price change at time k + 1; hence ¥}, ASy4 is the (discounted)
incremental gain or loss arising over (k, k + 1] from our trading strategy due to the price
fluctuations of S. (There is no such gain or loss from the bank account because its price

SY =1 does not change over time.) This justifies the following

Definition. Let ¢ = (¢ 9) be a trading strategy. The (discounted) gains process asso-
ciated to ¢ or to ¥ is the real-valued adapted process G(9) = (Gr(?))r=0.1,.. 7 with

k
(2.5) Ge(¥) =) VYAS;  fork=0,1,...,T
j=1

(where Go(¥) = 0 by the usual convention that a sum over an empty set is 0). The
(discounted) cost process of ¢ is defined by

(2.6) Cr(p) := Vi(p) — Gi(y) for k=0,1,...,T,

as justified by (2.3) and (2.4).
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Remark 2.2. If we think of a continuous-time model where successive trading dates are
infinitely close together, then the increment AS in (2.5) becomes a differential dS and
the sum becomes an integral. This explains why the stochastic integral G(9) = [9dS
provides the natural description of gains from trade in a continuous-time financial market
model. As a mathematical aside, we also note that we should think of this stochastic
integral as “G(9) = [ 320 9 dS"”, not as “32¢, [#*dS?”. It turns out in stochastic

calculus that this does make a difference. o

By construction, Cy(¢) = Co(p) +Z§:1 AC(p) describes the cumulative (total) costs
for the strategy ¢ on the time interval [0, k]. If we do not want to worry about how to pay
these costs, we ideally try to make sure they never occur, by imposing this as a condition

on . This motivates the next definition.

Definition. A trading strategy ¢ = (¢, ) is called self-financing if its cost process C'(¢)
is constant over time (and hence equal to Co(p) = Vo(p) = ).

Due to (2.2), a strategy is self-financing if and only if it satisfies for each k
(2.7) Phpr — P+ Wk = 0)" Sk = ACr(p) =0 P-as.

As it should, from economic intuition, this means that changing the portfolio from ¢y
to ¢r.1 at time k can be done cost-neutrally, i.e. with zero gains or losses at that time.
In particular, all losses from the portfolio due to stock price changes must be fully com-
pensated by gains from the bank account holdings and vice versa, without infusing or
draining extra funds. Due to (2.6), another equivalent description of a self-financing

strategy ¢ = (¢°, 1) is that it satisfies C'(¢) = Cy(¢p) or
(2.8) V(p) =Voly) + G(V) = ¢y + G(V)

(in the sense that Vi(¢) = Vo(¢) + Gr(¥) P-a.s. for each k). This gives the following very

useful result.
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Proposition 2.3. Any self-financing trading strategy ¢ = (©°, 1) is uniquely determined
by its initial wealth Vi and its “risky asset component” ¥. In particular, any pair (Vg, ),
where V; is an Fy-measurable random variable and ¥ is an IR%-valued predictable process
with ¥y = 0, specifies in a unique way a self-financing strategy. We sometimes write
v = (Vp, ) for the resulting strategy .

0

Moreover, if p = (¢°, ) is self-financing, then (p9)x—1 .. 7 Is automatically predictable.

-----

The important feature of Proposition 2.3 is that it allows us to describe self-financing
strategies in a very simple way. We just have to specify the initial wealth V5 and the
strategy 1 we use for the risky assets; then the self-financing condition automatically
tells us how the bank account component ¢ must evolve. The proof simply makes that

intuition precise, and so we give the short argument to get some practice.

Proof of Proposition 2.3. By (2.8) (or directly from the definitions of self-financing
and of C'(¢) in (2.6), a strategy ¢ is self-financing if and only if for each k,

Vilp) = Volp) + Gu(9)  P-as.
Because V(@) = ¢ + 9IS, by definition, we can rewrite the above equation for ¢} to get
or = Vo(@) + Gu(9) — V) Sk,

which already shows that ¢° is determined from Vj and 9 by the self-financing condition.

To see that ¢° is predictable, we note that
Gr(9) — Gp_1(9) = AGR(Y) = 9 ASy, = 93 (Sk — S_1).

Therefore
o = Vo(p) + Gr-1(9) + AG,(9) — Vi Sy
= Vo(p) + Gr—1(9) — U} Sk—1

is directly seen to be Fj_j-measurable, because G(¢) and S are adapted and ¥ is pre-

dictable. q.e.d.
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Remarks. 1) The notion of a strategy being self-financing is a kind of economic budget
constraint. Exactly like the cost process, this is formulated via basic financial book-
keeping requirements, and hence there cannot be any alternative (different) definitions
that make sense financially. This is a clear example where basic modelling sense must
override mathematical convenience. (In fact, there have been some attempts in continuous
time to use a different concept of stochastic integral, the so-called Wick integral, to define
the notion of a self-financing strategy. This has led to mathematical results which were
easier to derive; but the approach has subsequently been demonstrated to be economically
meaningless.)

2) We have expressed all prices and values in units of the bank account. However, as
basic intuition suggests, this has no effect on whether or not a strategy is self-financing;

indeed, because S? > 0, (2.7) is equivalent to
(2.9) (P41 = POSR + (rr — 98) "k = 0

if we recall that S = S/S°. But (2.9) is clearly the self-financing condition expressed in
terms of the original units. The same argument shows that the notion of self-financing
is numeraire-invariant in the sense that it does not depend on the units in which we do
calculations. [— Exercise| Note that it also does not matter here whether SY is predictable

or only adapted. o

Example (Stopping a process at a random time). Let 7:Q — {0,1,...,7} be
some mapping to be thought of as some random time; one specific example might be the
first time that stock i’s price exceeds that of stock j. We should like to use the “strategy”
to “buy and then hold until time 77, because we believe for some reason that this might
be a good idea. For ease of notation, we take d = 1 so that there is just one risky asset.
Formally, let us take Vj := Sy and
1 fork=1,...,7(w)
Or(w) = Tiper)y =
0 fork=7w)+1,...,T,
which means exactly that we hold one unit of S up to and including time 7(w), but no

further. The value process of the corresponding self-financing “strategy” ¢ = (Vp, ) is
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then by (2.8) and (2.5) given by
Vi(p) = Vo + Gi(9)

k
=S+ Y _U;AS,

J=1

k
= So+ Y _ L= (S; = Sj-1)
=1

Sk—So if 7>k

=Sy +
S,—5y ifr<k
S, k<t
:Sk/\T:
S, itk >,

where we use the standard notation a A b := min(a, b).

The “stochastic process” S™ = (S )k—o.1,..r defined by
Sp(w) = Spar(w) = Skarw) (W)

is called the process S stopped at T, because it clearly behaves like S up to time 7 and
remains constant after time 7. Of course, for every w € ), this operation and notation
per se make sense for any stochastic process and any “random time” 7 as above.

However, a closer look shows that one must be a little more careful. For one thing, S™
could fail to be a stochastic process because S| = Sia, could fail to be a random variable,
i.e. could fail to be measurable. But (in discrete time like here) this is not a problem if
we assume that 7 is measurable, which is mild and reasonable enough.

While the measurability question is mainly technical, there is a second and financially
much more relevant issue. For ¢ to be a strategy, we need 9 to be predictable, and this
translates into the equivalent requirement that 7 should be a so-called stopping time,

meaning that 7: Q — {0,1,..., T} satisfies
(2.10) {r<jter for all j.

To see this, note that ¥ = Ijp<;y is Fj—1-measurable if and only if {7 > k} € F_, and
to have this for all k is equivalent to (2.10) by passing to complements. By definition,
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(2.10) means that 7 is a stopping time (with respect to IF', to be accurate). Intuitively,
(2.10) says that at each time j, we can observe from the then available information F;
whether or not 7 is already past, i.e., whether the event corresponding to 7 has already
occurred. Typical ezamples are the first (or, by induction, n-th) time that an adapted

process does something that only involves looking at the past, e.g.
7(w) = inf{k : Sp(w) > SL(wW)}AT
(the first time that stock ¢’s price exceeds that of stock j) or

7'(w) := inf {k :Si(w) > 10 max Sjl(w)} ANT
§=0,1,....k—1
(the first time that stock 1’s price goes above ten times its past maximum value). On the

other hand, times looking at the future like
7 (w) = sup{k : Si(w) > 5} V0

(the last time that stock ’s price exceeds 5) are typically not stopping times; so they

cannot be used for constructing such buy-and-hold strategies. This makes intuitive sense.

Example (A doubling strategy). Suppose we have a model where the stock price can
in each step only go up or down. A well-known idea for a strategy to force winnings is
then to bet on a rise and keep on betting, doubling the stakes at each date, until the rise
occurs.

More formally, consider the binomial model with parameters u > 0, —1 < d < 0 and
r = 0; so the stock price Sy, is either (1+u)Sk_; or (1+d)Sk_1. To simplify computations,
suppose u = —d so that the growth factors Y, = Si/Sk_1 are symmetric around 1. Note

that as seen earlier,
(2.11) ASy = S — Sp—1 = Sp—1 (Y — 1).
Now denote by

(2.12) ri=inf{k: Yy =14+u} AT
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the (random) time of the first stock price rise and define

1
Sk-1

(2.13) Oy, == 2" M ey

Then 7 is a stopping time, because
{r <j} ={max(V1,....Y;) > 1+u} € F

for each j, and so ¢ is predictable because each ¥ is Fj_i-measurable. Note that this

uses {k <7} = {7 < k}*={r <k —1}°. Moreover,
Dp1Sk = 2 spiny = 2 X 25 (Isny — Iimpy) = 205851 — 2F [y

shows that while we are not successful, the value of our stock holdings (not the amount
of shares of the strategy itself) indeed doubles from one step to the next.

For V; := 0, we now take the self-financing strategy ¢ corresponding to (V, ). Its
value process is by (2.8) and (2.5) given by

k

k
Vi(p) = Gr(0) = > _0;A8; =Y 2 (Y — 1),
j=1

J=1

using (2.11) and (2.13). By the definition (2.12) of 7, we have Y; = 14 d for j < 7 and
Y;=14ufor j =17;s0

k T—1
V() = Iirsny Z 27N+ Ir<py ( Z 2171d + 2Tlu)

j=1 j=1

= (2" = Ddlgsry + (277 = Dd + 27 u) Lpapy.
Because u = —d and d < 0, we can write this as
Vi) = ldlIr<y — [d](2° = D)oy,

which says that we obtain a value, and hence net gain, of |d| in all the (usually many)
cases that S goes up at least once up to time k, and make a (big) loss of |d|(2¥ — 1) in

the (hopefully unlikely) event that S always goes down up to time k.
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One problem with the doubling strategy in the above example is that while it does
produce a gain in many cases, its value process goes very far below 0 in those cases where
“things go badly”. In continuous time or over an infinite time horizon, one obtains quite
pathological effects if one does not forbid such strategies in some way. The next definition

aims at that.

Definition. For a > 0, a trading strategy ¢ is called a-admissible if its value process V ()
is uniformly bounded from below by —a, i.e. V(¢) > —a in the sense that Vi(¢) > —a

P-as. for all k. A trading strategy is admissible if it is a-admissible for some a > 0.

Interpretation. An admissible strategy has some credit line which imposes a lower bound
on the associated value process; so one may make debts, but only within clearly defined
limits. Note that while every admissible strategy has some credit line, the level of that

can be different for different strategies.

Remarks. 1) If Q (or more generally F) is finite, any random variable can only take
finitely many values; for any model with finite discrete time, every trading strategy is
then admissible. But if F (or the time horizon) is infinite or time is continuous, imposing
admissibility is usually a genuine and important restriction. We return to this point later.

2) Note that all our prices and values are discounted and hence expressed in units of the
reference asset 0. Imposing a constant lower bound on a value process like admissibility
does is therefore obviously not invariant if we change to a different reference asset for

discounting. This is the root of the pitfalls mentioned earlier in Remark 2.1. o
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1.3 Some important martingale results

Martingales are ubiquitous in mathematical finance, as we shall see very soon. This
section collects a number of important facts and results we shall use later on.

Let (2, F,Q) be a probability space with a filtration ' = (Fy)k=01,. 7. A (real-
valued) stochastic process X = (Xj)k—o01,. 7 is called a martingale (with respect to @
and IF) if it is adapted to IF', is Q-integrable in the sense that X; € £(Q) for each k,

and satisfies the martingale property
(3.1) Eq[Xe| Fr] = Xk Q-a.s. for k < L.

Intuitively, this means that the best prediction for the later value X, given the earlier
information Fj is just the current value Xj; so the changes in a martingale cannot be
predicted. If we have “<” in (3.1) (a tendency to go down), X is called a supermartingale;
if we have “>”, then X is a submartingale. An IR%valued process X is a martingale if
each coordinate X* is a martingale.

It is important to note that the property of being a martingale depends on the proba-
bility we use to look at a process. The same process can very well be a martingale under

some (), but not a martingale under another @)’ or P.

Example. In the binomial model on (€2, F, IF, P) with parameters r, u, d, the discounted
stock price 51/5° is a P-martingale if and only if 7 = pu + (1 — p)d.

Indeed, S 1 SO s obviously adapted and takes only finitely many values; so it is
bounded and hence integrable. Moreover, by induction, one easily sees that it is enough

to check (the one-step martingale property) that

g1 gl
Ep [f“ .Fk] =k for each k
0 GO
k41 k
or equivalently that
Skt /S Yit1
e/ 3]7) -l
Ske1/ Sk L+



1 FINANCIAL MARKETS IN FINITE DISCRETE TIME 22

But Y}, is independent of Fj and takes the values 1+ u, 1 + d with probabilities p, 1 — p.

Therefore
Y 1
EP|:1_|_T ]:k:| = 1+TEP[YI§+1]
1
=155 (0 +u) + (1 =p)(1+d)
_ 1+pu+(1—p)d

147

This equals 1 if and only if r = pu + (1 — p)d, which proves the assertion.

For mathematical reasons and arguments, the following generalisation of martingales
is extremely useful.

Definition. An adapted process X = (Xj)g—o1.. 7 null at 0 (i.e. with Xy = 0) is

called a local martingale (with respect to @) and IF') if there exists a sequence of stop-
ping times (7,)neny increasing to T such that for each n € IN, the stopped process

X7 = (Xkar, k=01, 18 a (Q, IF')-martingale. We then call (7,,),en a localising sequence.

Remarks. 1) Especially in continuous time, local martingales can be substantially
different from (true) martingales; the concept is rather subtle.
2) In parts of the recent finance literature, local martingales have come up in studies

of price bubbles. o
The next result gives a whole class of examples of local martingales.

Theorem 3.1. Suppose X = (Xj)r=o,1.... 7 is an IR%-valued martingale or local martingale

-----

null at 0. For any IR%-valued predictable process ¥, the stochastic integral process 1« X

defined by
k
9o Xy =Y OFAX;  fork=0,1,...,T

j=1
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is then a (real-valued) local martingale null at 0. If X is a martingale and v is bounded,

then v+ X is even a martingale.

Note that if we think of X = S as discounted asset prices, then JS = G(?J) is the
discounted gains process of the self-financing strategy ¢ = (0,19).

Proof of Theorem 3.1. This result is important enough to deserve at least a partial
proof. So suppose X is a -martingale and 1 is bounded. Then ¥+ X is also ()-integrable,

it is always adapted, and

EQ[ﬁ.Xk-Jrl — 19'Xk ’ ./T"k] = EQ[??;;_lAXkJrl ’./T"k]
d
- ZEQ[ k1 DX [ Fil.
=1

But 9% 1 is bounded and JFj-measurable because 9 is predictable, and AX} 41 1s Q-inte-

grable because X is a ()-martingale; so
EQ[ Z+1AX11+1 | Fie] = 192:+1EQ[AX1§:+1 | Fi] =0

again because X’ is a (Q-martingale. So ¥+ X also has the martingale property.

For the mathematicians: Because 1 is predictable,
op = inf{k : [Opp1| >n} AT

is a stopping time, and |[J;| < n for k < o, by definition. So if (7,,),emv is a localising
sequence for X, one can easily check with the above argument that 7 := 7, A 0, yields a

localising sequence for ¥+ X. This gives the general result. q.e.d.

We have seen earlier that if 7 is any stopping time, then 9 := I<;) is predictable,
and of course bounded. So if we note that ¢ X = X7 — X, an immediate consequence

of Theorem 3.1 is

Corollary 3.2. For any martingale X and any stopping time 7, the stopped process X"
is again a martingale. In particular, Eq[Xya,] = Eg[Xo| for all k.
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Interpretation. A martingale describes a fair game in the sense that one cannot predict
where it goes next. Corollary 3.2 says that one cannot change this fundamental character
by cleverly stopping the game — and Theorem 3.1 says that as long as one can only use
information from the past, not even complicated clever betting (in the form of trading

strategies) will help.

Remark. Corollary 3.2 still holds if we replace “martingale” by either “supermartingale”
or “submartingale”. However, such a generalisation is not true in general for Theorem 3.1.

[— Exercise] o

In general, the stochastic integral with respect to a local martingale is only a local
martingale — and in continuous time, it may fail to be even that in the most general
case. But there is one situation where things are very nice in discrete time, and this is
tailor-made for applications in mathematical finance, as one can see by looking at the

definition of self-financing and admissible strategies.

Theorem 3.3. Suppose that X is an IR%-valued local Q-martingale null at 0 and ¥ is
an IR?-valued predictable process. If the stochastic integral process ¥+ X is uniformly
bounded below (i.e. 9+ X} > —b Q-a.s. for all k, with a constant b > 0), then ¥+ X is a

Q-martingale.

Proof. See Follmer/Schied [9, Theorem 5.15]. A bit more generally, this relies on
the result that in discrete (possibly infinite) time, a local martingale that is uniformly
bounded below is a true martingale. More precisely: If L = (Lg)kem, is a local Q-martin-
gale with Eg[|Lo|] < oo and T' € IN is such that Eg[L;] < oo, then the stopped process
LT = (Lg)g=01... 1 is a Q-martingale. q.e.d.

We shall see later that Theorem 3.3 is extremely useful.

Remark. We have formulated everything here for the setting £ = 0,1,...,7 of finite
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discrete time. The same definitions and results also apply for the setting k € INy of
infinite discrete time; the only required change is that one must replace 7" by oo in an

appropriate manner. o
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1.4 An example: The multinomial model

In this section, we take a closer look at the multinomial model already introduced briefly

in Section 1.1. Recall that this is the multiplicative model with i.i.d. returns given by

Sk

—— =1+7r>0 for all k,
Sk

a1

~5k =Y, forall k,

Sk

where S0 =1, S} = S! > 0 is a constant, and Y, ..., Yy are i.i.d. and take the finitely
many values 1+ v, ..., 1 + y,, with respective probabilities py,...,p,. To avoid degen-
eracies and fix the notation, we assume that all the probabilities p; are > 0 and that
Ym > Ym—1 > -+ > yp > —1. This also ensures that S! remains strictly positive.

The interpretation for this model is very simple. At each step, the bank account
changes by a factor of 1+, while the stock changes by a random factor that can only take
the m different values 1 +y;, j = 1,..., m. The choice of these factors happens randomly,
with the same mechanism (identically distributed) at each date, and independently across
dates. Intuition suggests that for a reasonable model, the sure factor 1 + r should lie
between the minimal and maximal values 1+ y; and 1 + y,, of the (uncertain) random
factor; we come back to this issue in the next chapter when we discuss absence of arbitrage.

The simplest and in fact canonical model for this setup is a path space. Let
Q={1,...,m}"

:{w:(xl,...,:r;T):xke{1,...,m}f0rk‘:1,...,T}

be the set of all strings of length T formed by elements of {1,...,m}. Take F = 2% the
family of all subsets of €2, and define P by setting

(41) P[{w}] = Pa1Pay " Par = prl?k'

Finally, define Y7,...,Yr by

(4.2) Yi(w) := 1+ ya,
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so that Yi(w) = 1+ y; if and only if 2, = j. This mathematically formalises the idea
that at each step k, we choose the value 1 + y; for Y, with probability p;, and we do this
independently over k because P is obtained by multiplication. A nice way to graphically
illustrate the construction of this canonical model (€2, F, P) is to draw a (non-recombining)
tree of length T with m branches going out from each node. We then place the p; as
one-step transition probabilities into each branching, and the probability of each single
trajectory w is obtained by multiplying the one-step transition probabilities along the
way. [A figure to illustrate this is very helpful.]

As usual, we take as filtration the one generated by St (or, equivalently, by Y') so that

Fr=0Y1,...,Y%) for k=0,1,...,T.

Intuitively, this means that up to time k, we can observe the values of Y7,...,Y, and
hence the first & “bits” of the trajectory or string w. Formally, this translates as follows.

Recall that for a general probability space (2, F, P), a set B is an atom of a o-field
G C Fif Be G, PIB] > 0and any C € G with C C B has either P[C] = 0 or
P[C] = P[B]. In that sense, atoms of a o-field G are minimal elements of G, where
minimal is measured with the help of P.

In the above path-space setting, the only set of probability zero is the empty set, and
so P[C] = 0 and P[C] = PIB| translate into C' = () and C' = B, respectively. A set
A C Q is therefore an atom of Fj. if and only if there exists a string (1, ..., Zx) of length
k with elements z; € {1,...,m} such that A consists of all those w € Q) that start with

the substring (Z1,...,Zx), i.e.

A=A 5 ={w=(v1,...,07) €{l,....m}T 1z =z, fori=1,....k}.

-----

This has the following consequences for our path-space model:

— Each Fj is parametrised by substrings of length k& and therefore contains precisely

mF atoms.

,,,,,

----------
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we can see very precisely and graphically how information about the past, i.e. the

initial part of trajectories w, is growing and refining over time.

It is clear from the above description that for any k, the atoms of Fj, are pairwise disjoint
and their union is §2; in other words, the atoms of F; form a partition of €2 so that we

can write

Q= U Az w with the Az, 7, pairwise disjoint.

-----

Finally, each set B in F}, is a union of atoms of Fj; so the family F of events observable
up to time k consists of 2" sets (because for each of the m* atoms, we can either include

it or not when forming B).

Remark. For many (but not all) purposes in the multinomial model, it is enough if one
looks at time k only at the current value :9/,1 of the stock. In graphical terms, this means
that one makes the underlying tree recombining by collapsing at each time k into one

(big) node all those nodes where S, I has the same value. In terms of o-fields, this amounts

to looking at time k only at Gy = o(S}). It is clear that G (as a collection of subsets
of Q, ie. Gp C 2%) is substantially smaller than F;, and also that the recombining tree

is much less complicated. However, note that the family (Gx)g=o01,.. 7 is in general not a

slyeeey

filtration; we do not have G, C G, for k < /. o

With the help of the atoms introduced above, we can also give a very precise and
intuitive description of all probability measures () on Fr. First of all, we identify each atom

in F, with a node at time k of the non-recombining tree, namely that node which is reached

via the substring (Zi, ..., Z;) that parametrises the atom. For any atom A = Az, s, of

k

Fi, we then look at its m successor atoms Ay = Az, 7.1, Am = Az, zm Of Fit1,
and we define the one-step transition probabilities for () at the node corresponding to A

by the conditional probabilities (note that A; N A= A; as A; C A)

QlA;]
Q]

(4.3) QA | Al = forj=1,...,m.
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Because A is the disjoint union of Ay, ..., A,,, we have 0 < Q[A; |A] < 1lforj=1,...,m
and 37", Q[A;[ Al = 1. (If Q[A] is zero, then so are all the Q[A;] because A; C A, and
we can for instance define the ratios to be %, to make sure they are > 0 and sum to 1.)
By attaching all these one-step transition probabilities to each branch from each node, we
then have by construction a decomposition or factorisation of ¢ in such a way that for
every trajectory w € €, its probability Q[{w}] is the product of the successive one-step
transition probabilities along w. This follows in an elementary way from the definition of
conditional probabilities, Q[C' N D] = Q[C] Q[D | C], and by iteration. In more detail, we

can write, for w = (Z4,...,Z7),

Q{w} = Q[As,..2r)
= Q[Aih.n,fT | Afl:m@T—l] Q[AJTE17~--@T—1]

= qiT(id? s 7jT—1)Q[A£1,...,a_TT,1]

and iterate from here to obtain

In the above procedure, we have factorised a given probability measure @) on (2, F)
into its one-step transition probabilities. However, this idea also works the other way
round. If we take for each node m numbers in [0, 1] that sum to 1 and attach them to the
branches from that node as “one-step transition probabilities”, then defining Q[{w}] for
each w € Q to be as in (4.1) the product of the numbers along w defines a probability mea-
sure () on Fr whose one-step transition probabilities, defined as above in (4.3) via atoms,
coincide with the a priori chosen numbers at each node. Indeed, just using (4.1) gives in
(4.3) that Q[A; | A] = Q[Az,...50 | Asr..i] = ¢(Z1,...,Tx). Hence we can describe @
equivalently either via its global weights Q[{w}] or via its local transition behaviour. The
latter description is particularly useful when computing conditional expectations under
(@, as we shall see later in Sections 2.1, 2.3 or 3.3.

For a general (), one can have different one-step transition probabilities at every node
in the tree. The (coordinate) variables Y1, ..., Yy from (4.2) are independent under @ if

and only if for each k, the one-step transition probabilities are the same for each node at
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time &k (but they can still differ across dates k). Finally, Y3,...,Yr are i.i.d. under @ if
and only if at each node throughout the tree, the one-step transition probabilities are the
same. Probability measures with this particular structure can therefore be described by
m — 1 parameters; recall that the m one-step transition probabilities at any given node

must sum to 1, which eliminates one degree of freedom.

Remark. We have discussed the path space formulation for the multinomial model where
each node in the tree has the same number of successor nodes and in that sense is homo-
geneous in time. But of course, the same considerations can be done for any model where
the final o-algebra Fr is finite. The only difference is that the corresponding event tree
is no longer nicely symmetric and homogeneous, which makes the notation (but not the

basic considerations) more complicated. o
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2 Arbitrage and martingale measures

Our goal in this chapter is to formalise the idea that a reasonable financial market model
should not allow the construction of riskless yet profitable investment strategies, and to
characterise this by an equivalent mathematical property. Throughout the chapter,
we consider a discounted financial market in finite discrete time on (92, F, IF, P) with
F = (Fi)r=o,..,
S = (Sk)k=01...1, the latter taking values in IR?.

7, where discounted asset prices are given by the processes S° = 1 and

2.1 Arbitrage

Recall from Proposition 1.2.3 that any pair (Vy,9) consisting of V, € L°(F,) and an
IR%-valued IF-predictable process ¥ can be identified with a self-financing strategy ¢,
whose value process is then given by V(¢) = Vo + G(0) = Vo + [9dS = V(Vp,9). We
shortly write ¢ = (Vp,9). (Of course, we work throughout in units of asset 0.) Hence
G(¥) = V(0,9) describes the cumulative gains or losses one can generate from initial
capital 0 through self-financing trading via ¢ = (0,¢). We also recall that a strategy ¢
is a-admissible if V' (¢) > —a, and admissible if it is a-admissible for some a > 0. Note
that these notions depend on the chosen accounting unit or numeraire (here SY), except

for O-admissibility.

Definition. An arbitrage opportunity is an admissible self-financing strategy ¢ = (0,1)
with zero initial wealth, with V() > 0 P-a.s. and with P[Vr(¢) > 0] > 0. The finan-
cial market (2, F, IF, P,S° = 1,5) or shortly S is called arbitrage-free if there exist no

arbitrage opportunities. Sometimes one also says that S satisfies (NA).

Interpretation. An arbitrage opportunity produces something (nonnegative final wealth
Vr(p) > 0, with a genuine chance of having strictly positive final wealth) out of noth-
ing (zero initial capital) without any risk (because the strategy is self-financing). In a
well-functioning market, such “money pumps” cannot exist (for long) because they would

quickly be exploited and hence would vanish. So absence of arbitrage is a natural eco-
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nomic/financial requirement for a reasonable model of a financial market.

Remarks. 1) An arbitrage opportunity in the sense of the above definition is actually a
specific form of an arbitrage opportunity of the first kind. More generally, one can look
at self-financing strategies ¢ = (V,9) with V() = Vo+Gr(9) > 0 P-a.s. and V(@) <0
P-a.s. An arbitrage opportunity of the first kind then has in addition P[Vr(y) > 0] > 0,
while an arbitrage opportunity of the second kind has in addition P[Vy(p) < 0] > 0.

2) One can also introduce the condition (NA,) which says that it is impossible to
produce something out of nothing with 0-admissible self-financing strategies, or (NA’)
which does the same for all (not necessarily admissible) self-financing strategies. Then we
clearly have the implications (NA’) = (NA) = (NA ), and the distinction is important
in continuous time or with an infinite time horizon. But for finite discrete time, the three

concepts are all equivalent; see Proposition 1.1 below. o

Example. If there exist an asset 7y and a date ky such that Sli%ﬂ < S,’C% P-a.s. and
P[S | < 5] >0, then S admits arbitrage.

Indeed, the price process S® can only go down from time ky to kg + 1 and does so in
some cases (i.e., with positive probability); so if we sell short that asset at time kg, we run

no risk and have the chance of a genuine profit. Formally, the strategy ¢ = (0,9) with
192+1 = _I{i:io}]{k+1:ko} for k = O, 1, ce ,T -1

gives an arbitrage opportunity, as one easily checks. [— Exercise] This also illustrates the

well-known wisdom that “bad news is better than no news” .

Let us introduce a useful notation. For any o-field G C F, we denote by L? +)(g)
the space of all (equivalence classes, for the relation of equality P-a.s., of) (nonnegative)

G-measurable random variables. Then for example, we can write Vr(¢) > 0 P-a.s. and

P[Vr(p) > 0] > 0 more compactly as Vr(p) € L (Fr) \ {0}.

Proposition 1.1. For a discounted financial market in finite discrete time, the following

are equivalent:
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1) S is arbitrage-free.

2) There exists no self-financing strategy ¢ = (0,9) with zero initial wealth and satis-

fying Vr(p) > 0 P-a.s. and P[Vr(p) > 0] > 0; in other words, S satisfies (NA').

3) For every (not necessarily admissible) self-financing strategy ¢ with Vy(¢) = 0 P-a.s.
and Vr(p) > 0 P-a.s., we have Vp(p) =0 P-a.s.

4) For the space
G = {Gr(9) : ¥ is R%-valued and predictable}

of all final wealths that one can generate from zero initial wealth through some

self-financing trading ¢ = (0,1), we have

¢'n LY (Fr) ={0}.

Remarks. 1) Proposition 1.1 and its proof substantiate the above comment that all

three above formulations for absence of arbitrage are equivalent in finite discrete time.
2) The mathematical relevance of Proposition 1.1 is that it translates the no-arbitrage

condition (NA) into the formulation in 4) which has a very useful geometric interpretation.

We shall exploit this in the next section. o

Proof of Proposition 1.1. “2) < 3)” is obvious, and “2) < 4)” is a direct consequence
of the parametrisation of self-financing strategies in Proposition 1.2.3. It is also clear that
(NA’) as in 2) implies (NA) as in 1). Finally, the argument for “1) = 2)” is indirect
and even shows a bit more: We claim that if one has a self-financing strategy ¢ which
produces something out of nothing, one can construct from ¢ a 0-admissible self-financing
strategy ¢ which also produces something out of nothing. Indeed, if ¢ is not already
0-admissible itself, then the set Ay := {Vi(¢) < 0} has P[A;] > 0 for some k. We take
as ko the largest of these k£ and then define ¢ simply as the strategy ¢ on Ay, after time
ko. In words, we wait until we can start on some set with a negative initial capital and

transform that via ¢ into something nonnegative. As this turns something nonpositive
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into something nonnegative and keeps wealth nonnegative by construction, it produces
the desired arbitrage opportunity.
(Writing out the above verbal argument in formal terms and checking all the details

is an excellent [— exercise] necessarily increase the financial understanding.) q.e.d.

Our next intermediate goal is to give a simple probabilistic condition that excludes
arbitrage opportunities. Recall that two probability measures ) and P on F are equivalent
(on F), written as @ ~ P (on F), if they have the same nullsets (in F), i.e. if for each
set A (in F), we have P[A] = 0 if and only if Q[A] = 0. Intuitively, this means that while
P and @) may differ in their quantitative assessments, they qualitatively agree on what is

“possible or impossible”.

Example. If we construct the multinomial model as in Section 1.4 as an event tree on the
canonical path space Q = {1,...,m}T with F = 2%, then we know that any probability
measure on ({2, F) can be described by its collection of one-step transition probabilities,
which all lie between 0 and 1, i.e. in [0, 1].

Now consider two probability measures P and @ on (€2, F). If some of the transition
probabilities p;; of P are 0 (or 1), a characterisation of ) being equivalent to P is a bit
involved, and so we assume (as for example in the multinomial model) that P[{w}] > 0
for all w € €. This means that all one-step transition probabilities p;; for P lie in the open
interval (0, 1), and then we have @) &~ P if and only if all one-step transition probabilities

¢;; for @ lie in (0, 1) as well.

Now we go back to the general case.

Lemma 1.2. If there exists a probability measure () ~ P on JFr such that S is a

(Q-martingale, then S is arbitrage-free.

Proof. If S is a Q-martingale and ¢ = (0,9) is an admissible self-financing strategy,
then V(p) = G(¥) = ¥+S is a stochastic integral of S and uniformly bounded below (by
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some —a with @ > 0). By Theorem 1.3.3, V() is thus also a -martingale and so

EqVr(p)] = Eq[Vo(¢)] = 0.

Now suppose in addition that () ~ P on Fr, so that ()-a.s. and P-a.s. are the same thing
for all events in Fr. If ¢ = (0,9) is an admissible self-financing strategy with Vy(p) > 0
P-a.s., then also Vr(p) > 0 Q-a.s. But Eg[Vr(p)] = 0 by the above argument, and so
we must have Vr(¢) = 0 Q-a.s., hence also Vp(p) = 0 P-a.s. By Proposition 1.1, S is

therefore arbitrage-free. q.e.d.

Remark 1.3. 1) It would be enough if S is only a local Q-martingale, because we could
still use Theorem 1.3.3.

2) An alternative proof of Lemma 1.2 goes as follows. This is attractive because
it proves a more general result, and the proof still works (with one reference changed)
in continuous or infinite discrete time. Suppose that ) = P on Fr is such that S is
a local @-martingale and take an admissible self-financing strategy ¢ = (0,7). Then
V(p) = G(¥) = 9¥+S is a local Q-martingale by Theorem 1.3.1, with V(¢) = 0, and V()
is bounded below because ¢ is admissible. (In continuous time, the argument and reference
here are bit different.) But then V() is a Q-supermartingale (this is easily argued via
localising and passing to the limit with the help of Fatou’s lemma [— exercise]), and so we
get Eq[Vr(p)] < Eg[Vo(¢)] = 0. If in addition Vr(p) > 0 P-a.s., we also get Vr(¢) > 0
Q-a.s., hence Vr(p) = 0 Q-a.s., and then also Vr(¢) = 0 P-a.s. This allows us to conclude
as before.

3) We can also give a complete proof of Lemma 1.2 which relies only on proved
results. We still use that with ¢ = (0,7), we have V(¢) = G(J) = ¥+S. Now because
¥ is predictable, the process 9™ defined by 19,(:) := Uplyp9,<ny is again predictable and
bounded. So if S is a martingale under @, then ¥ S is again a Q-martingale by (the
simple and proved part of) Theorem 1.3.1. Moreover, the definition of ¥ yields

—(0") " ASk = —IF ASk (1o, 1<y <~V ASk Lo as, <o) 1o,y < —VF ASkT gy as, <o)

so that ((W)TAS,)~ < (rAS,)~ for all k and hence (9™+S)~ < (¥+5)". But

V(¢) is bounded below by —a because ¢ is admissible, and therefore the entire sequence
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(G("™))pew = (9™ eS),epv is also bounded below by —a. This allows us to use Fatou’s
lemma and conclude from the martingale property of each G(9(™) that V(¢) = 9J+S is a

@-supermartingale; indeed,
EQlGr(9) | Fir] = Eq lim G(9) | Fis] < lim inf EglGe(9)] Fii]

= lim inf Gy_1(9™) = G_1(9).

n—o0

Then we can finish the proof as before in 2).
4) In continuous time, Theorem 1.3.3 no longer holds; then it is useful and important
to have for proofs the alternative route via 2). Also for discrete but infinite time, one

must be careful about the behaviour at oo. o

Example. Consider the multinomial model on the canonical path space Q = {1,...,m}”
and suppose as usual that P[{w}] > 0 for all w € Q. (We can also assume that the returns
Yi,...,Yr areii.d. under P, but this is actually not needed for the subsequent reasoning.)
To find Q ~ P such that S* = S1/S° is a Q-martingale (recall that we always work in
units of asset 0), we need to find one-step transition probabilities in the open interval
(0,1) such that
EglSH/SY| Fiuoal = S}, /S0, for all k.
Because
SE/SY _ Si/Sia _ Y
Sia/Si SySL, T

we equivalently need Eq[Y)/(1+7) | Fx_1] =1 for all k.

Now fix k and look at a node corresponding to an atom A*~1 = Az,...5,, of F_q at
time k — 1 with corresponding one-step transition probabilities g, . .., gn. (We sometimes
omit to write the indices for ¢; = ¢;(A*~V) = ¢;(Z1,...,%x_1), but of course the one-step
transition probabilities can depend on the atom A%*~1 and hence on the time k.) For
the associated probability measure @, the quantities ¢;(A*~V) = Q[Y; = 1+ y; | A*~Y)]

for branch j = 1,...,m then describe the (one-step) conditional distribution of Y} given
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Fir_1 at that node, and so

on the atom A®=V  Ey[V, | Fi_i] = EolYs | A%V

= Z (A% (1 + )

m

— 143 (A%,
j=1
which implies that
EQ [Yk ‘ -kal] = Z IA(k—l)EQ [Yk ’ A(kfl)]

atoms A(k=DeF

=1+ Z [A<k—1)Qj(A(k_1))yj7

atoms A(k=D e F_,

and we want this to equal 14+r. Note that although we have started with a particular time
k and atom A%~ the resulting condition always looks the same; this is due to the ho-
mogeneity in the structure of the multinomial model. The above conditional expectation

equals 1 + r if and only if the equation
> Ay, =
j=1

has a solution q(A*~D), ... g,(A*®Y). Because we want all the ¢;(A*~V) to lie in
(0,1) and because we have y,, > Y1 > -+ > y; > —1 by the assumed labelling, this
can clearly be achieved if and only if y,, > r > y, i.e. if and only if the riskless interest
rate r for the bank account lies strictly between the smallest and largest return values,
y1 and v,,, for the stock. Moreover, we can then choose the qj(A(k_l)) independently of k
and A®=D and if we do that, the corresponding probability measure @) has the property
that the returns Y7, ..., Yy are i.i.d. under ). But we also see that there are clearly many
Q' ~ P on Fr such that 5'/S0 is a (-martingale, but Y;, ..., Y7 are not i.i.d. under Q'

In summary, we obtain the following result.
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Corollary 1.4. In the multinomial model with parameters y; < --- < y,, and r, there

exists a probability measure Q ~ P such that S'/S° is a Q-martingale if and only if

Y1 <1 < Ym-

The interpretation of the condition y; < r < y,, is very intuitive. It says that in
comparison to the riskless bank account §0, the stock S' has the potential for both
higher and lower growth than S°. Hence S! is genuinely more risky than S°. One has
the feeling that this should not only be sufficient to exclude arbitrage opportunities, but
necessary as well. That feeling is correct, as we shall see in the next section; alternatively,
one can also prove this directly. [— Exercise]

For the special case of the binomial model, we can even say a bit more.

Corollary 1.5. In the binomial model with parameters u > d and r, there exists a
probability measure Q ~ P such that 5*/S° is a Q-martingale if and only if u > r > d.
In that case, () is unique (on JFr) and characterised by the property that Yy, ..., Yr are

i.i.d. under () with parameter

Proof. The martingale condition » ™", ¢ (A®=D)y; = r reduces, with m = 2, y; = d,
y» = u and q := g(A*V) to the equation (1 — ¢)d + qu = 7, which has the unique
solution ¢*. Because the one-step transition probabilities for () are thus the same in each
node throughout the tree, the i.i.d. description under @) follows as in Section 1.4 and in

the preceding discussion. q.e.d.
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2.2 The fundamental theorem of asset pricing

We have already seen in Lemma 1.2 a sufficient condition for S to be arbitrage-free.
Moreover, the multinomial model has led us to suspect that this condition might be
necessary as well. In this section, we shall prove that this is indeed so, for every financial
market model in finite discrete time. To give the result a crisp formulation, we first

introduce a new and very important concept.

Definition. An equivalent (local) martingale measure (E(L)MM) for S is a probability
measure () equivalent to P on Fr such that S is a (local) @-martingale. We denote by
IP,(S) or simply IP, the set of all EMMs for S and by [P, .. the set of all ELMMs for S.
Clearly, IP, C IP, joc.

Saying that IP.(1oc)(S) is non-empty is the same as saying that there exists an equiv-
alent (local) martingale measure @) for S. By Lemma 1.2 and the discussion around it,
both these properties imply that S is arbitrage-free or, equivalently, that S satisfies (NA).

It is very remarkable and important that the converse implication holds as well.

Theorem 2.1 (Dalang/Morton/Willinger). Consider a (discounted) financial market
model in finite discrete time. Then S is arbitrage-free if and only if there exists an

equivalent martingale measure for S. In brief:

(NA) <= P(S)#0 <= P.1.(S)#0.

This result deserves a number of comments:

1) The crucial significance of Theorem 2.1 is that it translates the economic/financial
condition of absence of arbitrage into an equivalent, purely mathematical/probabilistic
condition. This opens the door for the use of martingale theory, with its many tools and
results, for the study of financial market models.

2) The classical theorems in martingale theory on gambling say that one cannot win in

a systematic way if one bets on a martingale (see the stopping theorem or Doob’s systems
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theorem). Theorem 2.1 can be viewed as a converse; it says that if one cannot win by
betting on a given process, then that process must be a martingale — at least after an
equivalent change of probability measure.

3) Note that we make no integrability assumptions about S (under P); so it is also
noteworthy that S, being a @-martingale, is automatically integrable under (some) Q.
(To put this into perspective, one should add that it is a minor point; one can always
easily construct [— exercise] a probability measure R equivalent to P such that S becomes
under R as nicely integrable as one wants. But of course such an R will in general not be

a martingale measure for S.)

Proving Theorem 2.1 is not elementary if one wants to allow models where the under-
lying probability space (2, F, P) is infinite, or more precisely if one of the o-fields Fy,
k < T, is infinite. This level of generality is needed very quickly, for instance as soon as
we want to work with returns which take more than only a finite number of values; the
simplest example would be to have the Y}, lognormal, and other typical examples come up
when one wants to study GARCH-type models. In that sense, the result in Theorem 2.1 is
really needed in full generality. However, we content ourselves here with an explanation of
the key geometric idea behind the proof, and with the exact argument for the case where
Q (or rather Fr) is finite (like for instance in the canonical setting for the multinomial
model).

Due to Lemma 1.2 (plus Remark 1.3) and [P, C IP, o, we only need to prove that
absence of arbitrage implies the existence of an equivalent martingale measure for S. By

Proposition 1.1, (NA) is equivalent to G’ N LY (Fr) = {0}, where
G' = {Gr(¥Y) : ¥ is IR%valued and predictable}

is the space of all final positions one can generate from initial wealth 0 by self-financing
(but not necessarily admissible) trading. In geometric terms, this means that the upper-
right quadrant of nonnegative random variables, LS’F(]-"T), intersects the linear subspace

G’ only in the point 0.
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LY (Fr)

I

. \
/%/@

Graphical illustration of the condition G’ N LY (Fr) = {0}

As a consequence, the two sets Lg(]—"T) and G’ can be separated by a hyperplane, and
the normal vector defining that hyperplane then yields (after suitable normalisation) the
(density of the) desired EMM.

As one can see from the above scheme of proof, the existence of an EMM follows from
the existence of a separating hyperplane between two sets. In that sense, the proof is (not
surprisingly) not constructive, and it is also clear that we cannot expect uniqueness of an
EMM in general. The latter fact can also easily be seen directly: Because the set IP(S)
is obviously convex [— exercise], it is either empty, or contains exactly one element, or

contains infinitely (uncountably) many elements.

Proof of Theorem 2.1 for 2 (or Fr) finite. If Q (or Fr) is finite, then every random
variable on (€2, Fr) can take only a finite number (n, say) of values, and so we can identify
LO(Fr) with the finite-dimensional space IR" and LY (Fr) with . (More precisely, as
pointed out below, we must take n as the number of atoms of Fr.) The set G’ C L(Fr),
which is obviously linear, can then be identified with a linear subspace H of IR", and so
(NA) translates into H N IR} = {0} due to Proposition 1.1.

Recall that a set A € Fr is an atom in Fr if P[A] > 0 and if any B € Fp with B C A
has either P[B] = 0 or P[B] = P[A]. Then any Fp-measurable random variable Z has
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the form Z = ZAamminfT Z1, = ZAatominfT zalq with z4 € IR. We consider the set of
all Fp-measurable Z > 0 with ) , atomin Fp 7A = 1 and identify this with the subset

/C:{ZEB?_:Zn:Zi:1}
i=1

of IR}, where n denotes the (finite, by assumption) number of atoms in Fr. Then K C R’}
and K does not contain the vector 0, so that we must have H N K = (. Moreover,
KC is convex and compact, and so a classical separation theorem for sets in IR™ (see
e.g. Lamberton/Lapeyre [12, Theorem A.3.2] implies that there exists a vector A € IR"
with A # 0 such that

(2.1) Ah =0 forall h € H
(which says that A is a normal vector to the hyperplane separating H and K) and
(2.2) A"z >0 for all z € K

(which says that the hyperplane strictly separates H and K).
Now we normalise A. By the definition of X, choosing as z in turn all the unit
coordinate vectors in IR"™, the property (2.2) implies that all coordinates of A must be

strictly positive, and so the numbers

prim i
. Z?:l )‘i

lie in (0,1) and sum to 1 so that they define a probability measure @) on Fr via
Q[A;] == pi for all atoms A; of Fp;

recall that Fr by assumption has only n atoms because it is finite, and any set in Fr is
a union of atoms in Fr. Because P[A] > 0 for all n atoms A € Fr, it is clear that @ is
equivalent to P on Fr; and the property (2.1) that A*h = 0 for all h € H translates via
the identification of H and G’ and the definition of G’ into

Eq|Gr(9)] =0 for all IR%-valued predictable 1.
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Choosing ¢ := Iftime = k}{asset mumber = 414 With A € Fp_y gives Gp(9) = Ia(S} — Si_,).
But the fact that this has Q-expectation 0 for arbitrary A € Fj_; simply means that
EqlS; — Sy | Fx—1] = 0 for all k, and so S is clearly a Q-martingale. Note that integra-

bility is not an issue here because €2 (or Fr) is finite. q.e.d.

In continuous time or with an infinite time horizon, existence of an EMM still implies
(NA), but the converse is not true. One needs a sort of topological strengthening which
excludes not only arbitrage from each single strategy, but also the possibility of creating
“arbitrage in the limit by using a sequence of strategies”. The resulting condition is called
(NFLVR) for “no free lunch with vanishing risk”, and the corresponding equivalence the-
orem, due to Freddy Delbaen and Walter Schachermayer in its most general form, is called
the fundamental theorem of asset pricing (FTAP). (To be accurate, we should mention
that also the concept of EMM must be generalised a little to obtain that theorem.) The
basic idea for proving the FTAP is still the same as in our above proof, but the techniques
and arguments are much more advanced. One reason is that for infinite F, £ < T', already
the proof of Theorem 2.1 needs separation arguments for infinite-dimensional spaces. The
second, more important reason is that the continuous-time formulation also needs the full
arsenal and machinery of general stochastic calculus for semimartingales. This is rather
difficult. For a detailed treatment, we refer to Delbaen/Schachermayer [4, Chapters 8, 9,
14]

Remark. While Theorem 2.1 is a very nice result, one should also be aware of its as-
sumptions and in consequence its limitations. The most important of these assumptions
are frictionless markets and small investors — and if one tries to relax these to have more
realism, the theory even in finite discrete time becomes considerably more complicated
and partly does not even exist yet. The same of course applies to continuous-time models

and theorems. o

In some specific models, we have already studied when there exists a probability

measure Q ~ P such that S'/5 is a Q-martingale; see Corollaries 1.4 and 1.5. Combining
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this with Theorem 2.1 now immediately gives the following results.

Corollary 2.2. The multinomial model with parameters y; < --- < y,, and r is arbitrage-

free if and only if y1 <1 < Y.

Note that this confirms the intuition stated after Corollary 1.4.

Corollary 2.3. The binomial model with parameters u > d and r is arbitrage-free if and
only if u > r > d. In that case, the EMM Q* for S'/5° is unique (on Fr) and is given as
in Corollary 1.5.
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2.3 Equivalent (martingale) measures

We can already see from the FTAP in its simplest form in Theorem 2.1 that EMMs play
an important role in mathematical finance. This becomes even more pronounced when
we turn to questions of option pricing or hedging, as we shall see in later chapters. In this
section, we therefore start to study how one can relate computations and probabilistic
properties under ) and under P to each other if Q) ~ P, and we also have a look at how

one might actually construct an EMM for a given process S in certain situations.

We begin with (2, F) and a filtration IF' = (Fy)r—0.1
F, we have two probability measures () and P, and we assume that () =~ P. Then the

,,,,, + In finite discrete time. On
Radon—Nikodym theorem tells us that there exists a density % =: D; this is a random
variable D > 0 P-a.s. (because Q ~ P) such that Q[A] = Ep[DI,4] for all A € F, or more
generally

(3.1) EqlY] = Ep[YD] for all random variables Y > 0.

In particular, Ep[D] = Eg[1] = 1. One sometimes writes (3.1) in integral form as

/YdQ:/YDdP,
Q Q

which explains the notation to some extent. The point of these formulae is that they tell
us how to compute -expectations in terms of P-expectations and vice versa. Sometimes
one also writes D = 3—g| 7 to emphasise that we have Q[A] = Ep[D14] for all A € F, and
one sometimes explicitly calls D the density of ) with respect to P on F.

To get similar transformation rules for conditional expectations, we introduce the

P-martingale Z (sometimes denoted more explicitly by Z%¢ or Z9F) by
d@
Zk:EP[D|Fk]:EPd_P ./T"k fOl"k:O,l,...,T.

Because D > 0 P-a.s., the process Z = (Zy)k—o,1,. 1 is strictly positive in the sense that

-----

Zy > 0 P-a.s. for each k, or also P[Z; > 0 for all k] = 1. Z is called the density process
(of Q, with respect to P); the next result makes it clear why.
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Lemma 3.1. 1) For every k € {0,1,...,T} and any A € Fi or any Fp-measurable
random variable Y > 0 or Y € L'(Q), we have

Q[A] = EP[ZkIA] and EQ[Y] = Ep[ZkY],

respectively. This means that Z is the density of () with respect to P on F, and we also
. . d

write sometimes Z), = 92| x,.
2) If j < k and Uy is Fy-measurable and either > 0 or in L'(Q), then we have the

Bayes formula

1
(3.2) Eq|Uy | Fj] = ZEP[ZkUk | F; Q-a.s.
j
This tells us how conditional expectations under () and P are related to each other.

3) A process N = (Nj)p—o0,1,..7 which is adapted to IF' is a ()-martingale if and only

if the product ZN is a P-martingale. This tells us how martingale properties under P

and () are related to each other.

The proof of Lemma 3.1 is a standard exercise from probability theory in the use of
conditional expectations. We do not give it here, but strongly recommend to do this as

an [— exercise]. Note that if Fr is smaller than F, we have Zr # D in general.

Because Z is strictly positive, we can define

Zi—1

Dy : fork=1,...,T.

The process D = (Dg)r=1...1 is adapted, strictly positive and satisfies by its definition

Ep[Dy | Fr1] = 1,
because Z is a P-martingale. Again because Z is a martingale and by Lemma 3.1,

Ep|Zy| = EplZr] = EplZrla] = Q[ = 1,
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and we can of course recover Z from Z, and D via
Zv =72 |[D;  fork=0,1,...,T.

So every ) ~ P induces via Z a pair (Zy, D). If we conversely start with a pair (Zy, D)
with the above properties (i.e. Zy is Fo-measurable, Zy; > 0 P-a.s. with Ep[Zy] = 1, and
D is adapted and strictly positive with Ep[Dy | Fr—1] = 1 for all k), we can define a

probability measure ) ~ P via
dQ T
P = Z Jl_ll D;.

Written in terms of D, the Bayes formula (3.2) for j = k — 1 becomes

This shows that the ratios D;, play the role of “one-step conditional densities” of () with
respect to P.

The above parametrisation is very simple and yet very useful when we want to con-
struct an equivalent martingale measure for a given process S. All we need to find are
an JFp-measurable random variable Z, > 0 P-a.s. with Ep[Z;] = 1 and an adapted

strictly positive process D = (Dy)g=1,. 1 satisfying Ep[Dy | Fr—1] = 1 for all k (these

are the properties required to get an equivalent probability measure @), and in addition
Ep[Dy(Sk — Sk-1) | Fr—1] = 0 for all k. Indeed, the latter condition is, in view of (3.3),
simply the martingale property of S under the measure () determined by (Zy, D). (To be
accurate, we also need to make sure that S is Q-integrable, meaning that Eg[|Sk|] < oo
for all k; this amounts to the integrability requirement that Ep[Zx|Sk|] < oo for all k,
where Z;, = Z, H?:l D;.)

The simplest choice for Zj is clearly the constant Z; = 1; this amounts to saying that
@ and P should coincide on Fy. If Fy is P-trivial (i.e. P[A] € {0,1} for all A € Fy) as

is often the case, then every JFy-measurable random variable is P-a.s. constant, and then

Zy = 1 is actually the only possible choice (because we must have Ep[Zy] = 1).
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Concerning the Dy, not much can be said in this generality because we do not have
any specific structure for our model. To get more explicit results, we therefore specialise

and consider a setting with i.i.d. returns under P; this means that

k
Si=S1[v. St=0+n"
j=1
where Y;,..., Yy are > 0 and i.i.d. under P. The filtration we use is generated by (S°, S1)
or equivalently by ST or by Y; so Fy is P-trivial and Y} is under P independent of Fj_;
for each k. The Q-martingale condition for $* = S'/S° in multiplicative form is then by

(3.3) given by

Sl
1= Fo g

Because S > 0, this also implies by iteration that Eg[|Si|] = Eg|St] = EglSy] = S5 < oo

S}/S9
fk_1:| - EQ {%
Skfl/Skfl

DY,
4| =F
Fi 1] P|:1+T

so that Q-integrability is automatically included in the martingale condition.
To keep things as simple as possible, we now might try to choose Dy, like Y}, independent
of Fx—1. Then [one can prove that] we must have Dy = g¢x(Y}) for some measurable

function g, and we have to choose ¢, in such a way that we get
1 = Ep[Dy | Fr-1] = Ep[gr(Yz)]

and

147 = Ep[DyYy | Fio1] = Ep[Yigr(Ys)].

(Note that these calculations both exploit the P-independence of Y}, from Fj_;.) If this
choice is possible, we can then choose all the g, = g1, because the Y) are (assumed)
1.i.d. under P and so the distribution of Y; under P is the same as that of Y;. To ensure
that Dy > 0, we can impose g > 0.

If we find such a function g; > 0 with Ep[g;(Y1)] = 1 and Ep[Y10:1(Y1)] = 1+, setting

P+
Q- [T
j=1
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defines an EMM Q for S* = §'/S°. Moreover, [one can show that] the returns Yy, ..., Yy

are again i.i.d. under @ (but of course not necessarily under an arbitrary EMM Q' for S').

Example. We still assume that we have i.i.d. returns under P. If the Y} are discrete
random variables taking values (1 + y;),en with probabilities P[Y), = 1 + y;] = p;, then
g1 is (for our purposes) determined by its values ¢;(1 + y;), and @) ~ P means that we
need g; := Q[Yy = 1+ y,| > 0 for all those j with p; > 0. If we set

g = pjg(1+y;),

we are thus in more abstract terms looking for ¢; having ¢; > 0 whenever p; > 0 and

satisfying
1 = Ep[gi(Y1)] ijgl 1+y;) = ZQJ

jeIN JjeIN
and

L+r=EpYVigi(Y)] =Y pil+y)a(l+y) =Y ql+y) =1+ ¢
JjeN jeEIN jeEIN

or equivalently

Z 995 =T

jeEIN
Note that the actual values of the p; are not relevant here; it only matters which of them

are strictly positive.

Example. In the multinomial model with parameters y1,...,y,, and r, the above recipe
boils down to finding g1, ..., g, > 0 with 377" ¢; = 1 and 377 gjy; = r. If m > 2 and
the y; are as usual all distinct, there is clearly an infinite number of solutions (provided
of course that there is at least one).

oU;+b

Example. If we have i.i.d. lognormal returns, then Y; = e with random variables

Up,...,Ur iid. ~ N(0,1) under P. Instead of D; = ¢1(Y;), we here try (equivalently)

aU;+8

with D; = §1(U;), and more specifically with D; = e . Then we have

Ep|D;] = ePrae? —q for f = —%oﬁ,
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and we get
Ep|D;Y;] = Epleltft(etolUi] — obtbtylote)” — 1 4y
for
1 ) 1,
log(L+7) =b+ B+ (a+0)?=b+ 0" +ao,
hence

o=

SR

(log(l +r)—b— %ﬁ) .

So we could for instance take

1
Dy, = exp (—ka — 572>
with
b+ 302 —log(1+r)

o

’}/:—O&:

20



3 VALUATION AND HEDGING IN COMPLETE MARKETS o1

3 Valuation and hedging in complete markets

In Chapter 2, we have characterised those financial market models in finite discrete time
that are reasonable in the sense that they do not allow arbitrage. More precisely, we have
studied when it is impossible to create money pumps by cleverly combining the basic
traded assets (stocks and bank account).

If we now introduce into that market a new financial instrument (e.g. an option) and
stipulate that this should not create arbitrage opportunities, what can then be said about
the price of that new instrument? Note that “absence of arbitrage” now takes a different
meaning because we consider a different market than before — the basic instruments are
now the old stocks, the old bank account, and the new option. Depending on the structure
of the stock price process S as well as the structure of the option under consideration,
the restrictions on the possible price of the new option can be more or less severe; in the
extreme, it can happen that the price of the option is uniquely determined. While this
makes things nice and transparent, we should say that this is the exception rather than
the rule.

Throughout this chapter, we consider as usual a (discounted) financial market in
finite discrete time on (§2, F, P) with IF' = (Fy)r—o.1....7, where discounted asset prices are
given by S =1 and S = (Sk)k=0.1,. 7 with values in IR?. Note that we again express all
(discounted) quantities in terms or units of asset 0, and we think of asset 0 as representing

money.

3.1 Attainable payoffs

Let us first introduce a general financial instrument of European type.

Definition. A general European option or payoff or contingent claim is a random variable

H e LY (Fr).

The interpretation is that H describes the net payoff (in units of asset 0) that the
owner of this instrument obtains at time 7'; so having H > 0 is natural and also avoids

integrability issues. (A bit more generally, one could instead impose that H is bounded
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below P-a.s. by some constant.) As H is Fp-measurable, the payoff can depend on the
entire information up to time 7; and “European” means that the time for the payoff is

fixed at the end 7.

Remark. We could also deal with an Fj-measurable payoff made at time k; but as S° = 1,
it is financially equivalent whether such a payoff is made at k or at T', because we can use
the bank account to transfer money over time without changing it or its value in any way.
By using linearity, we could then also deal with payoff streams having a payoff at every
date k (with, of course, the time k payoff being Fi-measurable, i.e. the payoff stream being
an adapted process). However, we do not consider here American-type payoffs where the
owner of the financial instrument has some additional freedom in choosing the time of the

payoff; the theory for that is a bit more complicated. o

Example. A Furopean call option on asset ¢ with maturity T and strike K gives its
owner the right, but not the obligation, to buy at time 7" one unit of asset i for the price
K, irrespective of what the actual asset price S then is. Any rational person will make
use of (ezercise) that right if and only if Sh(w) > K, because it is in that, and only in
that, situation that the right is more valuable than the asset itself. In that case, in purely
monetary terms, the net payoff is then Si(w) — K, and this is obtained by buying asset
i at the low price K and immediately selling it on the market at the high price Si(w).
In the other case Si(w) < K, the option is clearly worthless — it makes no monetary
sense to pay K for one unit of asset ¢ if one can get this on the market for less, namely

for Si(w). So here we have for the option a net payoff, in monetary terms, of
H(w) = max (0, Si(w) — K) = (Sh(w) — K)+.

As a random variable, this is clearly nonnegative and JFr-measurable because S¢ is
adapted. Actually, H here is even simpler because it only depends on the terminal asset

price Sk; we can write H = h(S%) with the function h(x) = (z — K)*.

Remark. In the above example, and more generally by identifying an option with its

net payoff in units of S°, we are implicitly restricting ourselves to so-called cash delivery
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of options. However, there might be other contractual agreements. For instance, with a
call option with physical delivery, one actually obtains at time 7T in case of exercise the
shares or units of the specified asset and has to pay in cash the agreed amount K. If the
underlying asset is some commodity like e.g. oil or grain, this distinction becomes quite

important. However, we do not discuss this here any further. o

Example. If we want to bet on a reasonably stable asset price evolution, we might be
interested in a payoff of the form H = Iz with

B = {ag min  min S; < max max S < b}.
i=1,..,d k=0,1,...,T i=1,..,d k=0,1,...,T

In words, this option pays at time 7" one unit of money if and only if all stocks remain
between the levels a and b up to time T'. This H is also Fr-measurable, but now depends
on the asset price evolution over the whole time range £ = 0,1, ..., T’; it cannot be written

as a function of the final stock price St alone.

Example. A payoff of the form
T
H=1 1 Z S; with A € Fr and a function g > 0
Ag T £ k T g =

gives a payoff which depends on the average price (over time) of asset 7, but which is only
due in case that a certain event A occurs. In insurance, the set A could for instance be
the event of the death up to time 7T of an insured person; then H would describe the
payoff from an index-linked insurance policy. This is an example where H depends on
more than only the basic asset prices. To get interesting examples of this type, we need

the filtration IF' to be strictly larger than the filtration JF'® generated by asset prices.

The basic question studied in this chapter is the following: Given a contingent claim
H e LY (Fr), how can we assign to H a value at any time k < T in such a way that
this creates no arbitrage opportunities (if the claim is made available for trading at these
values)? And having sold H, what can one do to insure oneself against the risk involved

in having to pay the random, uncertain amount H at time 717
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The key idea for answering both questions is very simple. With the help of the basic
traded assets S° and S, we try to construct an artificial product that looks as similar
to H as possible. The value of this product is then known because the product is con-
structed from the given assets; and this value should by absence of arbitrage be a good

approximation for the value of H.

Let us first look at the ideal case. Suppose that we can find a self-financing strategy
¢ = (Vo,9) such that V() = H P-a.s. Then both the strategy ¢ and just holding H
have costs of 0 at all intermediate times k = 1,...,7 — 1 because ¢ is self-financing, and
both have at time T a value of H. To avoid arbitrage, the values of both structures must
therefore coincide at time 0 as well, because we can otherwise buy the cheaper and sell
the more expensive product to make a riskless profit. (Note that this argument crucially
exploits that in finite discrete time, (NA) and (NA’) are equivalent, so that we need not
worry about any admissibility condition for the “strategy”, in the extended market, of
combining two products.) In consequence, the value or price of H at time 0 must be V4.
An analogous argument and conclusion are valid for any time k, where the value or price

of H must then be Vi ().

Definition. A payoff H € LY (Fr) is called attainable if there exists an admissible self-
financing strategy ¢ = (Vp,9) with Vp(p) = H P-a.s. The strategy ¢ is then said to
replicate H and is called a replicating strategy for H.

Remark. Even in finite discrete time, it is important (and exploited below) that a repli-
cating strategy should be admissible. In continuous or infinite discrete time, this becomes

indispensable. o

The next result formalises the key idea explained just before the above definition. In

addition, it also provides an efficient way of computing the resulting option price.

Theorem 1.1 (Arbitrage-free valuation of attainable payoffs). Consider a dis-
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counted financial market in finite discrete time and suppose that S is arbitrage-free and JF
is trivial. Then every attainable payoff H has a unique price process V7 = (V;H),_o1. 1
which admits no arbitrage (in the extended market consisting of 1, S and V). It is given
by

VIl = EglH | Fe) = Vi(Vo,d)  fork=0,1,...,T,
for any equivalent martingale measure () for S and for any replicating strategy ¢ = (Vy, )

for H.

Proof. By the DMW theorem in Theorem 2.2.1, IP,(S) is nonempty because S is
arbitrage-free; so there is at least one EMM (). By assumption, H is attainable; so there
is at least one replicating strategy ¢. Because ¢ and H provide the same payoff structures,
they must by absence of arbitrage in the extended market have the same value processes;
so VI = V(y), and this holds for any replicating . Because any such ¢ = (Vf,9) is
admissible by definition, V() = Vo+19+S = V (4, ¥) is a Q-martingale by Theorem 1.3.3,
for any Q € IP.(S), and as its final value is Vr(¢) = H (P-a.s., hence also Q-a.s.), we get

VHE =Vi(p) = EglH | F]  for all k.

More precisely, Vj is a constant because Fy is trivial, and ¢ is admissible so that V() is
bounded from below. So ¥+S = V(¢) — V; is also bounded from below, which justifies
the use of Theorem 1.3.3. q.e.d.

In terms of efficiency, Theorem 1.1 is a substantial achievement. In a first step, we
ought to check in any case whether or not the basic model we use for S is arbitrage-free,
and that is most easily done by exhibiting or constructing an EMM @ for S. If we then
have any attainable payoff, we very simply compute its price process by taking conditional
expectations under (), without having to spend any effort on finding a replication strategy.

However, the above statement is a bit misleading. First of all, for hedging purposes,
we very often are interested in actually knowing and then also using a replicating strat-
egy. But more fundamentally, how can we decide for a given payoff whether or not it is
attainable, without exhibiting or constructing a replicating strategy? Is there a different

and maybe simpler way to show the existence of a replicating strategy?
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The next result shows how the last question can be answered by again using E(L)MMs

for S.

Theorem 1.2 (Characterisation of attainable payoffs). Consider a discounted fi-
nancial market in finite discrete time and suppose that S is arbitrage-free and JFy is trivial.

For any payoff H € LY (Fr), the following are equivalent:

1) H is attainable.

2) Supgep, ,.(s) PolH] < oo is attained in some Q* € Pejoc(5), i.e. the supremum is
finite and a maximum; in other words, we have supgep, . () Eq[H] = Eqg-[H] < 00

for some Q* € IP. 1o.(.5).

3) The mapping IP,(S) — IR, Q — Eg|H] is constant, i.e. H has the same and finite
expectation under all EMMs @) for S.

Proof. @ While some of the implications are rather straightforward, the full proof,
and in particular the implication “2) = 1)”, is difficult because it relies on the so-
called optional decomposition theorem. For the case where prices S are nonnegative,
see Follmer/Schied [9, Remark 7.17 and Theorem 5.32]. The general case is more deli-
cate; the simplification for S > 0 is due to the fact that the sets P.(S) and Py 0c(S) then
coincide. A full proof is for instance given in the lecture “Introduction to Mathematical

Finance”. q.e.d.

Remark. For models with continuous or infinite discrete time, the equivalence between
1) and 2) in Theorem 1.2 still holds (with a slightly stronger definition of attainability),
but the equivalence between 2) and 3) may (surprisingly!) fail. More precisely, “3) = 2)”
remains valid if we replace [P, by IP. . in 3), but “2) = 3)” in general only holds if H is

bounded; see Delbaen/Schachermayer [4, Chapter 10| for a counterezample. o

In summary, the approach to valuing and hedging a given payoff H in a financial

market in finite discrete time (with Fy trivial) looks quite simple:
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1) Check if S is arbitrage-free by finding at least one ELMM @ for S.
2) Find all ELMMs @ for S.

3) Compute Eg[H]| for all ELMMs @ for S and determine the supremum of Eg[H]

over .

4a) If the supremum is finite and a maximum, i.e. attained in some Q* € P, 1,.(.5), then

H is attainable and its price process can be computed as VT = Eg[H | Fy], for any

Q € P.(5).

4b) If the supremum is not attained (or, equivalently for finite discrete time, there is a

pair of EMMs @1, Q2 with Eq, [H] # Eg,[H]), then H is not attainable.

In case 4a), Theorem 1.1 tells us how to value H; but if we also want to find a
replicating strategy, then more work is required.

In case 4b), we are faced with a genuine problem: It is impossible to replicate H, so our
whole conceptual approach up to here breaks down. We then have the difficult problem of
valuation and hedging for a non-attainable payoff, and there are in the literature several
competing approaches to that, all involving in some way the specification of preferences

or subjective views of the option seller.

Remark. Because it involves no preferences, but only the assumption of absence of
arbitrage, the valuation from Theorem 1.1 is often also called risk-neutral valuation, and

an EMM @ for S is called a risk-neutral measure. o

Warning: In large parts of the literature, the terminology “risk-neutral valuation” is
used for computing conditional expectations of a given payoff H under some EMM Q).

This is potentially problematic for two reasons:

1) VkH’Q = Eg[H | Fi] typically depends on @) if H is not attainable. So when following
that approach, one should at the very least think carefully about which @ € IP,(S)

one uses, and why.
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2) If H is not attainable, it is at best not clear how to hedge H in any reasonably safe

way, and at worst, this may be impossible to achieve.

Both of these issues are often ignored in the literature; whether this happens intentionally
or through ignorance is not always clear. One area where this used to be particularly
prominent is credit risk. One can of course argue that having some approach to obtain
a valuation is better than nothing; but a value which has substantial arbitrariness and
perhaps no clear risk management outlook should certainly be treated with care and

respect.
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3.2 Complete markets

As we have seen in Theorem 1.1, absence of arbitrage is already enough to value or price

any attainable payoff.

Definition. A financial market model (in finite discrete time) is called complete if every

payoff H € LY (Fr) is attainable. Otherwise it is called incomplete.
An obvious corollary of Theorem 1.1 is then

Theorem 2.1 (Valuation and hedging in complete markets). Consider a discounted
financial market model in finite discrete time and suppose that JFq is trivial and S is
arbitrage-free and complete. Then for every payoff H € LY (Fr), there is a unique price

process VH = (V;H),_o1. r which admits no arbitrage. It is given by
Vi = EglH | Fi] = Vi(Vp,9)  fork=0,1,...,T

for any EMM @ for S and any replicating strategy ¢ = (Vp, 1) for H.

While Theorem 2.1 looks very nice, it raises the important question of how to recognise
a complete market, because completeness is a statement about all payofts H € LQF(]:T).
But very fortunately, there is a very simple criterion — and it should be no surprise by

now that this again involves EMMs Q).

Theorem 2.2. Consider a discounted financial market model in finite discrete time and
assume that S is arbitrage-free, Fy is trivial and Fp = F. Then S is complete if and only

if there is a unique equivalent martingale measure for S. In brief:

(NA) + completeness <= #(IP.(S)) =1, i.e. IPs(S) is a singleton.

Proof. “«<=": If IP,(S) contains only one element, then ) — Eg[H] is of course constant
over Q) € IP,(S) for any H € LY (Fr). Hence H is attainable by Theorem 1.2.
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[To be accurate and avoid the case that ) — Eg[H| = 400, one also needs to check a
priori some integrability issues, namely that Eg[H| < oo for at least one @) € IP,(S); see
Follmer/Schied [9, Theorems 5.30 and 5.26] for details.]

“—=": For any A € Fr, the payoff H := [ is attainable; so by Theorem 1.1, we have
for any pair of EMMs )¢, @5 for S that

Qi[A] = Eq,[H] = Vi = Eq,[H] = Qu[A].

So @1 and @)y coincide on Fp = F, which means that there can be at most one EMM
for S. By the DMW theorem in Theorem 2.2.1, there is at least one EMM because S is

arbitrage-free, and so the proof is complete. q.e.d.

Theorem 2.2 is sometimes called the second fundamental theorem of asset pricing.
Combining it with the first FTAP in Theorem 2.2.1, we have a very simple and beautiful

description of discounted financial market models in finite discrete time:

— Existence of an EMM is equivalent to the market being arbitrage-free.

— Uniqueness of the EMM is equivalent to completeness of the market.

For continuous or infinite discrete time, such statements become more subtle to formulate

and more difficult to prove.

Remarks. 1) We can see from the proof of Theorem 2.2 where the assumption Fr = F
is used. But it is also clear from looking at the statement why it is needed; after all,
completeness is only an assertion about JFpr-measurable quantities.

2) One can show that if a financial market in finite discrete time is complete, then Fr
must be finite; see Follmer/Schied [9, Theorem 5.38]. In effect, finiteness of Fr means
that €2 can also be taken finite. This shows that while it makes the theory nice and
simple, completeness is also a very restrictive property — complete financial markets in

finite discrete time are effectively given by finite tree models. o

Example. The multinomial model with a bank account and one stock (d = 1) is

incomplete whenever m > 2, i.e. as soon as there is some node in the tree which allows
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more than two possible stock price evolutions. This follows from Theorem 2.2 because in

that situation, there are infinitely many EMMs; see Section 2.3.

Example. Consider any model with d = 1 (one risky asset) and i.i.d. returns Y3,..., Yy
under P. If Y] has a density (e.g. if we have lognormal returns), then S is incomplete. This
is because F; (and hence also Fr) must be infinite for Y} to have a density. Alternatively,

one can easily construct different EMMs if there is at least one. [ Exercise]
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3.3 Example: The binomial model

In this section, we briefly illustrate how the preceding theory works out in the binomial
or Cox—Ross—Rubinstein model. We recall that this model is described by parameters
pe(0,1)and u>r >d > —1; then we have S? = (1 + r)* and S} = S} HleYj with
Sy >0 and Yy,...,Yp iid. under P taking values 1 + u or 1 + d with probability p or
1 — p, respectively. The filtration IF' is generated by S = (§0, S 1) or equivalently by St
or by Y. Note that Fy is then trivial because S9 = 1 and S} = S} is a constant. We
also take F = Fp; this is even an automatic conclusion if we construct the model on the
canonical path space as in Section 1.4.

We already know from Corollary 2.2.3 that this model is arbitrage-free and has a unique
EMM for S* = §1/§0. Hence S* is complete by Theorem 2.2, and so every H € LY (Fr)

is attainable, with a price process given by
VH =Eg-[H|F,] fork=01,...T,

where Q* is the unique EMM for S*. We also recall from Corollary 2.2.3 that the Y; are
under @* again i.i.d., but with

r—d

u—d

QM =1+u=q":= € (0,1).

All the above quantities S, H, VH are discounted with S°, i.e. expressed in units of

asset 0. The undiscounted quantities are the stock price S* = S1S°, the payoff H := HS%
and its price process Vi with f/kﬁ = Vng,g for k =0,1,...,T. Putting together all we
know then yields

Corollary 3.1. In the binomial model with u > r > d, the undiscounted arbitrage-free

price process of any undiscounted payofft H e Li(]—";p) is given by

‘/k :SkEQ* = fk :EQ* H= Fk = TEQ*{H|F]€] fOI/{Z:O,l,...,T.
St St St

Example. For a European call option on S with maturity 7" and undiscounted strike



3 VALUATION AND HEDGING IN COMPLETE MARKETS 63

K, we have
H= (S —K)" =(S; - K)I{§;>f<}‘
Now

{S}>K}= {5,1 ﬁ Y; > f?} = { ZT: log V; > 1og(f€/§,1)}.

j=k+1 j=k+1
If we define
1 ifY; =1+u,
Wi = Iyj=14u) = .
0 itY;=1+d,
then Wy, ..., Wr are under * independent 0-1 experiments with success parameter ¢*,

so that their sum has under Q* a binomial distribution. Moreover, using the fact that

log Y; = Wjlog(1 4 u) + (1 — W;) log(1 + d) = W;log 1% + log(1 + d) gives

1+u
1+d

T
Y logV; = Wy rlog + (T — k) log(1 + d),

j=k+1

where Wy, p 1= Z]T:Hl W; ~ Bin(T — k, ¢*) is independent of Fj, under Q*. So we get

~ ~ 14w K
1 _ +
{S7 > K} = {Wk’T log T d > log g,l (T — k) log(1 d)}

and therefore

1+u )
1Og 1+d s=S}

log & — (T — k) log(1 + d)}
1+d

Q8L > R\ Fl =@ [W .

because Wy, r is independent of Fj, under ()* and §,i is Fp-measurable. The above prob-

ability can be computed explicitly because W), r has a binomial distribution; and as

we already have the second half of the so-called binomial call pricing formula.
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For the first term, one can either use explicit (and lengthy) computations or more

elegantly a so-called change of numeraire to obtain that

~1 SO S,g S;lp
(3.1) L+ [STI{§1 >K} }fk} Sk 0 S = Lo =0 I{sl >K} F
T SY St S9.
§0
= S =-Q™[St > K| Fy
50
k
_ 30 log & — (T — k) log(1 + d
= S}i%Q** |:Wk,T > 08 ~ 1+)u 08 )] )
Sk; log 175 14+d s=5}
where W, 7 under Q** is Bin(T" — k, ¢**)-distributed with
I1+u 1+d
I ence 1 — ¢ =(1—-¢")——

Indeed, because St / S0 = 1 is under Q" a positive martingale, one can use it to define
via dQ*/dQ* := SL/S} a probability measure Q** ~ Q* on Fr; then the Q*-martingale
S1/SE starting at 1 is by construction the density process Z9 9" of Q** with respect to
Q*, and the second equality in (3.1) is due to the Bayes formula (2.3.2) in Lemma 2.3.1.
One then easily verifies [— exercise| that Q** is the unique probability measure equivalent
to P on Fr such that §0/§1 = 1/5! becomes a @Q**-martingale, and one can also check
that Yi,...,Yr are under Q** ii.d. with Q™[Y; = 1 + u] = ¢**. Indeed, this is not
really surprising — by Lemma 2.3.1, 3), the process 1/S" is a Q**-martingale because the
product Z9 @7 (1/81) = (S1/SE)(1/S) = 1/SL is obviously a Q*-martingale, and 1/S*
has a binomial structure exactly like S* itself. The measure Q** is sometimes called dual
martingale measure.

So all in all, we obtain the fairly simple formula
=~ ~ §’g
(32) V;iH = SéQ**[WhT > iL‘] — KﬁQ*[W]ﬁT > .Z']
T

with

log & — (T = k) log(1 + d)
1+u ’
1+d

— gl
for s = S,

(3.3) T =

log +*%
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and where W}, o has a binomial distribution with parameter 7" — k£ and with ¢* under
Q*, respectively with ¢** under Q**. This binomial call pricing formula is the discrete

analogue of the famous Black-Scholes formula.

For a general payoff H , the discounted price process V¥ is by its construction a

Q*-martingale with final value H, so that VI = H and
Ve =Eq. V| F..)] fork=1,...,T.

This provides a very simple recursive algorithm by using that the filtration IF' in the
binomial model has the structure of a (binary) tree. Indeed, if we fix some node (corre-
sponding to some atom) at time k — 1 (respectively of Fj_;) and denote by vj_; the value
of VI, there (on that atom), then there are only two possible successor nodes (atoms of
Fi.) and Vi can only take two values there, say v and ve. The Q*-martingale property
then says that

vk-1 = ¢V + (1= ¢k,

because the one-step transition probabilities of @Q* are the same throughout the tree and

given by ¢*,1 — ¢*. In undiscounted terms, we have

ML R P
Sk

§o

Vi VkH
k

-

or

e 1 e
VH = —— E.[VH|F_
e e o [V | Fr-1l,

which translates at the level of node values to the recursion
(34) Bt = (0 + (- 0")0)
: 1= 1, k k)
The terminal condition V1 = H or f/ﬁ — H means that the values vy or o7 at the
terminal nodes are given by the values of H there. Note that for a general (hence typically

path-dependent) payoff H , we have to work with the full, non-recombining tree and all

its 27 terminal nodes.
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To work out the replicating strategy, also for a general payoff H, we recall from The-

orem 1.1 that

k
VI =Vi(Vo,9) =Vo+ > 0;AS]  fork=0,1,...,T.

j=1
For the increments, this means that
(3.5) AV =V — VI =9, AS) = 9:(S; — Sh_1)-

Now let us look again at some fixed node at time k£ — 1 (atom of Fj_1). Because ¢ is
predictable, 9, is Fj_1-measurable and so the value of ¥}, is already known at time k — 1,
hence in that node (on that atom), and it cannot change as we move forward to time k.
If we denote as before by vy_; the value of V;Z| in the chosen node (on the chosen atom)
at time £ — 1 and by s;_; the value of S,i_l there, we know that vi,_; evolves to either vy

1tu d _ 1+d : .
e OF Sp = Sk—114,., respectively, in the next step.

or v,ﬁf, and s,_; evolves to s} = s,_1
But the relation (3.5) between increments must hold in all nodes (on all atoms) and at
all times; so if &, denotes the value of ¥, in the chosen node (on the chosen atom) at time

k — 1, we obtain the two equations

vg — U1 = (s — Sk-1),

U — o1 = &S — sk1)-
Note that we have the same & in both equations because the value of 9, cannot change
as we go from time k — 1 to time k. The above two equations are readily solved to give

u d u d

(3.6) &k

u _ od u—d .
Sk =Sk T Sk-1

Again, the right-hand side is known at time k = T because we know that V}I = H. So
both the price process V7 and the hedging strategy ¥ can be computed in parallel while
working backward through the tree.

If the payoft H is like the call option of the simple path-independent form H = ﬁ(g%) for

some function A, then the above formulas and computation scheme simplify considerably.
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Indeed one can show by backward induction that

Vi =0(k, Sp) for k=0,1,...,T

and
ﬁkzé(k‘,g,i_l) fork=1,...,T

with functions ©(k, s) and £(k, s) that are given by the recursion (compare (3.4))

1
147

o(k—1,5) = (q*f)(k, s(1+ u)) +(1- q*)f)(k,s(l + d)))

with terminal condition
O(T, s) = h(s)

and, from (3.6) multiplied in both numerator and denominator by 5S¢ = (1 + r)*, by

s ik s(14w) — ok, s(1+ d))
(3.7) £k, s) = s .

In particular, it is here enough to do all the computations in the simplified, recombining
tree because neither V nor ¥ have any path-dependence, but only depend on current
values of S'. So instead of 27 terminal nodes for all the trajectories w, we need here only
T+ 1 terminal nodes, for all the possible values of §r_1p The corresponding tree is therefore
also massively smaller, and so are computation times and storage requirements.

It is a very good [— exercise] to either derive the above relations for the path-independent
case directly or deduce them from the preceding general results. In both cases, one uses

a backward induction argument.]
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4 Basics about Brownian motion

The continuous-time analogue (and limit, in an appropriate sense) of the Cox—Ross—
Rubinstein binomial model is the Black—Scholes model of geometric Brownian motion.
To be able to study this later in Chapter 7, we collect in this chapter some basic facts and
results about Brownian motion. This is the stochastic process driving the Black—Scholes
model; but it is of fundamental importance in many other areas as well. Very loosely,
one can think of Brownian motion as a dynamic version of the normal distribution, with
a comparable status as an object of central significance.

Throughout this chapter, we work on a probability space (2, F, P) which is tacitly
assumed to be big and rich enough for our purposes. In particular, 2 cannot be finite
or countable. We also work with a filtration I = (F;) in continuous time; this is like in
discrete time a family of o-fields F;, C F with Fy, C F; for s < t. The time parameter
runs either through ¢ € [0, 7] with a fixed time horizon T € (0, c0) or through ¢ € [0, c0).

In the latter case, we define

Fro ::\/E:Z(;(Uﬂ).

t>0 >0

For technical reasons, we should also assume (or make sure, if we construct the filtration
in some way) that IF' satisfies the so-called usual conditions of being right-continuous and

P-complete, but we do not dwell on this technical mathematical issue in more detail.

4.1 Definition and first properties

Definition. A Brownian motion with respect to P and a filtration IF' = (F;)i>o is a (real-
valued) stochastic process W = (W;):>o which is adapted to IF, starts at 0 (i.e. Wy =0

P-a.s.) and satisfies the following properties:

(BM1) For s < t, the increment W; — Wy is independent (under P) of F; with (under
P) a normal distribution N(0,t — s).

(BM2) W has continuous trajectories, meaning that for P-almost all w € €, the function

t — Wi(w) on [0,00) is continuous.
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Remarks. 1) One can prove that Brownian motion exists, but this is a nontrivial
mathematical result. See the course on “Brownian Motion and Stochastic Calculus” (in
short BMSC) for more details.

2) The letter W is used in honour of Norbert Wiener who gave the first rigorous
proof of the existence of Brownian motion in 1923. It is historically interesting to note,
however, that Brownian motion was already introduced and used considerably earlier in
both finance and physics — by Louis Bachelier in his PhD thesis in 1900 for finance and
by Albert Einstein in 1905 for physics.

3) Brownian motion in /IR™ is simply an adapted IR™-valued stochastic process null at
0 with (BM2) and such that (BM1) holds with A/(0,¢— s) replaced by N(0, (t — ) Lnxm),
where I,,,»,, denotes the m x m identity matrix. This is equivalent to saying that the m

components are all real-valued Brownian motions and independent (as processes). o

There is also a definition of Brownian motion (BM for short) without any filtration IF.
This is a (real-valued) stochastic process W = (W;);>o which starts at 0, satisfies (BM2)
and instead of (BM1) the following property:

(BM1’) For any n € IN and any times 0 = ¢y < t; < --- < t, < 00, the increments
Wti - Wti_lu
VVti - Wtz’—l ~ N(O, tz - ti_1>, or ~ N(O, (tz — tl‘_l)Ime> if W is IR™-valued.

i=1,...,n, are independent (under P) and we have (under P) that

Instead of (BM1’), one also says (in words) that W has independent stationary increments
with a (specific) normal distribution.

The two definitions of BM are equivalent if one chooses as IF' the filtration "V gen-
erated by W (and made right-continuous and P-complete). This (like many other subse-
quent results and facts) needs a proof, which we do not give. More details can be found

in the lecture notes on “Brownian Motion and Stochastic Calculus”.

There are several transformations that produce a new Brownian motion from a given

one, and this can in turn be used to prove results about BM. More precisely:

Proposition 1.1. Suppose W = (W;)>¢ is a BM. Then:
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1) Wl:= —-W is a BM.

2) W2 :=Wyr—Wg, t >0, isa BM for any T € (0,00) (restarting at a fixed time 7).
3) W3 = CWC%, t >0, is a BM for any ¢ € IR, ¢ # 0 (rescaling in space and time).

4) Wri=Wr —Wrp, 0<t<T,isaBMon [0,T] for any T € (0,00) (time-reversal).
5) The process W, t > 0, defined by

tW% fort >0

W) =
0 fort =0
is a BM (inversion of small and large times).

(Note that we always use here the definition of BM without an exogenous filtration.)

While parts 1)-4) of Proposition 1.1 are easy to prove, part 5) is a bit more tricky.
However, it is also very useful because it relates the asymptotic behaviour of BM as ¢t — oo

to the behaviour of BM close to time 0, and vice versa.
The next result gives some information about how trajectories of BM behave.

Proposition 1.2. Suppose W = (W;):>o is a BM. Then:

1) Law of large numbers: tlim Tt = 0 P-a.s., i.e. BM grows more slowly than linearly
—00

ast — oo.

2) (Global) Law of the iterated logarithm (LIL): With ¢g0,(t) := +/2tlog(logt), we

have
lim su
Hoop Wi :{ i P-a.s.
lim inf Ygiob(1) -1
t—o0

ie., for P-almost all w, the function t — W;(w) for t — oo oscillates precisely

between t — £g101(t).
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3) (Local) Law of the iterated logarithm (LIL): With tec(h) := {/2hlog(log}), we

have for every t > 0

lim su
h\Op Wipn — Wy _ { +1 P-as
lim inf Yioc(h) -1 o
ANG)

i.e., for P-almost all w, to the right of t, the trajectory u — W,(w) around the level
Wi(w) oscillates precisely between h — £, (h).

One immediate consequence of 2) and 3) is that BM crosses the level 0 (or, with a
bit more effort for the proof, any level a) infinitely many times — and once it is at that
level, it even manages to achieve infinitely many crossings in an arbitrarily short amount

of time. This is already a first indication of the amazingly strong activity of BM.

We remark that part 1) of Proposition 1.2 is easily proved by using part 5) of Propo-
sition 1.1. Moreover, part 2) follows directly from part 3) via part 5) of Proposition 1.1,
and for proving part 3), it is enough to take t = 0, by part 2) of Proposition 1.1, and to
prove the lim sup result, by part 1) of Proposition 1.1. But then the easy reductions stop
and the proof becomes difficult.

The oscillation results in Proposition 1.2 already make it clear that the trajectories of

BM behave rather wildly. Another result in that direction is

Proposition 1.3. Suppose W = (W})i>o is a BM. Then for P-almost all w € §, the

function t — Wy(w) from [0,00) to IR is continuous, but nowhere differentiable.

The deeper reason behind the wild behaviour of Brownian trajectories, and the key to
understanding stochastic calculus and It0’s formula for BM, is that Brownian trajectories
are continuous functions having a nonzero quadratic variation. Heuristically, this can be

seen as follows. By definition, Brownian motion increments W;,, — W; have a normal
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distribution N(0, h), which implies they are symmetric around 0 with variance h so that
roughly, “W,., — W, ~ ++v/h with probability % each”. In very loose and purely formal
terms, this means that infinitesimal increments “dW; = W, — W;_4;” of BM have the
property that

“(AWy)? = dr”.

While this is very helpful for an intuitive understanding, we emphasise that it is purely
formal and must not be used for rigorous mathematical arguments. A more precise
description is as follows.

Call a partition of [0,00) any set II C [0, 00) of time points with 0 € II and such that
IIN[0,7] is finite for all T € [0,00). This implies that IT is at most countable and can
be ordered increasingly as I = {0 =tg <t; < -+ <t,, <--- < oo}. The mesh size of I
is then defined as |II| := sup{t; — t;—1 : t;_1,t; € II}, i.e. the size of the biggest time-step
in II. For any partition IT of [0, 00), any function ¢ : [0,00) — IR and any p > 0, we first
define the p-variation of g on [0,T] along 11 as

VE(g,T) ==Y |g(t: AT) — gtics AT)|P.

t; €Il

One can then define the p-variation of g on [0,T] as
V7(g) = sup V(g 10),

where the supremum is taken over all partitions IT of [0,00). For a sequence (IL,)nen
of partitions of [0, 00) with lim,, . |II,| = 0, one can also define the p-variation of g on
[0, T] along (I1,,)nemv as

lim V{(g,11,,),

n—oo
provided that the limit exists.

With the above notations, a function g is of finite variation or has finite 1-variation
if V(g) < oo for every T' € (0,00). The interpretation is that the graph of g has finite
length on any time interval. More precisely, if we define the arc length of (the graph of)
g on the interval [0, 7] as

t, €Il
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with the supremum again taken over all partitions IT of [0, c0), then ¢ has finite variation
on [0, 7] if and only if it has finite arc length on [0,7]. This can be checked by using the
inequality va + b < Va+ Vb for a,b>0.

Any monotonic (increasing or decreasing) function is clearly of finite variation, because
the absolute values above disappear and we get a telescoping sum. Moreover, one can
show that any function of finite variation can be written as the difference of two increasing
functions (and vice versa).

Now let us return to Brownian motion, taking p = 2 and as g one trajectory W (w).

Then
Q¥ = Z(Wti/\T - Wti—l/\T)Q = ng(W, H)

t; €Il

is the sum up to time T" of the squared increments of BM along II. With the above formal
intuition “(dWW;)? = dt”, we then expect, at least for |II| very small so that time points

are close together, that (Wi ap — Wi, ar)?> ~t; AT —t;_1 AT and hence

Qr ~ Z(tz AT —t, s ANT)=T  for |II| small.

t;ell

Even if the above reasoning is only heuristic, the result surprisingly is correct:

Theorem 1.4. Suppose W = (W;)i>¢ is a BM. For any sequence (I1,,),cn of partitions
of [0,00) which is refining (i.e. II,, C I, for all n) and satisfies lim,,_, |1I,,| = 0, we
have

P|lim Q"™ =t for every t > 0| = 1.

n—oo

We express this by saying that along (I1,,),en, the Brownian motion W has (with prob-
ability 1) quadratic variation ¢ on [0,t] for every t > 0, and we write (W), = t. (We
sometimes also say, with a certain abuse of terminology, that P-almost all trajectories

W, (w) : [0,00) — IR of BM have quadratic variation t on [0,t|, for each t > 0.)

Remark 1.5. 1) It is a very nice and useful [— exercise] in analysis to prove that every

continuous function f which has nonzero quadratic variation along a sequence (Il,,) as
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above must have infinite variation, i.e. unbounded oscillations. (This will come up again
later in Section 6.1.) More generally, if lim, o, VZ(f,II,) > 0 for some ¢ > 0, then
lim,, o VF(f,11,) = +oo for any p with 0 < p < ¢, and if lim,_,., VE(f,1I,) < oo for
some p > 0, then lim, . VA(f,II,) = 0 for all ¢ > p. We also recall that a classical
result due to Lebesgue says that any function of finite variation is almost everywhere
differentiable. So Proposition 1.3 implies that Brownian trajectories must have infinite
variation, and Theorem 1.4 makes this even quantitative.

2) Caution: The comment in 1) is only true for continuous functions. With RCLL
functions, this breaks down in general.

3) It is important in Theorem 1.4 that the partitions II,, do not depend on the tra-
jectory W, (w), but are fixed a priori. One can show for P-almost all trajectories W, (w),
the (true) quadratic variation of W, (w) is +o0.

4) There is an extension of Theorem 1.4 to general local martingales M instead of
Brownian motion W. But then the limit, called [M];, of the sequence (Q;"(M))nemw
is not ¢, but some (F;-measurable) random variable, and the convergence holds not P-
almost surely, but only in probability. (Alternatively, one can obtain P-a.s. convergence
along a sequence of partitions, but then this cannot be chosen, but is only shown to exist.)
Moreover, t — [M];(w) is then always increasing (for P-almost all w), but only continuous
if M itself has continuous trajectories. Finally, as for Brownian motion, the limit does

not depend on the sequence (I,,),epn of partitions. o
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4.2 Martingale properties and results

There are many martingales which are naturally associated to Brownian motion, and this
is useful in many different contexts. We present here just a small sample that will be used
or useful later.

As in discrete time, a martingale with respect to P and IF' is a (real-valued) stochastic
process M = (M,) such that M is adapted to IF', M is P-integrable in the sense that each
M, is in L'(P), and the martingale property holds: for s < t, we have

(2.1) E[M; | Fs] = M; P-as.

If we have in (2.1) the inequality “<” instead of “=", then M is a supermartingale; if we
have “>", then M is a submartingale. Of course, I = (F;) and M = (M;) should have

the same time index set.

Remark 2.1. Because our filtration satisfies the usual conditions, a general result from
the theory of stochastic processes says that any martingale has a version with nice (RCLL,
i.e. right-continuous with left limits, to be precise) trajectories. We can and do therefore
always assume that our martingales have nice trajectories in that sense, and this is im-
portant for some of the subsequent results. We shall point this out more explicitly when

it is used. o

Again exactly like in discrete time, a stopping time with respect to IF' is a mapping
7 : 0 — [0,00] such that {r <t} € F; for all t > 0. One of the standard examples is the
first time that some adapted right-continuous process X (e.g. Brownian motion W) hits

an open set B (e.g. (a,00)), i.e.
7:=inf{t > 0: X, € B} (=inf{t >0: W, >a}, for X =W and B = (a,0)).

We remark that checking the stopping time property above uses that the filtration is

right-continuous; and we mention that 7 above is still a stopping time if B is allowed to

be a Borel set, but the proof of this apparently minor extension is surprisingly difficult.
One of the most useful properties of martingales is that the martingale property (2.1)

and its consequences very often extend to the case where the fixed times s < t are replaced
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by stopping times o < 7. “Very often” means under additional conditions, as we shall see
presently. To make sense of (2.1) for o and 7, we also first need to define, for a stopping

time o, the o-field of events observable up to time o as
Fo={AeF:An{o <t} € Fforalt>0}.

(One must and can check that F, is a o-field, and that one has F, C F, for 0 < 7.) We
also need to define M, the value of M at the stopping time 7, by

(M:)(w) := M) (w).

Note that this implicitly assumes that we have a random variable M, because 7 can
take the value +o0o. Omne can then also prove that if 7 is a stopping time and M is
an adapted process with RC trajectories, then M, is F,-measurable (as one intuitively
expects). Finally, we also recall the stopped process M7 = (M] );>¢ which is defined by
M := M, for all t > 0. Again, if M is adapted with RC trajectories and 7 is a stopping
time, then also M™ is adapted and has RC trajectories.

After the above preliminaries, we now have

Theorem 2.2 (Stopping theorem). Suppose that M = (M;):>o is a (P, IF)-martingale
with RC' trajectories, and o, T are IF'-stopping times with o < 7. If either 7 is bounded

by some T € (0,00) or M is uniformly integrable, then M,, M, are both in L'(P) and

(2.2) E[M,|F,;] = M, P-a.s.

Two frequent applications of Theorem 2.2 are the following:

1) For any RC martingale M and any stopping time 7, we have E[M ;| Fs] = Mops
for s <, i.e., the stopped process M™ = (M] )i>0 = (Minr)i>0 is again a martingale

(because we have E[M] | F5| = MT).
[Because not necessarily s < 7 A ¢, this needs a little bit of extra work.]
2) If M is an RC martingale and 7 is any stopping time, then we always have for any

t > 0 that E[M, ] = E[M]. If either 7 is bounded or M is uniformly integrable,
then we also obtain E[M,] = E[M,).
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For future use, let us also recall the notion of a local martingale null at 0, now in
continuous time. An adapted process X = (X;);>0 null at 0 (i.e. with Xy = 0) is called
a local martingale null at 0 (with respect to P and IF') if there exists a sequence of
stopping times (7,,)nen increasing to oo such that for each n € IV, the stopped process
X™ = (Xiar, )t>0 18 a (P, F)-martingale. We then call (7,,)new a localising sequence. (If
X is defined on [0, 7] for some T € (0,00), the requirement for a localising sequence is

that (7,) increases to 1" stationarily, i.e. 7, /T P-a.s. and P[r, <T| — 0 as n — 00.)
The next result presents a number of martingales directly related to Brownian motion.

Proposition 2.3. Suppose W = (W});>¢ is a (P, IF')-Brownian motion. Then the follow-

ing processes are all (P, IF)-martingales:

1) W itself.
2) W2 —t,t>0.

3) e?Wi=39" t >0, for any a € RR.

Proof. We do this argument (in part) because it illustrates how to work with the prop-
erties of BM. For each of the above processes, adaptedness is obvious, and integrability is
also clear because each W, has a normal distribution and hence all exponential moments.
Finally, as W; — W, is independent of F, and ~ N(0,¢ — s), we get 1) from
EW, — Wy | Fs] = E[W; — W,] = 0.
Using this with W? — W2 = (W, — W,)? + 2W, (W, — W) and F,-measurability of W,
then gives
EW? — W7 | F] = E[(W, - W,)*| F]
= B[(W, — W,)?] = Var[W, — W] =t — s,

hence 2). Finally, setting M, := e®W:=29° yields

M,
E
iz

7| = Bletto-ietion | 5]

= 3000 et - g
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because Ele?] = e#27" for Z ~ N (11, 0%). So we have 3) as well. q.e.d.

Example. To illustrate that the conditions in Theorem 2.2 are really needed, consider

a Brownian motion W and the stopping time
T:=inf{t >0: W, > 1}.

Due to the law of the iterated logarithm in part 2) of Proposition 1.2, we have 7 < oo
P-a.s., and because W has continuous trajectories, we get W, = 1 P-a.s. For o = 0, if

(2.2) were valid for W and 7,0, we should get by taking expectations that
1= E[W,] = E[W,] = E[W,] =0,

which is clearly false. So 7 cannot be bounded by a constant (in fact, one can even show
that E[r] = 400), and W is a martingale, but not uniformly integrable. Finally, we also

see that (2.2) is not true in general (i.e. without assumptions on M and/or 7).

One useful application of the above martingale results is the computation of the
Laplace transforms of certain hitting times. More precisely, let W = (W;);>0 be a Brown-

ian motion and define for a > 0, b > 0 the stopping times
T, :=inf{t > 0: W, > a},
Oap = Inf{t > 0: W; > a+ bt}.

Note that 7, < oo P-a.s. by the (global) law of the iterated logarithm in part 2) of

Proposition 1.2, whereas o, can be 400 with positive probability (see below).

Proposition 2.4. Let W be a BM and a > 0, b > 0. Then for any \ > 0, we have
(2.3) E[e ] = ¢V
and

24 Bl = B0t Ly o] = e 0T,
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Proof. We give this argument because it illustrates how to use the preceding martingale
results. First of all, take « > 0 and define M, := exp(aW; — %oﬂt), t > 0. Then M is
a martingale by part 3) of Proposition 2.3, and hence so is the stopped process M by
(the first comment after) Theorem 2.2, for 7 € {7,,0,,}. This implies (as in the second

comment after Theorem 2.2) that
1= E[MO] = E[MT/\t] = E[eaWT/\t_%a2(T/\t)}

for all ¢, and we now want to let t — oc.
For 7 = 7,, we have W, ,;+ < a and therefore M, »; is bounded uniformly in ¢ and w

(by €%*); so dominated convergence yields for ¢ — oo that

1 = lim E[eaWraAt*%aZ(‘ra/\t)]
t—o0

— E[ lim eoch/\t—%az(Ta/\t):|
t—o0

e E [eaWT"‘i%QQTﬂ}
— eaaE [ef%aQTa]

because 7, < 0o P-a.s., and so a := V2 gives (2.3).
For 7 = 044, we have W, < @+ b(oqp At) so that

1
Mgy, ynt < €Xp (Oéa + (ab — 5042) (Cap N t))

is bounded uniformly in ¢ and w (by €*®) for ab < 3a?, ie. for @ > 2b. Moreover,

ab — 1o < 0 implies that on the set {o,, = 400}, we have both M, ,n — 0 as

t — oo and e(®=39%)9as — (). Therefore we get in the same way as above via dominated

convergence that
1 = R [e(ab_%a2)007b1{0a1b<oo}} — YR [e(ab—%oﬁ)aa’b} )

Then (2.4) follows for o := b+ v/b? + 2\, which gives by a straightforward computation

that ab — 10 = a(b— 3a) = =X < 0. q.e.d.

Remark. If we let A \, 0 in (2.4), we obtain Plo,;, < oo] = e 2% so that indeed

Ploay = +oo] =1 —e72% > (. o
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For a general random variable U > 0, the function A — E[e=*U] for A > 0 is called the
Laplace transform of U. Its general importance in probability theory is that it uniquely

determines the distribution of U.

In mathematical finance, both 7, and o,; come up in connection with a number of
so-called exotic options. In particular, they are important for barrier options whose
payoff depends on whether or not a (upper or lower) level has been reached by a given
time. When computing prices of such options in the Black—Scholes model, one almost
immediately encounters the Laplace transforms from Proposition 2.4. For more details,

see for instance Dana/Jeanblanc [3, Chapter 9].
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4.3 Markovian properties

We have already seen in part 2) of Proposition 1.1 that for any fixed time T € (0, 00),

the process
(3.1) Wyr — Wrp, t >0, is again a BM

if (W};)e>0 is a Brownian motion. This means that if we restart a BM from level 0 at some
fixed time, it behaves exactly as if it had only just started. Moreover, one can show that

the independence of increments of BM implies that
(3.2) Wir —Wp, t >0, is independent of F2,

where F3 = o(W,,s < T) is the o-field generated by BM up to time 7. Intuitively,
this means that BM at any fixed time 7" simply forgets its past up to time 7' (with the
only possible exception that it remembers its current position Wy at time 7'), and starts
afresh.

One consequence of (3.1) and (3.2) is the following. Suppose that at some fixed time
T, we are interested in the behaviour of W after time T" and try to predict this on the basis
of the past of W up to time T, where “prediction” is done in the sense of a conditional
expectation. Then we may as well forget about the past and look only at the current
value Wy at time T'. A bit more precisely, we can express this, for functions g > 0 applied

to the part of BM after time T, as
(3.3) ElgWy,uzT)[o(Ws, s <T)] = Elg(Wy,u 2 T)[o(Wr)].

This is called the Markov property of BM, and it is already very useful in many situations.

Exactly as with martingales, we suspect that it might be interesting and helpful if one
could in (3.3) replace the fixed time T € (0,00) by a stopping time 7. Note, however,
that quite apart from the difficulties of writing down an analogue of (3.3) for a random
time 7(w), it is even not clear whether this should then be true, because after all, 7 itself
can explicitly depend on the past behaviour of BM. Nevertheless, it turns out that such

a result is true; one says that BM even has the strong Markov property.
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Because a precise analogue of (3.3) for a stopping time becomes a bit technical, we
formulate things a bit differently. If we denote almost as above by IF" the filtration
generated by W (and made right-continuous, to be accurate), and if 7 is a stopping time

with respect to 'YV and such that 7 < oo P-a.s., then
Wipr — W, t >0, is again a BM and independent of F.

Of course, this includes (3.1) and (3.2) as special cases, and one can easily believe that it

is even more useful than (3.3). However, the proof is too difficult to be given here.
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5 Stochastic integration

From the discrete-time theory developed in Chapters 1-3, we know that the trading gains

or losses from a self-financing strategy ¢ = (Vp, ¥) are described by the stochastic integral

G(0) =108 = /z&‘dS =Y OTAS; =) 9¥(S; - Sj1).

J J

To be able to develop an analogous theory in continuous time, we therefore need to under-
stand how to define, and how to work with, a continuous-time stochastic integral process
[9dS. From classical integration theory, the obvious idea is to start with approximating
Riemann sums of the form 3 9F(Sy,,, — S,), with t; lying between t; and t;,1, and then
pass to the limit in a suitable sense. The simplest idea for that would be to fix w, look at

the trajectories t — Si(w) and t — ¥;(w) and take limits of

Z 79@ (w) (Sti+1 (w) - Sti (w))

like in courses on measure and integration theory. But unfortunately, this works well (i.e.,
for many integrands ¢) only if the function ¢ — S;(w) is of finite variation — and this
would immediately exclude as integrator a process like Brownian motion which does not
have this property. So one must use a different approach, and this will be explained in
this chapter. For an amplification (and proof) of the above point that “naive stochastic
integration is impossible”, we refer to Protter [13, Section 1.8]; the idea originally goes

back to C. Stricker.

Remarks. 1) To avoid misunderstandings later, let us clarify that defining stochastic
integrals as above in a pathwise manner (i.e. w by w) may well be possible if the integrator
S and the integrand ¥ match up nicely enough, even if ¢t — S;(w) is not of finite variation.
We shall see this later in the context of It6’s formula, where ¢ has the form ¥, = g(S;-)
for some C'-function g. But if we want to fix S and allow many ¥ without imposing
undue restrictions, an w-wise approach leads to problems.

2) In classical integration theory, it does not matter in which point #; € [t;,t; 1]

one evaluates the integrand when defining the Riemann approximation. For stochastic
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integrals, this is different — choosing the left endpoint #; = ¢, leads to the Ité integral, the
right endpoint t; = t;11 yields the forward integral, and the midpoint choice t; = %(ti—l—tiﬂ)
produces the Stratonovich integral. However, for applications in finance, it is clear that
one must choose #; = t; (and hence the It6 integral) because the strategy must be decided

before the price move. o

5.1 The basic construction

Our goal in this section is to construct a stochastic integral process HeM = [ HdM
when M is a (real-valued) local martingale null at 0 and H is a (real-valued) predictable
process with a suitable integrability property (relative to M). In Section 5.3 below, we
also explain how to extend this from local martingales to semimartingales; but the key

step and the main work happen in the martingale case.

Remark. For simplicity, we take both M and H to be real-valued. It is reasonably
straightforward, although somewhat technical, to extend the theory from this section to
M and H that are both IR%valued, and we comment on the necessary changes a bit later.

We then also point out some of the pitfalls that one has to avoid in that context. o

Throughout this chapter, we work on a probability space (2, F, P) with a filtration
IF = (Fi)i>0 satisfying the usual conditions of right-continuity and P-completeness. If

needed, we define Fo, := \/ F;. We also fix a (real-valued) local martingale M = (My)i>o

>0
null at 0 (as defined before Proposition 4.2.3) and having RCLL (right-continuous with
left limits) trajectories. (The latter property, as pointed out earlier in Remark 4.2.1, is not
a restriction; we can always find an RCLL version of M thanks to the usual conditions
on [F.) Because we want to define stochastic integrals fabH dM and these are always
over half-open intervals of the form (a,b] with 0 < a < b < oo, the value of M at 0 is
irrelevant and it is enough to look at processes H = (H;) defined for ¢ > 0. This will
simplify some definitions. For any process Y = (Y}):>o with RCLL trajectories, we denote

by AY, =Y, - Y,_ =Y, —lim, ; s« Y5 the jump of ¥ at time ¢ > 0.
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The simplest exzample to be kept in mind is when M = W is a Brownian motion. From
Proposition 4.2.3, we know that both W itself and (W2 —t);>0 are then martingales, and
by Theorem 4.1.4, the quantity ¢ we subtract from W2 is the quadratic variation of W,
which can be obtained as a pathwise limit of sums of squared increments of W. As already
mentioned in Remark 4.1.5, a similar result is true for a general local martingale M, and

this is the key for constructing stochastic integrals.

Theorem 1.1. For any local martingale M = (M,;);>o null at 0, there exists a unique
adapted increasing RCLL process [M] = ([M];);>0 null at 0 with A[M] = (AM)? and
having the property that M? — [M] is also a local martingale. This process [M] can be
obtained as the quadratic variation of M in the following sense: There exists a sequence

(I1,,)nemv of partitions of [0, 00) with |II,| — 0 as n — oo such that

P{[M]t(w) = lim > (M) - M, p(w))® for all t > 0] = 1.

t; €Il

We call [M] the optional quadratic variation or square bracket process of M.

If M satisfies sup<,<p | M| € L? for some T' > 0 (and hence is in particular a square-
integrable martingale on [0,T]), then [M] is integrable on [0,T] (i.e. [M]r € L') and
M? — [M] is a martingale on [0, T).

Proof. See Protter [13, Section I1.6] or Dellacherie/Meyer [5, Theorem VIIL.42] or Ja-
cod/Shiryaev [11, Section I.4c|.

Remarks. 1) Recall from Theorem 1.4 that Brownian motion W has [W], = t.

2) Note that [M] has paths of finite variation. So one can easily define integrals
[...d[M] in a pathwise manner as usual Lebesgue—Stieltjes integrals. This does not
need any new theory.

3) The sequence (I1,,),env of partitions in Theorem 1.4 of course depends on M. o

For two local martingales M, N null at 0, we define the (optional) covariation process
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[M, N] by polarisation, i.e.
1
(M.N) = (M + N] - [0 — N]).

From the characterisation of [M] in Theorem 1.1, it follows easily that the operation |-, -]
is bilinear, and also that [M, N] is the unique adapted RCLL process B null at 0, of finite
variation with AB = AMAN and such that the difference M N — B is again a local

martingale.

Remark 1.2. 1) If M is a square-integrable martingale, then [M] is integrable and
therefore, by the general theory of stochastic processes, admits a so-called (predictable)
compensator or dual predictable projection: There exists a unique increasing predictable
integrable process (M) = ((M););>0 null at 0 such that [M] — (M), and therefore also
M?— (M) = M? — [M]+[M]— (M), is a martingale. The process (M) is called the sharp
bracket (or sometimes the predictable variance) process of M. See Dellacherie/Meyer |5,
Theorem VI.65 and Definition VI.77] or Jacod/Shiryaev [11, Theorem 1.3.17]. Note that
we still need to define what “predictable” means in continuous time.

2) Once we know what localisation means (see the end of this section for more details),
we can easily extend the results in 1). It is enough if M is a locally square-integrable local
martingale; then (M) is also locally integrable, and then both [M] — (M) and M? — (M)
are local martingales.

3) We already point out here that any adapted process which is continuous is auto-
matically locally bounded (see later for the definition) and therefore also locally square-
integrable. Again, we refer to the end of this section for more details.

4) If M is continuous, then so is [M], because A[M] = (AM)? = 0. This implies then
also that [M] = (M). In particular, for a Brownian motion W, we have (W], = (W), =t
for all ¢ > 0.

5) If both M and N are locally square-integrable (e.g. if they are continuous), we also
get (M, N) via polarisation.

6) If M is IR%valued, then [M] becomes a d x d-matrix-valued process with entries
[M]* = [M?, M*]. To work with that, one needs to establish more properties. The same

applies to (M), if it exists.
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7) The key difference between [M] and (M) is that [M] exists for any local martingale

M null at 0, whereas the existence of (M) requires some extra local integrability of M. ¢

Definition. We denote by b€ the set of all bounded elementary processes of the form

n—1
H - Zhil(ti»twfl}
i=0
withn € IN, 0 < typ < t; < -+ < t, < oo and each h; a bounded (real-valued)

Fi,-measurable random variable. For any stochastic process X = (X});>0, we then define

the stochastic integral [ HdX of H € b€ by

n—1

t
/ HSdXS ::H'Xt ::Zhi(Xti+l/\t_Xti/\t) fOI‘tZO
0

1=0

Note that if X is RCLL, then so is fHdX =H-X.

If X and H are both IR%valued, the integral is still real-valued, and we simply re-
place products by scalar products everywhere. But then Lemma 1.3 below looks more

complicated.

Lemma 1.3. Suppose that M is a square-integrable martingale (i.e., M is a martingale
with M, € L* for all t > 0, or equivalently with supy.,p|M,| € L* for all T > 0). For
every H € b€, the stochastic integral process HeM = [ HdM is then also a square-
integrable martingale, and we have [H+M] = [ H*> d[M] and the isometry property

- s = s[( )]

n—

= [ n - )|

= E/OOO H? d[M]S].
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Note that the last d[M]-integral can be defined w by w via classical measure and
integration theory, because t — [M];(w) is increasing and hence of finite variation. But

of course it is here also just a finite sum, because H has such a simple form.

Proof of Lemma 1.3. Adaptedness of He+M is clear, and so is square-integrability
because H is bounded and each H e M, is just a finite sum. Moreover, H is identically 0
after ¢, so that both infinite integrals actually end at ¢,. We first argue the martingale
property, for simplicity only for s = ¢;, t = t;41. [~ Exercise: Prove this in detail for
arbitrary s < t.] Indeed, by first using that h; is J;,-measurable and bounded, and then

that M is a martingale, we get

E[HM, — H*M,|F,) = E[h(M,,,, — M,)

.Fti] — h,ZE[Mt — Mti

i1 i+1 ‘th] = 0.

Next, it is easy to check [— exercise| for any square-integrable martingale N that
E[N? — NZ| F.,] = E[(N; — N,)* | 7] for s < t.

Applying this once to H*M and once to M yields
E[(H.Mti+1)2 - (H.Mti)Q ’ ftz] - E{(H.Mtu-l - H.Mti>2 | ftz]

= E[h} (M, — My,)?| F,]

= hE[M?, — M?|F,]

= W B[[M]y,,, — [M],, | F]

= B[R (M), — M) | 7]

— E[H?+[M),,,, — H*+[M],, | F.],

where we have used twice that h; is F;,-measurable and bounded, and in the fourth step
also that M?—[M] is a martingale. Summing up and taking expectations then gives (1.1).

Moreover, it is not very difficult to argue that
A(/HQd[M}) = H?A[M] = HX(AM)? = (A(H+M))®

for H € b€, by exploiting that H is piecewise constant and A[M| = (AM)?. In view of

Theorem 1.1 and the uniqueness there, the combination of these two properties can also



5 STOCHASTIC INTEGRATION 91

be formulated as saying that
[HeM] = {/HdM} :/HQd[M] = H?«[M]  for H € b€.

This completes the proof. q.e.d.

Remark. The argument in the proof of Lemma 1.3 actually shows that the process
(HeM)* — [ H*d[M] is a martingale. [— Exercise: Prove this in detail.] See also
Remark 1.2. o

Our goal is now to extend the above results from H € b€ to a larger class of integrands.
To that end, it is useful to view stochastic processes as random variables on the product
space Q := 0 x (0,00). (Recall that the values at 0 are irrelevant for stochastic integrals.)
We define the predictable o-field P on Q as the o-field generated by all adapted left-
continuous processes, and we call a stochastic process H = (H;);~o predictable if it is
P-measurable when viewed as a mapping H : Q — IR. As a consequence, every H € b€ is
then predictable as it is adapted and left-continuous. We also define the (possibly infinite)
measure Py, := P ® [M] on (Q,P) by setting

LY apu = Buly) - E[ | v,

for Y > 0 predictable; the inner integral is defined w-wise as a Lebesgue—Stieltjes integral
because t — [M];(w) is increasing, null at 0 and RCLL and so can be viewed as the
distribution function of a (possibly infinite) w-dependent measure on (0, 00). (Actually,
one could even allow Y to be product-measurable here.) Note that Py, = P ® [M] is not
a product measure in general because unlike (W), = ¢, the quadratic variation [M] of a

general local martingale M depends on both ¢ and w. Finally, we introduce the space

L*(M) := L2(M, P) := L2(Q, P, Py

= {all (equivalence classes of) predictable H = (H;);~o such that

Iz o= Bul = (£| [ fﬁow]s])é <o},
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(As usual, taking equivalence classes means that we identify H and H’ if they agree

Py-a.e. on Q or, equivalently, if E[[°(H, — H.)*d[M],] = 0.)

With the above notations, we can restate the first half of Lemma 1.3 as follows:

For a fixed square-integrable martingale M, the mapping H — H e+ M is linear
and goes from b€ to the space M3 of all RCLL martingales N = (Ny);>o null at 0

which satisfy sup,so E[N?] < co.

The last assertion is true because each H M remains constant after some ¢, given by

H € b€, and because Doob’s inequality gives for any martingale N and any ¢ > 0 that

E[ sup |NS|2] < 4E[N?).

0<s<t

Now the martingale convergence theorem implies that each N € M3 admits a limit
Ny = limy_,oo NV; P-a.s., and we have N € L? by Fatou’s lemma, and the process
(N¢)o<t<oo defined up to oo, i.e. on the closed interval [0, 0o, is still a martingale. More-
over, Doob’s maximal inequality implies that two martingales N and N’ which have the
same final value, i.e. Ny, = N/ P-a.s., must coincide. Therefore we can identify N € M3

with its limit N, € L*(Fu, P), and so M3 becomes a Hilbert space with the norm
1
[Nl sz = | Noollz2 = (E[NZ])2
and the scalar product

(N, N’)Mg = (Noo, N )12 = E[N,N.L].

Rephrasing Lemma 1.3 once again, we see that

the mapping H + H+M from b€ to M3 is linear and an isometry
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because (1.1) says that for H € b€,

N

(1.2) [H M| gz = (E[(H * M )?])

- (E{/OOO H? d[M]SDé = [|H | z2(as)-

By general principles, this mapping can therefore be uniquely extended to the closure
of b€ in L*(M); in other words, we can define a stochastic integral process HeM for
every H that can be approximated, with respect to the norm || - ||z2(ar), by processes
from b€, and the resulting He+M is again a martingale in M3 and still satisfies the
isometry property (1.2).

(The argument behind these general principles is quite standard. If (H"),cn is a
sequence of predictable processes converging to H with respect to || - ||z2(ar), then (H™)
is also a Cauchy sequence with respect to || - |[z2(ar. If all the H™ are in b€, then the
stochastic integral process H"« M is well defined and in Mg for each n by Lemma 1.3.
Moreover, by the isometry property in Lemma 1.3 for integrands in b€, the sequence
(H™e M) ey is then also a Cauchy sequence in M2, and because M3 is a Hilbert space,
hence complete, that Cauchy sequence must have a limit which is again in M3. This
limit is then defined to be the stochastic integral H e+ M of H with respect to M. That

the isometry property extends to the limit is also standard.)

The crucial question now is of course how we can describe the closure of b€ and

especially how big it is — the bigger the better, because we then have many integrands.

Proposition 1.4. Suppose that M is in MZ. Then:

1) b€ is dense in L*(M), i.e. the closure of b€ in L*(M) is L*(M). In other words,
every H € L?(M) can be written as a limit, with respect to the norm || - || 2., of

a sequence (H™)pen in bE.

2) For every H € L*(M), the stochastic integral process HeM = [ HdM is well
defined, in M3 and satisfies (1.2).

Proof. Assertion 1) uses a martingale approximation argument on Q which we do not
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give here. However, we point out that the assumption M € M2 is used to ensure that

Py is a finite measure. Assertion 2) is then clear from the discussion above. q.e.d.

By definition, saying that M is in M3 means that M is an RCLL martingale null
at 0 with sup,-q E[M?] < oo. In particular, we then have E[M?] < oo for every t > 0
so that every M € M3 is also a square-integrable martingale. However, the converse is
not true; Brownian motion W for example is a martingale and has E[W?| = t so that
supysq E[W7?] = 400, which means that BM is not in Mg. This makes it clear that
we need to extend our approach to stochastic integration further. This can be done via

localisation.

Definition. We call a local martingale M null at 0 locally square-integrable and write
M € MG . if there is a sequence of stopping times 7,, ,/* 0o P-a.s. such that M™ € M3
for each n. We say for a predictable process H that H € L (M) if there exists a sequence
of stopping times 7,, /! 0o P-a.s. such that HIy , € L*(M) for each n. Here we use the
stochastic interval notation 0, 7,] := {(w,t) € Q: 0 <t < 7,,(w)}.

More generally, if we have a class C of stochastic processes, we define the localised
class Cio by saying that a process X is in Coe or that X is locally in C if there exists a
sequence of stopping times 7,, /* oo P-a.s. such that X™ is in C for each n. If the process
we consider is an integrand H, then we have to require instead that HIy ., is in C for

each n.

For M € M§ .. and H € L, (M), defining the stochastic integral is straightforward;
we simply set

HeM = (Hljysy)*M™  on ]0,7,]

which gives a definition on all of Q, because 7, /* 0o so that ]J0, 7,,] increases to . The
only point we need to check is that this definition is consistent, i.e. that the definition on
[0, Tns1]] 20, 7,,]] does not clash with the definition on |0, 7,,]]. This can be done by using
the (subsequently listed) properties of stochastic integrals, but we do not go into details

here. Of course, H<M is then in Mg ..
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Remarks. 1) A closer look at the developments so far shows that the definitions (but
not the preceding results and arguments) for Py, and L?*(M) only need [M]; hence one
can introduce and use them for any local martingale M, due to Theorem 1.1.

2) One can also define a stochastic integral process H+ M for H € L2 (M) when M is
a general local martingale, but this requires substantially more theory. For more details,
see Dellacherie/Meyer [5, Theorem VIII.37].

3) If M is IR%valued with components M that all are local martingales null at 0, one

can also define the so-called vector stochastic integral He+M for IR%valued predictable

2

processes in a suitable space Lj .

(M); the result is then a real-valued process. Details
can be found in Jacod/Shiryaev [11, Sections III.4a and III.6a]. However, one warning is
indicated: L2 (M) is not obtained by just asking that each component H* should be in
L% (M?) and then setting HeM =Y. H's M*. In fact, it can happen that HeM is well

defined whereas the individual H®s M? are not. So the intuition for the multidimensional

case is that
“/HdM:/ZHidMi#Z/HidMi”,

as we have already pointed out in Remark 1.2.2.

4) One can extend the stochastic integral even further to more general integrands in a
space called L(M), but this becomes technical and also has a nontrivial pitfall: There are
(real-valued) local martingales M and predictable integrands H such that the stochastic
integral process [ H dM is well defined, but not a local martingale (!). This is in marked
contrast to discrete time; see Theorem 1.3.1. We remark, however, that this can only

happen if M has jumps. o

To end this section on a positive note, let us consider the case where M is a continuous
local martingale null at 0, briefly written as M € MG ,,.. This includes in particular the
case of a Brownian motion W. Then M is in Mg . because it is even locally bounded:

For the stopping times

T, = inf{t > 0:|My| >n} /oo P-as.,
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we have by continuity that |[M™| < n for each n, because

|Mt| Sn 1ft<7—n,

}th = |Mt/\7n| =

M, |=n ift>r,.

(Note that continuity of M is only used to obtain the equality | M., | = n; everything else
works just as well if M is only assumed to be adapted and RCLL.) The set L% (M) of

loc

nice integrands for M can here be explicitly described as

2
Lloc

(M) = {all predictable processes H = (H;);~o such that
t t
/ HZd[M], = / H?d(M), < oo P-a.s. for each t > 0}.
0 0

Finally, the resulting stochastic integral HeM = [ H dM is then (as we shall see from
the properties in Section 5.2 below) also a continuous local martingale, and of course null

at 0.
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5.2 Properties

As with usual integrals, one very rarely computes a stochastic integral by passing to the
limit from some approximation. One works with stochastic integrals by using a set of

rules and properties. These are listed in this section, without proofs.

e (Local) Martingale properties:

— If M is a local martingale and H € L (M), then [ HdM is a local martingale in

loc

MG oo If H € L*(M), then [ H dM is even a martingale in M.

— If M is a local martingale and H is predictable and locally bounded (which means
that there are stopping times 7, /* oo P-a.s. such that HIj,) is bounded by a
constant ¢,, say, for each n € IN), then f H dM is a local martingale.

— If M is a martingale in M3 and H is predictable and bounded, then f HdM is

again a martingale in MZ.

— Warning: If M is a martingale and H is predictable and bounded, then [ H dM
need not be a martingale; this is in striking contrast to the situation in discrete

time.

e Linearity:

— If M is alocal martingale and H, H' are in L2 (M) and a,b € IR, then also aH +bH’

loc
isin L2 (M) and

(aH + bH')e M = (aH)+M + (bH')+ M = a(H « M) + b(H'« M).

e Associativity:

— If M is a local martingale and H € L (M), we already know that H M is again a

local martingale. Then a predictable process K is in L (H M) if and only if the
product KH is in L2 (M), and then

Ke(HeM)=(KH)*M,
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/Kd(/HdM):/KHdM.

1.e.

e Behaviour under stopping:

2

loc

— Suppose that M is a local martingale, H € L; (M) and 7 is a stopping time. Then

MT is a local martingale by the stopping theorem, H is in L2 (MT7), HIyp .y is in
L2 (M), and we have

loc

(HeM)" =He(M") = (HIjor))* M = (Hljorp)* (M7).

In words: A stopped stochastic integral is computed by either first stopping the
integrator and then integrating, or setting the integrand equal to 0 after the stopping

time and then integrating, or combining the two.

e Quadratic variation and covariation:

— Suppose that M, N are local martingales, H € L (M) and K € L% _(N). Then

loc loc

[/HdM,N] :/Hd[M,N]
[/HdM,/KdN] :/HKd[M,N].

In words: The covariation process of two stochastic integrals is obtained by inte-

and

grating the product of the integrands with respect to the covariation process of the

integrators.

— In particular, [[ HdM] = [ H*d[M]. (We have seen this already for H € b€ in

Lemma 1.3.)
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o Jumps:

— Suppose M is a local martingale and H € L2 _(M). Then we already know that

loc

HeM is in M(2),loc and therefore RCLL. Its jumps are given by
A(/HdM) = H; AM, for t > 0,
t

where AY; := Y; — Y,_ again denotes the jump at time ¢ of a process Y with

trajectories which are RCLL (right-continuous and having left limits).

Example. To illustrate why the direct use of the definitions is complicated, let us
compute the stochastic integral [ W dW for a Brownian motion W. This is well defined
because M = W is in MG . (it is even continuous) and H := W is predictable and

locally bounded, because it is adapted and continuous.

Because
2Wy Wiy, = W) = Wi = Wi = (W, = W3,)?
by elementary algebra, we obtain by summing up that
Z mi/\t(th/\t - I/Vti/\t) = %(th - WQ) - % Z (Wti+1/\t - Wti/\t)Q'
ti€ll, ti€lly

If the mesh size |II,,| of the partition sequence (II,,) goes to 0, then the sum on the right-
hand side converges P-a.s. to t by Theorem 4.1.4, if the partitions are also refining. We

therefore expect to obtain
! 1 1
/ W,dW, = W2 — ~t,
0 2 2

and we shall see later from It0’s formula that this is indeed correct. Note that we should

expect the first term W72 from classical calculus (where we have [ydy = 3a?); the
second-order correction term %t appears due to the quadratic variation of Brownian tra-

jectories.

Exercise: Prove directly (without using the above result) that the stochastic integral

process [ W dW is a martingale, but not in M3.
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Exercise: Compute the Stratonovich integral and the backward integral for [ W dW, and

analyse their properties.

Exercise: Prove that if H is predictable and bounded, then [ H dW is a square-integrable

martingale.

Exercise: For any local martingale M null at 0 and any stopping time 7, prove that we

have [M|™ = [M7].
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5.3 Extension to semimartingales

So far, we have seen two ideas for constructing stochastic integrals [ H d.X of some process

H with respect to another process X:

a) In Section 5.1, we have taken for X = M a local martingale null at 0 and for H

2

ioo(M); this means that H must be predictable and possess some

a process in L

integrability.

b) If X = A has trajectories t — A;(w) that are of finite variation, we can classically
define [ Hy(w)dAs(w) for each w (pathwise) as a Lebesgue—Stieltjes integral. This

requires some measurability and integrability for s — Hg(w).

Because integration is a linear operation, the obvious and easy idea for an extension is
therefore to look at processes that are sums of the above two types, because we can then

define an integral with respect to the sum as the sum of the two integrals.

Definition. A semimartingale is a stochastic process X = (X;);>o that can be decom-
posed as X = Xy + M + A, where M is a local martingale null at 0 and A is an adapted
RCLL process null at 0 and having trajectories of finite variation. A semimartingale X

is called special if there exists such a decomposition where A is in addition predictable.

Remark 3.1. 1) If X is a special semimartingale, the decomposition with A predictable
is unique and called the canonical decomposition. The uniqueness result is based on the
useful fact that any local martingale which is predictable and of finite variation must be
constant.
2) If X is a continuous semimartingale, both M and A can be chosen continuous as
well. Therefore X is special because A is then predictable, as it is adapted and continuous.
3) If X is a semimartingale, we define its optional quadratic variation or square bracket

process [X| = ([X]t)i>0 via

[X] = [M] +2[M, A + [A] == [M] + 2> AMAA+ (AA)2
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One can show that this is well defined and does not depend on the chosen decomposition
of X. Moreover, [X] can also be obtained as a quadratic variation similarly as in Theo-
rem 1.1; see Section 6.1 below for more details. However, X? — [X] is no longer a local

martingale, but only a semimartingale in general. o

If X is a semimartingale, we can define a stochastic integral H+X = [ H dX at least
for any process H which is predictable and locally bounded. We simply set

HeX = HeM+ HeA,

where H « M is as in Section 5.1 and H » A is defined w-wise as a Lebesgue—Stieltjes integral.
Of course one still needs to check that this is well defined (e.g. without ambiguity if X
has several decompositions), but this can be done; see for instance Dellacherie/Meyer |5,

Section VIIIL.1] or Jacod/Shiryaev [11, Section I1.4d].

The resulting stochastic integral then has all the properties from Section 5.2 except
those that rest in an essential way on the (local) martingale property; so the isometry

property for example is of course lost. But we still have, for H predictable and locally

bounded:

— H+X is a semimartingale.

— If X is special with canonical decomposition X = Xo+ M + A, then H+X is also
special, with canonical decomposition HeX = HeM + HeA.
[This uses the non-obvious fact that if A is predictable and of finite variation and
H is predictable and locally bounded, the pathwise defined integral He+A can be

chosen to be predictable again.|
— linearity: same formula as before.
— associativity: same formula as before.
— behaviour under stopping: same formula as before.

— quadratic variation and covariation: same formula as before.
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— Jumps: same formula as before.

— If X is continuous, then so is H X this is clear from A(H+X) = HAX = 0.

In addition, there is also a sort of dominated convergence theorem: If H", n € IN,
are predictable processes with H" — 0 pointwise on Q and |H"| < |H| for some locally

bounded H, then H™+X — 0 uniformly on compacts in probability, which means that

(3.1) sup [H"« X | — 0 in probability as n — oo, for every ¢ > 0.
0<s<t

This can also be viewed as a continuity property of the stochastic integral operator
H — HeX, because (pointwise and locally bounded) convergence of (H™) implies con-

vergence of (H™+X), in the ucp sense of (3.1).

From the whole approach above, the definition of a semimartingale looks completely
ad hoc and rather artificial. But it turns out that this concept is in fact very natural and

has a number of very good properties:

1) If X is a semimartingale and f is a C?-function, then f(X) is again a semimartingale.

This will follow from [t6’s formula, which even gives an explicit expression for f(X).

2) If X is a semimartingale with respect to P and R is a probability measure equivalent
to P, then X is still a semimartingale with respect to R. This will follow from

Girsanov’s theorem, which even gives a decomposition of X under R.

3) If X is any adapted process with RC trajectories, we can always define the (ele-
mentary) stochastic integral He+X for processes H in b€. If X is such that this
mapping on b€ also has the continuity property (3.1) for any sequence (H")pen in
b€ converging pointwise to 0 and with |[H™| < 1 for all n, then X must in fact be
a semimartingale. This deep result is due to Bichteler and Dellacherie and shows

that semimartingales are a natural class of integrators.

One direct consequence of 2) for finance is that semimartingales are the natural pro-

cesses to model discounted asset prices in financial markets. In fact, the fundamental
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theorem of asset pricing (in a suitably general version for continuous-time models) essen-
tially says that a suitably arbitrage-free model should be such that S is a local martingale
(or more generally a o-martingale) under some @) ~ P. But then S is a Q-semimartingale
and thus by 2) also a P-semimartingale.

Put differently, the above result implies that if we start with any model where S is
not a semimartingale, there will be arbitrage of some kind. Things become different if
one includes transaction costs; but in frictionless markets, one must be careful about this

1ssue.

Remark. We have explained so far how to obtain a stochastic integral H X for semi-
martingales X and locally bounded predictable H. The Bichteler—Dellacherie result shows
that one cannot go beyond semimartingales without a serious loss; but because not every
predictable process is locally bounded, one can ask if, for a given semimartingale X, there
are more possible integrands H for X. This leads to the notion and definition of the class
L(X) of X-integrable processes; but the development of this requires rather advanced re-
sults and techniques from stochastic calculus, and so we cannot go into details here. See
Dellacherie/Meyer [5, Section VIIL.3] or Jacod/Shiryaev [11, Section II1.6]. Alternatively,

this is usually presented in the course “Mathematical Finance”. o
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6 Stochastic calculus

Our goal in this chapter is to provide the basic tools, results and techniques for working
with stochastic processes and especially stochastic integrals in continuous time. This
will be used in the next chapter when we discuss continuous-time option pricing and in
particular the famous Black—Scholes formula.

Throughout this chapter, we work on a probability space (2, F, P) with a filtration
IF = (F,) satisfying the usual conditions of right-continuity and P-completeness. For all
local martingales, we then can and tacitly do choose a version with RCLL trajectories.
For the time parameter ¢, we have either ¢ € [0,7] with a fixed time horizon T" € (0, c0)
or t > 0. In the latter case, we set

Foo :\/]-"t::a<U]-}).

t>0 t>0

6.1 Ito’s formula

The question to be addressed in this section is very simple. If X is a semimartingale and
f is some (suitable) function, what can we say about the stochastic process f(X)? What

kind of process is it, and what does it look like in more detail?

In the simplest case, let = : [0,00) — IR be a function ¢t — x(¢) and think of z as a
typical trajectory t — X;(w) of X. The classical chain rule from analysis then says that
if x is in C' (i.e. continuously differentiable) and f : IR — IR is in C', the composition

fowx:[0,00) = IR, t — f(x(t)) is again in C' and its derivative is given by

S(ron)n) = () S,

or more compactly
(fox) (t) = f'(=(t)) @(t),

where the dot = denotes the derivative with respect to ¢t and the prime ’

is the derivative

with respect to x. In formal differential notation, we can rewrite this as

(1) d(f o 2)(t) = f(x(t)) da(t)
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or in integral form

(1.2) f(x(t)) — f(a:(O)) :/0 f’(:p(s)) dz(s).

In this last form, the chain rule can be extended to the case where f is in C!' and z is
continuous and of finite variation.

Unfortunately, this classical result does not help us a lot. For one thing, X might have
only RCLL instead of continuous trajectories. This is still solvable if X has trajectories
of finite variation. But even if X is continuous, we cannot hope that its trajectories are of
finite variation, as the example of X being a Brownian motion clearly demonstrates. So
we need a different result, namely a chain rule for functions having a nonzero quadratic

variation.

Let us now connect the above idea to semimartingales. Recall that a semimartingale
is a stochastic process of the form X = Xy + M + A, where M is a local martingale null
at 0 and A is an adapted process null at 0 with RCLL trajectories of finite variation. For
any such A and any fixed, i.e. nonrandom, sequence (II,,),epv of partitions of [0, c0) with
lim,, o |II,| = 0, the quadratic variation of A along (I,,),ec is given by the sum of the

squared jumps of A, i.e.

[Alo=1lim Y (Aigane = Aune)® = Y (AA) = Y (A —A)® fort>0.

t;€ll, 0<s<t 0<s<t

By polarisation, we then obtain for any semimartingale Y that

[A Y] =) AAAY,  fort>0.

0<s<t

So the quadratic variation of a general semimartingale X = Xy + M + A has the form

[X] = [M + A] = [M] + [A] +2[M, A = [M] + > (AA)?+2 > AMAA,.

0<s<- 0<s<-

This partly repeats Remark 5.3.1. If A is continuous, we obtain that [X] = [M], even if
X (hence M) is only RCLL.
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Now suppose that X is a continuous semimartingale. As already pointed out in
Remark 5.3.1, the processes M and A can then also be chosen continuous. A simple

result from analysis [— exercise] says that

any continuous function of finite variation has zero quadratic variation
(1.3)  along any sequence (II,,)nev of partitions of [0, o) whose mesh size |I1,,|

goes to 0 as n — oo.

(Note that this is a variant of the result already mentioned in Remark 4.1.5 in Chapter 4.)
So if the semimartingale X is continuous, then its (unique) finite variation part A has
zero quadratic variation, and its (unique) local martingale part M has quadratic variation
[M] = (M); see Remark 5.1.2 in Chapter 5. The covariation of M and A is thus also
zero by Cauchy—Schwarz. A continuous semimartingale X with canonical decomposition
X = Xy + M + A therefore has the quadratic variation [X] = (X) = [M] = (M) which is

again continuous.

Now let us return to the transformation f(X) of a semimartingale X by a function f.

In the simplest case, the answer to our basic question in this section looks as follows.

Theorem 1.1 (Ité’s formula I). Suppose X = (Xi)i>0 is a continuous real-valued
semimartingale and f : IR — IR is in C*. Then f(X) = (f(X})):>0 Is again a continuous

(real-valued) semimartingale, and we explicitly have P-a.s.

(L4) Fx) = 100+ [ Fxgaxce g [,

for all t > 0.

Remarks. 1) Not only the result is important, but also the basic idea for its proof.
2) The dX-integral in (1.4) is a stochastic integral; it is well defined because X is
a semimartingale and f’(X) is adapted and continuous, hence predictable and locally

bounded. The d(X)-integral is a classical Lebesgue—Stieltjes integral because (X) has
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increasing trajectories; it is also well defined because f”(X) is also predictable and locally
bounded.

3) In purely formal differential notation, (1.4) is usually written more compactly as
1 1
(1.5) df(Xe) = f1(Xp) dX; + §f//(Xt) d(X): = f(X) dX, + §f”(Xt) d (M),

using that (X) = (M).

4) Comparing (1.1), (1.2) to (1.5), (1.4) shows that we have in comparison to the
classical chain rule an extra second-order term coming from the quadratic variation of
X (or here more precisely from the quadratic variation of the martingale part M of X).
This is the important point to remember, and it also shows up in the proof.

5) One can view [t6’s formula and its proof as a purely analytical result which provides
an extension of the chain rule for f o x to functions z that have a nonzero quadratic
variation. This has been pointed out and developed by Hans Follmer [8]. Not surprisingly,
relaxing the assumptions on x then requires stronger assumptions on f than in the classical
case (C? instead of C).

6) To see the financial relevance of It6’s formula, think of X as some underlying
financial asset and of Y = f(X) as a new product obtained from the underlying by a
possibly nonlinear transformation f. Then (1.4) or (1.5) show us how the product reacts
to changes in the underlying. The important message of Theorem 1.1 is then that when
using stochastic models (for X), a simple linear approzimation is not good enough; one

must also account for the second-order behaviour of X. o

Proof of Theorem 1.1. The easiest way to remember both the result and its proof for
the case where X is continuous is via the following quick and dirty argument: “A Taylor

expansion at the infinitesimal level gives

AF(X0) = FX0) ~ F(Xea) = P(X) X+ L (X)(AX,)

and (dX;)? = (Xy — Xi—q)? = (X)) — (X)_a¢ = d(X);.” Note, however, that this
reasoning is purely formal and does not constitute a correct proof. (For example, it does

not explain why we stop at the second and not at another higher order in the expansion.)
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To make the above idea rigorous, we write for non-infinitesimal increments

f(Xti+1/\t) - f(th) = f/(Xti)<Xti+1/\t - Xti) + %f”(Xti)(Xtm/\t - Xti)Q + Ri?

where R; stands for the error term in the Taylor expansion and the ¢; come from a partition
I1,, of [0,00). Now we sum over the ¢; < ¢ and obtain on the left-hand side a telescoping
sum which equals f(X;) — f(Xo). When we study the terms on the right-hand side, we

first recall the convergence

Qt t= Z (Xti+1/\t - th')Z — <X>t as ’Hn’ —0

t;€lly, t;<t

from Theorem 5.1.1; see also Remark 5.3.1. This implies firstly by a weak convergence

argument that

% Z f”(th’)<Xti+1/\t - Xti>2 — %/0 fll{XS) d<X>Sv

ti€lln, 1<t

and secondly by a careful estimate that

> R —0.

ti€lly, t;<t

(This is exactly the point where the mathematical analysis shows why the second order

is the correct order of expansion.) As a consequence, the sums

> S (K — X))

t; GHn, t; St
must also converge, and the dominated convergence theorem for stochastic integrals then

implies that the limit is fot f1(Xs) dXs. q.e.d.

Example. For X = W a Brownian motion and f(z) = x?, we obtain f'(z) = 2z,

f"(z) = 2 and therefore

t 1 t
W2 =Ww? +/ oW, AW, + 5/ 2d(W),.
0 0
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Using Wy = 0 and the fact that BM has quadratic variation (W), = t, hence d(W)s = ds,

t t t
szz/ Wdes+/ d5:2/ W, dW, +t
0 0 0
t
/WSdWs:
0

This ties up with the example we have seen in Section 5.2.

gives

or rewritten

Before moving on to more examples, we need an extension of Theorem 1.1.

Theorem 1.2 (It&’s formula II). Suppose X = (X;);>0 is a general IR-valued semi-
martingale and f : IR® — IR is in C*. Then f(X) = (f(X;))i>0 is again a (real-valued)
semimartingale, and we explicitly have P-a.s. for allt > (

1) if X has continuous trajectories:

(1.6)  f(X,) = X0+Z/ oo (X S dXi 4 = Z/@x’@xﬂ d(X?, X7,

or in more compact notation, using subscripts to denote partial derivatives,

d d
X0 = 3 (X)X + 5 D (X0 d(X X9),
=1

4,j=1

2) if d =1 (so that X is real-valued, but not necessarily continuous):

A7) F(X) = F(Xo) /f )dX, 42 /f”

#3100 - 100 - FOrAXL - %f”(Xs)(AXf)-

0<s<t

Proof. See Protter [13, Section IL.7]. q.e.d.
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Remark. There is of course also a version of Itd’s formula for general JR%valued semi-
martingales (which contains both 1) and 2) as special cases). It looks similar to part 2)
of Theorem 1.2, but has in addition sums like in part 1), with (-, -) replaced by [-, -].

And of course one could also write (1.7) in differential form. o

If X is continuous, one frequently useful simplification of (1.6) arises if one or several
of the components of X are of finite variation. If X*, say, is of finite variation, then we
know from (1.3) that (X*) = 0 and hence also (X*, X*) = 0 for all i by Cauchy—Schwarz.
(Recall that we have already used such an argument before Theorem 1.1.) This implies
that all the second-order terms containing X* will vanish; hence we do not need all the
corresponding partial derivatives, and so we can also relax the assumptions on f in that

regard.

Example 1.3. The CRR binomial model can be written as
S¢S

St
Tk kTl _ ¥, —1=: R, = E[Ry] + (R« — E[Ry]).

Note that the terms in brackets above has expectation 0 and a variance which depends
on the distribution of the Rj. Passing from time steps of size 1 to d¢ and noting that
Brownian increments have expectation 0 like the term Ry — E[Rj], a continuous-time

analogue would be of the form

ds?
(1.8) —L =rdt,
SP
ds}
(1.9) 5_; = pdt + o dW,.

(More accurately, we should put dS%/S% and dS}!/S! . But as both S and S turn out
to be continuous, the difference does not matter.)
Of course, the equation (1.8) for S0 s just a very simple ordinary differential equation

(ODE), whose solution for the starting value S¢ = 1 is S? = ¢". The equation (1.9) for
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SV is a stochastic differential equation (SDE), and its solution is given by the geometric

Brownian motion (GBM)

- 1
(1.10) S} = Sy exp (aWt + (u - 502)16) for t > 0.

Note the possibly surprising term —%02. To see that this is indeed a solution, we write
Sh=f(W,t)  with f(z,t) = S} eomHu—30Mt

We now apply Ito’s formula (1.6) for d = 2 to X; = (W;,t). As the second component

Xt@) = t is continuous and increasing, it has finite variation; so (1.6) simplifies and we

only need the derivatives

_9f

fl“_ 81‘ _Ufa
0
o= 5= (1= 5)1
o2 f
fxx:@:UQf'

Then we get, by using that (W), =t and f(W;,t) = :S’V,}, that

A5} = Fu(Wert) AW, Fu(Wi,0) e+ Fea (W, £) AV,

~ 1 ~ 1 .~
= oS} dW; + (u — 502> S} dt + 5025,} dt
= SHo dW, + pdt),

exactly as claimed. Note that we did not argue (as one should and can) that the above

explicit process in (1.10) is the only solution of (1.9).

Example. If X = (X;);> is a continuous real-valued semimartingale null at 0, then
(1.11) Zy =X 200 fort >0
is the unique solution of the SDE

dZt - Zt dXt, ZO - 1
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Put differently, this means that Z satisfies
t
Zy =1 +/ Zsd X, for all ¢ > 0, P-a.s.
0

Checking that the above Z does satisty the above SDE, as well as proving uniqueness of

the solution, is a good [— exercise] in the use of 1t6’s formula.

Definition. For a general real-valued semimartingale X null at 0, the stochastic expo-

nential of X is defined as the unique solution Z of the SDE
dZt - Zt, dXt, ZO - 1,
i.e.,
t
Zy =1 +/ Z dXg for all t > 0, P-a.s.,
0

and it is denoted by £(X) := Z.

From the preceding example, we have the explicit formula £(X) = exp(X — (X))

when X is continuous and null at 0. For general X, an explicit formula is given in
Protter [13, Theorem I1.37]. Note that Z = £(X) can become 0 or negative when X has

jumps; in fact, the properties of jumps of stochastic integrals yield
Zt - th - AZt - A(l —|— / ZS* dXS) - Zt,AXt,

and this shows that 7, = Z, (1 + AX;) so that Z = £(X) changes sign between t— and
t whenever 1 + AX; <0, i.e. when X has a jump AX; < —1.

Example 1.4. Suppose W is a Brownian motion, 7' € (0, 00) is fixed and h : IR — IR is
a measurable function with h(Wr) € L'. Then clearly

M, := E[h(Wr) | F] for 0 <t<T
is a martingale. But writing

My = E[h(Wy + Wp — W) | F
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and using that W, is Fi-measurable and W — W, is independent of F; and ~ N (0,T —t)

shows that we also have
My = Elh(z +Wr = Wl| _y,. = (Wi, 1)

with

F@t) = Elh(z + Wy — W) = / hz + y)ﬁe—ﬁin dy.

So f(-,t), as a function of x for fixed ¢ < T, is the convolution of h with a function in
C*> and therefore also C*° with respect to z, and f(z, -) is clearly in C' with respect to

t as long as t < T. Therefore It6’s formula may be applied and gives

t t 1
(1.12) Mt:MoJr/fx(Ws,s)dWSJr/ (ft+§fm)(Ws,s)ds for0<t<T.
0 0

Now one can check by laborious analysis that the function f(z,t) satisfies the partial
differential equation (PDE) f; + %fm = 0; or one can use the fact that the canonical
decomposition of a special semimartingale (like the martingale M) is unique. (Alterna-
tively, one can use that any continuous local martingale of finite variation is constant.)
Any of these leads to the conclusion that the ds-integral in (1.12) must vanish identically
because it is continuous and adapted, hence predictable, and of finite variation like any

ds-integral. By letting ¢ T in (1.12), we therefore obtain the representation
T
BOWr) = My = Mo+ [ LWer)dIV,
0

of the random variable h(WWr) as an initial value M plus a stochastic integral with respect

to the Brownian motion W. A more general result in that direction is given in Section 6.3.

Example. An [t6 process is a stochastic process of the form

t t
Xt:XOJr/,usder/adeS fort >0
0 0

for some Brownian motion W, where p and o are predictable processes satisfying ap-

propriate integrability conditions (e.g. fOT(|uS| + |os*)ds < oo P-a.s. for every T' < o0).



6 STOCHASTIC CALCULUS 115

More generally, X, u, W could be vector-valued and ¢ could be matrix-valued, of course
all with appropriate dimensions. For any C2-function f, the process f(X) is then again

an [to process, and It6’s formula gives

700 =100 + [ (100 + 357500 as+ [P e

This is another good [— exercise| for using It6’s formula.

Example. For any two real-valued (RCLL) semimartingales X and Y, the product rule
is obtained by applying It6’s formula with the function f(z,y) = zy. The result says that

t t
XY, = XoYo + / Yoo dX, + / X, dY, + [X, Y],
0 0

or compactly in differential notation
d(XY)=Y_dX + X_dY +d[X,Y].
If both X and Y are continuous, this yields

A(XY) =Y dX + X dY +d(X,Y).

Example. Let W = (W;);>o be a Brownian motion, a < 0 < b and
Tavb::inf{tZO:Wt>borWt<a}

the first time that BM leaves the interval [a, b] around 0. Then classical results about the

ruin problem for Brownian motion say that
El7ap] = la[b (so that 7, < oo P-a.s.)

and

(1.13) PW,, , =b=—=1-P[W,

Ta,b

=al.

It is also known, or can be computed from (1.13), that E[W, ,] = 0.
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In order to compute the covariance of 7,5, and W, ,, we start with the function

a,b’?

f(x,t) = —3a® + tz. Then clearly f, 4+ 5fzo = 0 so that Ito’s formula shows that

M, = f(Wit) = 0+/ (W, 5)dWW,
0

is like W' a continuous local martingale, and so is then the stopped process M. But

Ta 1 Tab\3 Ta
M = Mt/\Ta,b = _g(Wt ’b) + (A Tap) W, !

is bounded by a constant for ¢ < T as |W7¢| < max(|a|,b), and so M7= is a martingale

on [0, 7] for each T' < oo. This directly implies that
0= B[MZ] = BIMF*) = —3 B[WS ] + B(rap A T)Wo, ],
and letting 7" — oo yields by dominated convergence, also using 7,5 € L', that
1
0= =3 B[W,, ]+ ElraiWr,,].
Hence we find

Cov (Ta,b, W,

Ta,b

1 1
) = BfraaWe,] = SEW2,] = Halbfo — )

where the last equality is obtained by computing with the known (two-point) distribution

of W, , given in (1.13).
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6.2 Girsanov’s theorem

In Section 6.1, we have seen that the family of semimartingales is invariant under a trans-
formation by a C?-function, i.e., f(X) is a semimartingale whenever X is a semimartingale
and f € C?. In this section, our goal is to show that the class of semimartingales is also
invariant under a change to an equivalent probability measure.

Suppose we have P and a filtration F' = (F;);>0. Assuming that @ ~ P on F (or

F) can be too restrictive; so we fix T' € (0,00) and assume only that @ ~ P on Fr. If

loc
we have this for every 1" < oo, we call () and P locally equivalent and write () =~ P. For
an infinite horizon, this is usually strictly weaker than @) ~ P. (Also, one must be careful
with the filtration and the usual conditions, but we do not discuss these technical issues.)

To start, fix T' € (0, 00) for simplicity and suppose that Q ~ P on Fr. Denote by

dQ|-7:T
dPl]:T

(2.1) Z, .= 723" = Ep[

.7-}] for0<t<T

the density process of () with respect to P on [0,T], choosing an RCLL version of this
P-martingale on [0,7]. Because Q ~ P on Fr, we have Z > 0 on [0,7], meaning
that P[Z; > 0,Vt € [0,T]] = 1, and because Z is a P-(super)martingale, we even have
info<i<r Z; > 0 P-a.s. by the so-called minimum principle for supermartingales; see
Dellacherie/Meyer [5, Theorem VI.17]. This implies that also Z_ > 0 on [0,7] so that
1/Z_ is well defined and adapted and left-continuous, hence also predictable and locally
bounded.

In perfect analogy to Lemma 2.3.1, we now have

Lemma 2.1. Suppose that Q ~ P on Fr and define Z = Z%" as in (2.1). Then:
1) For s <t < T and every U; which is F;-measurable and either > 0 or in L'(Q), we
have the Bayes formula

1
EqlUi | Fi] = 7EP[ZtUt | Fsl Q-a.s.

2) An adapted process Y = (Y;)o<i<r is a (local) Q-martingale on [0, T if and only if
the product ZY is a (local) P-martingale on [0, T].
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loc
Of course, if Q ~ P, we can use Lemma 2.1 for any 7" < oo and hence obtain a
statement for processes Y = (Y}):>0 on [0,00). One consequence of part 2) of Lemma 2.1

(with Y := 1/7) is also that % is a @-martingale, more precisely on [0,7] if ) ~ P on

1
Fr, or even on [0,00) if Q = P. Furthermore, it is easy to check that % is the density

process of P with respect to @ (again on [0, 7] or on [0, 00), respectively).

The next result now proves the announced basic result.

Theorem 2.2 (Girsanov). Suppose that ) z P with density process Z. If M is a local
P-martingale null at 0, then

]T/f:zM—/%d[Z,M]

is a local Q-martingale null at 0. In particular, every P-semimartingale is also a (Q-semi-

martingale (and vice versa, by symmetry).

Proof. The second assertion is very easy to prove from the first; we simply write

X=Xo+M+A=X,+ M+ (A+/%d[Z,M]) = Xo+ M+ A
and observe that A = A + [ £d[Z,M] is of finite variation. Note that [ +d[Z, M]
is defined pathwise because [Z, M] is of finite variation; so this requires no stochastic
integration, nor predictability of the integrand.

For proving the first assertion, note that the definition of the optional covariation
process implies that the difference ZM — [Z, M] is a local P-martingale like M and
Z. (To argue this in an alternative manner, we could use the product rule which gives
ZM —[Z,M) = [Z_dM + [ M_dZ, which is a local P-martingale like M and Z.) So

by Lemma 2.1,

1
M — E[Z, M] is a local Q-martingale.
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Using the product rule gives

(2.2) %[z, M] = /[z, M d (%) +/Zid[z, M)+ E,[Z, M]} |

Because [Z, M] is of finite variation, the last term equals

[% Z, M]] =Y"A (%) AlZ,M] = /A <%) d[Z, M]

so that the last two terms in (2.2) add up to [ £ d[Z, M]. Because 7 is a local Q-martin-
gale, so is the stochastic integral [[Z, M]_d (%) because its integrand is locally bounded.

So we obtain

M:M—/%d[Z,M]z (M—%[Z,M]) —/[ZaMJ—d@)’

and we see that this is a local ()-martingale. q.e.d.

In many situations, it is more convenient to do computations not in terms of Z, but
rather with its so-called stochastic logarithm. Suppose in general that Y is a semimartin-
gale with Y_ > 0 (on [0,7] or [0, 00), respectively). Then we can define a semimartingale

null at 0 by L := f Y% dY, we have dY = Y_ dL by construction, and so we obtain

Y=Y,&EL)>0 with a semimartingale L null at 0.

It is also clear that L is continuous if and only if Y is continuous, and that L is a local
P-martingale if and only if YV is a local P-martingale. This L is called the stochastic
logarithm of Y. Note that because of the quadratic variation, we do not have L = logV’,
not even if Y is continuous; see the explicit formula (1.11) in Section 6.1.

In the situation here, Z is a P-martingale > 0, hence has Z_ > 0 as discussed above,
and so applying the above with Y := Z yields Z = Z, (L), where L is like Z a local

P-martingale.

loc
Theorem 2.3 (Girsanov, continuous version). Suppose that () ~ P with a density

process Z which is continuous. Write Z = ZyE(L). If M is a local P-martingale null at
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0, then
M:=M—[L,M]=M— (L, M)

is a local Q)-martingale null at 0.

More specifically, if W is a P-Brownian motion, then Wisa @-Brownian motion. In

particular, if L = [[vdW for some v € L{ (W), then

loc

W:W—</udW,W>ZW—/ysds

so that the P-Brownian motion W = W + [ vsds becomes under @ a Brownian motion

with (instantaneous) drift v.

Proof. Because Z = Z,E(L) satisfies dZ = Z_dL, we have [Z,M] = [ Z_d[L, M]

and hence [ L d[Z, M] = [ %= d[L, M] = [L, M] by continuity of Z. So the first assertion

follows directly from Theorem 2.2, and [L, M| = (L, M) because L is continuous like Z.
The assertion for W needs some extra work as it relies on the so-called Lévy charac-

terisation of Brownian motion that we have not discussed here. q.e.d.

In all the above discussions, we have assumed that @) is already given and have then
studied its effect on given processes. But in mathematical finance, we often want to
proceed the other way round: We start with a process S = (S)o<i<7 of discounted asset
prices and want to find or construct some ) ~ P on Fr such that S becomes a local
@-martingale. Let us now see how we can tackle this problem by reverse-engineering
the preceding theory. We begin very generally and successively become more specific.
Moreover, the goal here is not to remember a specific result, but rather to understand
how to approach the problem in a systematic way.

We start with a local P-martingale L null at 0 and define Z := £(L) so that Z is
like L a local P-martingale, with Z, = 1. If we also have AL > —1 (and this holds of
course in particular if L is continuous), then we have in addition Z > 0. This uses that
AZ =Z_ AL so that Z = Z_(1+ AL), which implies that Z never changes sign as long
as AL > —1.
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Suppose now that Z is a true P-martingale on [0, T']; this amounts to imposing suitable
extra conditions on L. Then we can define a probability measure () ~ P on Fr by
setting d@ := Zr dP, and the density process of () with respect to P on [0, 7] is then by
construction the P-martingale Z. In particular, if L is continuous, also Z is continuous.

In a bit more detail, Z = £(L) is in the present situation a local P-martingale > 0 on
[0, 7] and therefore a P-supermartingale starting at 1. So t — FE[Z,] is decreasing, and one
can easily check that Z is a P-martingale on [0, 7] if and only if ¢ — E[Z;] is identically
1 on [0, 7], or also if and only if E[Zr] = 1. However, expressing this directly in terms of
L is more tricky, and one has only sufficient conditions on L that ensure E[E(L)r] = 1.
The most famous of these is the Nowvikov condition: If L is a continuous local martingale
null at 0 and EfezX)7] < 0o, then Z = (L) is a martingale on [0, 7.

Now start with an R-valued process S = (S;)o<i<7 and suppose that S is a P-semi-

martingale. For each 7, the coordinate S? can then (in general non-uniquely) be written as
S' =S5+ M + A

with a local P-martingale M* and an adapted process A° of finite variation, both null at

0. By Theorem 2.2,

— ) 1 )
M =M"— | =d|Z, M*
[ Zaizon
is then a local @-martingale, and of course we have

1

Si:53+]\7¢+(A"+/Zd[Z,Mi]> — Si4+ M + A

So S% is a local @-martingale (or, equivalently, @ is an ELMM for S*) if and only if
~ ; 1 b .
A= A" + / 7 d[Z, M'] is a local @Q-martingale.

One sufficient condition is obviously that

(2.3) Ai+/%d[2, M =0.
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This should be viewed as a condition on Z or, equivalently, on L. In general, because

dZ = Z_dL, we have
[Z, M"] = /Z d[L, M"]
and AZ = Z_AL, hence
Z=7Z_+AZ=7Z (1+AL)

and so
7 1

Z 1+AL

So in terms of L, the sufficient condition (2.3) can be written as

. 1 .
A’ L, M =0.
+/1+ALd[’ I=0

If L is continuous, this simplifies further to
A" 4 (L, M") = 0;

this could alternatively also be derived directly from Theorem 2.3. As a condition on
L in terms of M and A, this is fairly explicit. Note that this is actually a system of d

conditions (one for each S*) imposed on a single process L.

In Chapter 7, we shall see how the above ideas can be used to construct explicitly an
equivalent martingale measure in the Black—Scholes model of geometric Brownian motion
for S. But before that, we study in the next section how local martingales L can (or

must) look if we impose more structure on the underlying filtration IF'.

Remark. Instead of using Theorem 2.2, we could also argue more directly. Suppose
again that Z = £(L) is a true P-martingale > 0 on [0,7], and define @ ~ P on Fr by
dQ@ := ZrdP. By Lemma 2.1, S is then a local )-martingale if and only if ZS is a local

P-martingale, and therefore we compute, using the product rule and dZ = Z_dL,

d(ZzS8")=S"dZ+Z_dS"+d[Z,8 =S dZ + Z_dM' + Z_(dA" +d[L, S")).
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Because both Z and M?*, and hence also their stochastic integrals above, are local P-mar-
tingales, we see that @ is an ELMM for S* if and only if A°+[L, S] is a local P-martingale.
A sufficient condition for this is that

A"+ L, S =0.
If L is continuous or if S? is continuous, this again simplifies to
A"+ (L,M") =0,

because then [L, A"l = >> ALAA" = 0. o
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6.3 Ito’s representation theorem

Our goal in this section is to describe all martingales that can exist in a filtration F' under
the assumption that IF' is generated by a Brownian motion W. This deep structural result
goes back to Kiyosi [to and is the mathematical explanation for the completeness of the
Black—Scholes model that we shall see in the next chapter.

We start with a Brownian motion W = (WW;);>0 in IR™ defined on a probability space
(Q, F, P) without an a priori filtration. We define

ftoz
Fo.

o(Ws,s <t) for t > 0,

o(Ws, s > 0),

and construct the filtration W = (F/V)o<t<oo by adding to each F? the class N of
all subsets of P-nullsets in F2 to obtain F¥ = FP V N. This so-called P-augmented
filtration IF" is then P-complete (in (Q,F%, P), to be accurate) by construction, and
one can show, by using the strong Markov property of Brownian motion, that 'V is also
automatically right-continuous (so that it satisfies the usual conditions). We usually call
IFW | slightly misleadingly, the filtration generated by . One can show that W is also
a Brownian motion with respect to IF'"V; the key point is to argue that W, — W, is still
independent of FV O FV even though FV contains some sets from F°. If one works

on [0,7T], one replaces oo by T’; then FU is not needed separately because we use the

P-nullsets from the “last” o-field F2.

Theorem 3.1 (It6’s representation theorem). Suppose that W = (W) is a Brown-
ian motion in IR™. Then every random variable H € L*(FY, P) has a unique represen-

tation as

H = E[H] +/ s dW, P-a.s.
0

for an IR™-valued integrand v € L (W) with the additional property that [ dW is a

loc

(P, IF"')-martingale on the closed interval [0, 00| (and therefore uniformly integrable).

Remark. The assumptions on H say that H is integrable and FV-measurable. The latter
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means intuitively that H(w) can depend in a measurable way on the entire trajectory

W, (w) of Brownian motion, but not on any other source of randomness. o

Corollary 3.2. Suppose the filtration IF = IF'"V is generated by a Brownian motion W
in IR™. Then:

1) Every (real-valued) local (P, IF'"')-martingale L is of the form L = Lo+ [ vdW for
some IR™-valued process v € L% (W).

2) Every local (P, IF"')-martingale is continuous.

Proof. For a localizing sequence (7x)renv, each (L — Lg)™ is a uniformly integrable

martingale N*, say, and therefore of the form
NF=FE[NE|FY]  for0<t < oo,

for some N% € LY(FY, P). So Theorem 3.1 and the martingale property of [ ¢ dW give
that N* = [¢*dW (note that N} = 0). In particular, N* = (L — Ly)™ is continuous,
which means that L is continuous on [[0,7;]. As 7, * oo, L is continuous, and 7 is

obtained by piecing together the ¥* via ~ := * on [0, 7;]. q.e.d.

While the above results are remarkable, the next result is bizarre. Note that in its
formulation, the filtration IF' is even allowed to be general; but of course we could also

take I = IFW.

Theorem 3.3 (Dudley). Suppose W = (W,);>¢ Is a Brownian motion with respect to
P and IF = (F})t>0. As usual, set

Foo ::\/ftza(Uft).

>0 >0

Then every Fo-measurable random variable H with |H| < oo P-a.s. (for example every

H € LY(F., P)) can be written as

H:/ s AW P-a.s.
0
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for some integrand ¢ € L% _(W).

loc

Note that there is no constant in the representation of H in Theorem 3.3. Note
also that we could for instance take for H a constant and represent this as a stochastic
integral of Brownian motion. This makes it almost immediately clear that the integrand

1 in Theorem 3.3 cannot be nice. In fact:

1) In Theorem 3.3, the stochastic integral process [ dW is of course a local mar-
tingale, and can even be a martingale on [0, 00), but it is in general not a martingale on
0, 00]; if it were, it would have constant expectation 0 up to +oo, which would imply
that E[H] = 0.

2) In Theorem 3.3, the representation by v is not unique. In fact, one can easily
construct some bounded predictable 1) with 0 < fooo Y?ds < 0o P-a.s. (so that ¢ # 0
and ¢ € L2 _(W)), but nevertheless fooo Yy dW, = 0 P-a.s. Of course, ¥ and ) + v then
represent the same H, but they are different in a nontrivial way.

[Exercise: Try to find such a 1) — it is not very difficult.]

3) In terms of finance, the integrands ¢ appearing in Theorem 3.3 are not nice at
all. For one thing, [ dW cannot be bounded from below in general. Indeed, if it
were, then [t dW would be a local martingale uniformly bounded from below, hence
a supermartingale, and this would imply that we must have E[H] < 0. Moreover, the
representation 1 = fooo 1, dW; looks suspiciously like creating the riskless payoff 1 out of
zero initial capital with a self-financing strategy ¢ = (0,%), which would be arbitrage.

(But of course, that ¢ is not admissible, as we have just argued.)

Remark. It is not important for the above results that we work on the infinite interval

[0, 0] or [0, 00); everything could be done equally well on [0,T] for any T € (0,00). ¢
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7 The Black—Scholes formula

Our goal in this final chapter is to combine the modelling and financial ideas from the
discrete-time setting with the continuous-time techniques from stochastic calculus. We
introduce and study a simple continuous-time financial market model and show how this
allows us to derive the celebrated Black—Scholes formula together with the underlying
methodology. We emphasise that the latter is much more important than the formula

itself, for obvious reasons.

7.1 The Black—Scholes model

The Black-Scholes model or Samuelson model is the continuous-time analogue of the
Cox—Ross—Rubinstein binomial model we have seen at length in earlier chapters. Like the
latter, it is too simple to be realistic, but still very popular because it allows many explicit
calculations and results. It also serves as a basic starting point or reference model.

To set up the model, we start with a fixed time horizon T" € (0, 00) and a probability
space (€2, F, P) on which there is a Brownian motion W = (W,)o<;<7. We take as filtration
IF = (Fi)o<t<r the one generated by W and augmented as in Section 6.3 by the P-nullsets
from F2 := o(W,,s < T) so that I = IF'"V satisfies the usual conditions under P. We
shall see soon that this choice of filtration is important.

The financial market model has two basic traded assets: a bank account with constant
continuously compounded interest rate v € IR, and a risky asset (usually called stock)

having two parameters p € IR and o > 0. Undiscounted prices are given by

(1.1) 59 =,

. 1
(1.2) S} = Sy exp (O'VVt + (,u - 502>t)

with a constant Sj > 0. Applying [t6’s formula easily yields
(1.3) d5? = SO dt,

(1.4) 45} = S}pdt + Slodw,
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which can be rewritten as

Q0
(1.5) d~i = rdt,
Sy
45!
t

This means that the bank account has a relative price change (5° — S ,)/S? 4, over a
short time period (t—dt, t] of r dt; so r is the growth rate of the bank account. In the same
way, the relative price change of the stock has a part pdt giving a growth at rate y, and a
second part o dW; “with mean 0 and variance o dt” that causes random fluctuations. We
call ;1 the drift (rate) and o the (instantancous) wvolatility of S*. The formulation (1.5),
(1.6) also makes it clear why this model is the continuous-time analogue of the CRR
binomial model; see Example 6.1.3 in Section 6.1 for a more detailed discussion. (Because
5% and S! are both continuous, we can replace S?_, and S 4, in the denominators above
by S9 and S!, respectively.)

As usual, we pass to quantities discounted with S°; so we have S° = §°/5° = 1, and

St = §1/5% is by (1.1) and (1.2) given by

(1.7) S} = S exp (aWt + (u —7r— %ﬁ)t) .

Either from (1.7) or from (1.3), (1.4), we obtain via It6’s formula that S’ solves the SDE
(1.8) ds} = S} ((u—r)dt + o dW3).

For later use, we observe that this gives

(1.9) d(SY, = (SH?2e*d(W), = (S})*c*dt

for the quadratic variation of S*, because (W), = t.

Remark 1.1. Because the cofficients u, r, o are all constant and ¢ > 0, the undiscounted

prices (59, 51), the discounted prices (S°,S1), the discounted stock price S! alone, and

the Brownian motion W all generate the same filtration. This means that there is here
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no compromise between mathematical convenience (the filtration IF' is generated by W)

and financial modelling (the filtration is generated by information about prices). o

As in discrete time, we should like to have an equivalent martingale measure for the

discounted stock price process S'. To get an idea how to find this, we rewrite (1.8) as

r

(1.10) dS} = Slo <th + B dt) = SlodW},
o

with W* = (Wt*)oﬁtﬁT defined by

. t
Wt*::m+u rt:WH—/)\ds for0<t<T.
g 0

The quantity

is often called the instantaneous market price of risk or infinitesimal Sharpe ratio of S*.
By looking at Girsanov’s theorem in the form of Theorem 6.2.3, we see that W* is a
Brownian motion on [0, 7] under the probability measure Q* given by

dQ* 1
dC]?J =& (—/AdW)T = exp (—/\WT — 5)\2T) on Fr,

whose density process with respect to P is
&8P —zr=¢ <—/>\dW) = exp (—AWt — §A2t> for 0 <t <T.
t
By (1.10), the stochastic integral process
t
S =5 +/ Spo dW;
0

is then a continuous local Q*-martingale like W*; it is even a Q*-martingale because we

have the explicit expression

1
(1.11) S} =8YE(eW*), = Sy exp (aWt* - 50215)
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from (1.10) by It6’s formula, and so we can use Proposition 4.2.3 under Q*.

All in all, then, S' admits an equivalent martingale measure, explicitly given by Q*,
and so we expect that S* should be “arbitrage-free” in any reasonable sense. However,
we cannot make this precise here before defining more carefully what “trading strategy”,

“self-financing”, “arbitrage opportunity” etc. should mean in this context.

Remark. Suppose @ is any probability measure equivalent to P on Fr and denote its
P-density process by Z9 = Z = (Z;)o<t<r. Then we can write Z = ZyE(L) as in
Section 6.2, where L is a local (P, IF')-martingale null at 0. But ' is generated by W; so

[t0’s representation theorem in Corollary 6.3.2 says that

loc

L= /ys dW,  for some v € L2 (W)

and therefore dZ, = 7, dL; = Zyvy dW, (as Z is automatically continuous like L).
Now suppose in addition that S is a local Q-martingale, i.e. Q is an ELMM for S!.
By the Bayes rule in Lemma 6.2.1, this implies that ZS?! is a local P-martingale. But the

product rule, (1.8) and the rules for computing covariations of stochastic integrals give
Ad(Z:S}) = Z,dS} + S} dZ, + d(Z, S,
= ZtStl(,u — T) dt + ZtSth' th + Stltht th + ZtVtSth' d<VV, W>t
= 7,5 o +v) dW, + Z,Slo(\ + ) dt,
using that g—r = o A. On the left-hand side, we have by assumption a local P-martingale,

and on the right-hand side, the dWW-integral is also a local P-martingale. Therefore the

last term,

t
A= / ZSto( A+ v,)ds for 0 <t < T,
0

must also be a local P-martingale. But A is adapted and continuous (hence predictable)
and of finite variation; so it has quadratic variation 0, hence must be constant, and so

its integrand must be 0. This implies that v, = —\, because Z,S', o are all > 0, and

7 =70E(L) = Zy& (/mw) =70 & (—/)\dW).

therefore we get
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Finally, Zy has Ep[Zy] = Ep[Z7] = Q)] = 1 and is measurable with respect to Fy = Fg"

which is P-trivial (because W, is constant P-a.s.); so Zy = Ep[Zy] = 1 and therefore
ZzS(—/AdW) — 7 orQ=Q

Thus we have shown that in the Black—Scholes model, there is a unique equivalent
martingale measure, which is given explicitly by Q*. So we expect that the Black—Scholes
model is not only “arbitrage-free”, but also “complete” in a suitable sense. Note that the
latter point (as well as the above proof of uniqueness) depends via [td’s representation

theorem in a crucial way on the assumption that the filtration IF' is generated by W. o

Now take any H € L% (Fr) and view H as a random payoff (in discounted units) due
at time T. Recall that IF' is generated by W and that W = W, + X, 0 <t < T, is a
Q*-Brownian motion. Because A is deterministic, W and W* generate the same filtration,
and so we can also apply [to’s representation theorem with @Q* and W* instead of P and
W. So if H is also in L}(Q*), the Q*-martingale V;* := Eo«[H | F], 0 <t < T, can be

represented as

¢
V;*:EQ*[H]qL/@DdeS* for 0 <t < T,
0

with some unique ¥ € L (W*) such that [¢" dW* is a Q*-martingale. Recall from
(1.10) that
dS} = SlodW;.

So if we define for 0 <t < T

H
’L9H — t
t St10_7

=V =908

(which are both predictable because ! is and S, V* are both adapted and continuous),
then we can interpret o = (91 n'!) as a trading strategy whose discounted value process
is given by

Vi) =018 + 1S} =V for 0<t<T,
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and which is self-financing in the (usual) sense that
t t
(1.12) V(™) =V =V +/ YH AW = Vy(p™) +/ IHdS  for0<t<T.
0 0

Moreover,

shows that the strategy ¢ replicates H, and
/ﬁH ds' = V(p") = Vo(p") = V" — Eq-[H] > —Eq-[H]
(because V* > 0, as H > 0) shows that ¥ is admissible (for S') in the usual sense.

In summary, then, every H € L. (Fr,Q*) is attainable in the sense that it can be
replicated by a dynamic strategy trading in the stock and the bank account in such a way
that the strategy is self-financing and admissible, and its value process is a Q*-martingale.
In that sense, we can say that the Black—Scholes model is complete. By analogous argu-
ments as in discrete time, we then also obtain the arbitrage-free value at time ¢ of any

payoff H € L (Fr,Q*) as its conditional expectation
VT =V = Eq-[H| F]

under the unique equivalent martingale measure Q* for S'. This is in perfect parallel to

the results we have seen for the CRR binomial model; see Section 3.3.

Remarks. 1) All the above computations and results are in discounted units. Of course,
we could also go back to undiscounted units.

2) Itd’s representation theorem gives the ezistence of a strategy, but does not tell us
how it looks. To get more explicit results, additional structure (for the payoff H) and
more work is needed. [— Exercise]

3) The SDE (1.8) for discounted prices is

45!

—1:(M—T>dt+Uth7
S
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and this is rather restrictive as u, r, o are all constant. An obvious extension is to allow the
coefficients p, 7, o to be (suitably integrable) predictable processes, or possibly functionals

of S or S. This brings up several issues:

a) If p,r, o are specified as functionals of S, it is no longer clear whether there exists
a solution of the resulting SDE. This needs a more careful and usually case-based

analysis.

b) If u,r, o are stochastic processes that depend on extra randomness apart from W,
we have to work in a larger filtration and a result like 1t0’s representation theorem is
perhaps no longer available. Typical examples are stochastic volatility models where
o usually depends on a second Brownian motion as well, or credit risk models where

the default of an asset often involves the jump of some process.

c) Even if u,r, o are predictable with respect to the filtration ' generated by W, the
process W* = W + [ A;ds in general does not generate IF', but only a smaller
filtration. Fortunately, there is still a representation result with respect to W* and

Q*, but one must work a little to prove this.

4) From the point of view of finance, the natural filtration to work with would be the
one generated by S or S , 1.e. by prices, not by W. From the explicit formulae (1.1), (1.2),
one can see that S and W generate the same filtrations when the coefficients u, r, o are
deterministic. (This has already been pointed out in Remark 1.1.) But in general (i.e. for
more general coefficients), working with the price filtration is rather difficult because it is
hard to describe.

5) A closer look at the no-arbitrage argument for valuing H shows that in continuous
time, we can only say that the arbitrage-free seller price process for the payoff H is

" is not,

given by V# = V*. The reason is that the strategy ¢! is admissible, but —¢
in general, unless H is in addition bounded from above. In finite discrete time, this
phenomenon does not appear because absence of arbitrage for admissible or for general

self-financing strategies is the same there. o
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7.2 Markovian payoffs and PDEs

The presentation in Section 7.1 is often called the martingale approach to valuing options,
for obvious reasons. If one has more structure for the payoff H (and, in more general
models, also for .S), an alternative method involves the use of partial differential equations
(PDEs) and is thus called the PDE approach. We briefly outline some aspects of this here.

Suppose that the (discounted) payoff is of the form H = h(S}) for some measurable
function A > 0 on IR,. We also suppose that H is in L'(Q*). One example discussed
in detail in the next section is the European call option on S with maturity 7' and
undiscounted strike K; here, H = (SL — K)T/8% = (Sk — Ke™"T)* so that the payoff
function is h(z) = (x — Ke"T)* =: (x — K)*. Our goal, for general h, is to compute the

value process V* and the strategy ¥ more explicitly.

We start with the value process. Because we have V;* = Eq-[H | F;] = Eg+[h(S7) | Fi,

we look at the explicit expression for St in (1.11) and write

1

S . !
Sp= S}S—f = S} exp (O’(WT - W) — 502(T - t))
t

In the last term, the first factor S} is obviously JF;-measurable. Moreover, W* is a
Q*-Brownian motion with respect to ', and so in the second factor, W7 — W} is under

Q* independent of F; and has an N (0,T — t)-distribution. Therefore we get
(2.1) V" = Eq-[M(S7) | Fi] = v(t, S;)
with the function v(t, z) given, for Y ~ N (0,1) under Q*, by
(2.2) o(t, ) = Eqr {h <x exp (o(W — W;) - %az(T _ t)))]
= Bq- [(werV T oae -0}

& 1 12
= h(xe”vT*ty*%"Q(T*t)) ——e 2¥ dy.
o V2T

This already gives a fairly precise structural description of V;* as a function of (¢ and) S},

instead of a general F;-measurable random variable.
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Because we have an explicit formula for the function v as essentially the convolution of
h with a very smooth function (the density of a lognormally distributed random variable),
one can prove that the function v is sufficiently smooth to allow the use of [to’s formula.
This gives, writing subscripts in the function v for partial derivatives and using (1.10)
and (1.9),
(2.3) dV; = du(t, S})

1
= v(t, S} dt + v, (¢, S}) dS;! + 5vm(t, S d(sty,
1
= v,(t, 8o SH AW + (vt(t, SH + §vm(t, 53)02(55)2) dt.

But V* is a local (even a true) Q*-martingale, by its definition, and so is the integrated
dW*-term on the right-hand side above. Therefore the integrated d¢-term on the right-
hand side of (2.3) is at the same time continuous and adapted and of finite variation, and

a local @*-martingale. Hence it must vanish, and so (2.3) and (1.12) yield
ve(t, S} dS}H = dv; = 9F dS}.

In consequence, we obtain the strategy explicitly as

v
(2.4) 0 = 5o (65)),

i.e., as the spatial derivative of v, evaluated along the trajectories of S*. This is parallel

to the result in Section 3.3 for the CRR binomial model; see (3.3.6) or (3.3.7).

A closer look at the above argument also allows us to extract some information about
the function v. This is similar to our arguments in Example 6.1.4 for the representation of
the random variable h(Wr) as a stochastic integral of W. Indeed, the fact that the d¢-term
vanishes means that the function v, (¢, £)+ v, (¢, z)o*2? must vanish along the trajectories
of the space-time process (¢, S})o<;<7. But by the explicit expression in (1.11), each S}
is lognormally distributed and hence has all of (0,00) in its support. So the support of
the space-time process contains (0,7") x (0,00), and so v(t,z) must satisfy the (linear,

second-order) partial differential equation (PDE)

ov 1, ,0%

=5 on (0,7) x (0,00).
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Moreover, the definition of v via (2.1) gives the boundary condition
(2.6) (T, ) =h(-) on (0,00),

because v(T,St) = Vi = H = h(S}) and the support of the distribution of Sk contains
(0,00). So even if we cannot compute the integral in (2.2) explicitly, we can at least

obtain v(t, ) numerically by solving the PDE (2.5), (2.6).

Remarks. 1) Instead of using the above probabilistic argument, one can also derive the
PDE (2.5) analytically. Using in (2.2) the substitution u = z exp(ov/T — ty — 1o*(T — 1))
gives y = (log ¥ + 50%(T —t))/o/T — t, hence dy = —=— du, and then

uo/T—t
°° 11 log & + 10%(T — 1))?
v(t,z) = / h(u) — exp ( _ log; +220 ( ) ) du.
0 2r0?(T —t) u 202(T —t)

One can now first check, by using that h(S}) is in L'(Q*), that v may be differentiated
by differentiating under the integral sign, and by brute force computations, one can then

check in this way that v indeed satisfies the PDE (2.5). The deeper reason behind this

22 . . . .
is the fact that the density function (¢, z) = ﬁe_ﬁ of an N (0, t)-distribution satisfies

the heat equation ¢; = %gpzz.

2) The above approach works not only for the Black—Scholes model, but more generally
in a Markovian setting, because conditional expectations given F; can there typically
be written as functions of the state variables at time t. The martingale property then
essentially translates into saying that the generator of the driving Markov process applied
to the above functions must vanish. For diffusion state variables, the generator is a
second-order differential operator and so this leads to PDEs; for Lévy state variables, one
has additional integral terms coming from the jumps of the driving Lévy process, and so
one obtains PIDEs (partial integro-differential equations). However, there are a number
of substantial technical issues; for instance, regularity or existence of smooth solutions to
the resulting equations is often not clear, and one must also be careful whether or not one
has uniqueness of solutions. Not all the literature is equally rigorous and precise about

these issues. o
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When comparing the PDE (2.5), (2.6) to some of those found in the literature, one
might be puzzled by the simple form of (2.5). This is because we have expressed everything
in discounted units. If the undiscounted payoft is H= B(g%) and the undiscounted value

at time ¢ is written as (¢, :S”vtl), we have the relations
h(Sp) = h(e'"St) = H = e'"H = e""h(S})

and
o(t, Sh) = e (t, S

so that

(41
—~
~

N

) = e"u(t, ze”™).

For the function o, we can then compute the partial derivatives

dv o Wt s rtav e rtav e A {1
5 (t,2) =ro(t,z)+e Fr (t,7e™™) —e (9x(t’ ze ") are™",
%(t, 7) = e”%(t, e M)e " = %(zﬁ, e ),

Pv, . v, .

@(@ T) = @(@xe De ™,

and by plugging in, we obtain from (2.5) the PDE

o5 05 1 ,.,0%
U gl 20222 g on (0,7) x (0, 00)

0=% T75: 137 ¥ 5

with the boundary condition

[It is a nice [— exercise] to convince oneself that this is correct. Possible ways include

straightforward but tedious calculus, or alternatively again a martingale argument.]
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7.3 The Black—Scholes formula

In the special case of a Furopean call option, the value process and the corresponding
strategy can be computed explicitly, and this has found widespread use in the financial

industry. Suppose the undiscounted strike price is K so that the undiscounted payoff is
fl= (3L B)*.

Then H = H/SY = (Sh — Ke™'T)* =: (SL — K)*, and we obtain from (2.2) that the

discounted value of H at time ¢ is

12— +
VI =V = B [H|F) = Eq-[(S} — K)* | F] = Bo- | (we ™" =400 _ )|

)
_al
x=_5,

with Y ~ AN(0,1) under @*. An elementary computation with normal distributions yields
for x >0, a >0 and b > 0 that

z 4 1.2 z 1.2
o [(ae 4 1) = (L) g (REETAT)

a

where
L | 1.2

O(y) =Q"Y <y|] = /_ \/%e’?z dz

is the cumulative distribution function of the standard normal distribution A(0,1). Plug-

ging in x = S}, a = 0o/T —t, b = K and then passing to undiscounted quantities via

St = gtle*”, K = Ke therefore yields the famous Black-Scholes formula in the form

(3.1) VI = 5(t,8)) = Slo(dy) — Ke " TD(dy)
with

log(S}/K) + (r + 1o?)(T — t)
oVvT —t '

(32) d172 =

Note that the drift u of the stock does not appear here; this is analogous to the result
that the probability p of an up move in the CRR binomial model does not appear in
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the binomial option pricing formula (3.2), (3.3) in Section 3.3. What does appear is the
volatility o, in analogy to the difference log(1 + u) — log(1 + d) which gives an indication

of the spread between future stock prices from one time point to the next.

To compute the replicating strategy, we recall from (2.4) that the stock price holdings

at time ¢ are given by
v

Moreover, v(t,x) = e "o (t, ze™) so that
81} -t aﬁ rt\ __ _—rt 86 rt\ rt __ 8{) ~
g(t,:c) =e ax(t,xe )=e 8@(1&,3:6 et = 8j(t’x)'

Computing the above derivative explicitly [— exercise| gives

w00, = [ log(S}/K) + (r+ 1o®)(T — 1)
(3.3) U = 5= (8,5)) = 0(di) = @ ( T ) :

which always lies between 0 and 1.

One very useful feature of the above results is that the explicit formula (3.1), (3.2)
allows to compute all partial derivatives of the option price with respect to the various
parameters. These sensitivities are usually called Greeks and denoted by (genuine or

invented) Greek letters. Examples are

e Delta: the partial derivative with respect to the asset price gtl, computed in (3.3),

also called hedge ratio.

e Gamma: the second partial derivative with respect to gtl, it measures the reaction

of Delta to a stock price change.
e Rho: the partial derivative with respect to the interest rate r.
e Vega: the partial derivative with respect to the volatility o.

e Theta: the partial derivative with respect to 7' — ¢, the time to maturity.
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e Vanna: the partial derivative of Delta with respect to o, or the second partial

derivative of the option price, once with respect to gtl and once with respect to o.
e Vomma: the second partial derivative of the option price with respect to o.
e Charm: the partial derivative of Delta with respect to T' — t, the time to maturity.

e Volga: another term for Vomma.

Of course, the above definitions per se make sense for any model; but in the Black-

Scholes model, one has even explicit expressions for them.

Remark. One can find in the literature many different derivations for the Black—Scholes
formula. One especially popular approach is to first derive the binomial call pricing
formula in the CRR model via arbitrage arguments, as we have done in Section 3.3, and
to then pass to the limit by appropriately rescaling the parameters. More precisely, one
considers for each n € IN a binomial model with time step T'/n so that letting n increase
corresponds to more and more frequent trading. It is intuitively plausible that the CRR
models should then converge in some sense to the BS model, and one can make this
mathematically precise via Donsker’s theorem. Obtaining the Black—Scholes formula as
a limit is similar but simpler; it is essentially an application of the central limit theorem.

The above limiting “derivation” of the Black—Scholes formula is mathematically much
simpler; but it is also far less satisfactory, especially at the conceptual level. Most impor-
tantly, it does not give the key insight of the methodology behind the formula, namely that
the price is the initial capital for a self-financing replication strategy in the continuous-
time model. We do have the corresponding insight for each binomial model; but the
elementary analysis usually done in the literature does not study whether that important
structural property is preserved when passing to the limit. To obtain that insight (and to
develop it further in other applications or maybe generalisations), stochastic calculus in
continuous time is indispensable.

It is interesting to note that the above view was also shared by the Nobel Prize
Committee; when it awarded the 1997 Nobel Prize in Economics to Robert C. Merton
and Myron Scholes (Fischer Black had died in 1995), the award was given “for a new
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method to determine the value of derivatives”. The emphasis here is clearly on “method”,

as opposed to “formula”. o
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8 Appendix: Some basic concepts and results

This short chapter recalls some basic notations, concepts and results from probability
theory. It is not exhaustive and not meant to serve as a replacement for a serious text in

probability theory.

8.1 Very basic things

Let © # () be a nonempty set. We denote by 2% the power set of €2; this is the family of
all subsets of ). A o-field or o-algebra on € is a family F of subsets of 2 which contains
2 and which is closed under taking complements and countable unions, i.e. if A € F,
then also A° € F, and if A;, i € IV, are in F, then also | J,;.,y A; is in F. Of course, F is
then also closed under countable intersections. A o-field is called finite if it contains only

finitely many sets.

A pair (Q, F) with Q # () and F a o-algebra on ( is called a measurable space. One
concrete example is (IR, B(IR)), where B(IR) denotes the Borel-o-field on IR. For any
mapping X : 2 — IR and any subset B C IR, we use the shorthand notation

X' B)={XeB}:={weQ: X(w) € B}

This is sometimes called the pre-image of the set B under the mapping X. We say that
X is measurable (or more precisely Borel-measurable) if for every B € B(IR), we have
{X € B} € F. One can show that this is equivalent to having {X < ¢} € F for every
¢ € IR. More precisely, we could also say that X : 0 — IR is measurable with respect
to F and B(IR). If we replace the measurable space (IR, B(IR)) by another measurable
space (', F’), say, we have an analogous definition of a measurable function from 2 to

', with respect to F and F'.

For any subset A of €, the indicator function 4 is the function defined by

1 ifweA,
0 ifwé¢A.

IA(w) =
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The function 4 is measurable if and only if A € F.

Sometimes, we start with Q # ) and a function X : Q — IR (or more generally to Q).
Then o(X) is by definition the smallest o-field G, say, on € such that X is measurable with
respect to G and B(IR) (or G and F’, respectively). We call o(X) the o-field generated
by X. Sometimes, we also consider a o-field generated by a whole family of mappings;
this is then analogously the smallest o-field that makes all the mappings in that family

measurable.

If (Q2, F) is a measurable space, a probability measure on F is a mapping P : F — [0, 1]
such that P[Q] =1 and P is o-additive, i.e.

P{ U Ai] = Z P[A;] whenever A;, i € IN, are sets in F that are pairwise disjoint.
i€eIN i€eIN

The triple (2, F, P) is then called a probability space.

We say that a statement holds P-almost surely or P-a.s. if the set
A := {w : the statement does not hold}

is a P-nullset, i.e. has P[A] = 0. We sometimes also use instead the formulation that a
statement holds for P-almost all w. For example, X > Y P-a.s. means that P[X <Y] =0
or, equivalently, P[X > Y] = 1. Note that we also use here the shorthand notation

PIX>Y]=P{X >Y} =P{weQ: X(w) >Y(w)}.

Let (2, F, P) be a probability space and X : Q — IR a measurable function. We also
say that X is a (real-valued) random variable. If Y is another random variable, we call
X and Y equivalent if X =Y P-a.s. We then denote by L° or L°(F) the family of all
equivalence classes of random variables on (2, F, P). For 0 < p < oo, we denote by LP(P)
the family of all equivalence classes of random variables X which are p-integrable in the

sense that E[|X[?] < oo, and we write then X € LP(P) or X € L? for short. Finally, L™
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is the family of all equivalence classes of random variables that are bounded by a constant

¢, say (where the constant can depend on the random variable).

If (Q, F, P) is a probability space, then an atom of F is a set A € F with the properties
that P[A] > 0 and that if B C A is also in F, then either P[B] = 0 or P[B] = PIA].
Intuitively, atoms are the “smallest P-indivisible sets” in a o-field. Atoms are pairwise
disjoint up to P-nullsets. The space (€2, F, P) is called atomless if F contains no atoms;
this can only happen if F is infinite. On the other hand, a finite o-field F can be very

conveniently described via its atoms because every set in F is then a union of atoms.
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8.2 Conditional expectations: A survival kit

This section gives a short summary of some basic notions about conditional expectations.
We provide the definition and the most important properties, but hardly any proofs.
Let (€2, F, P) be a probability space and U a real-valued random variable, i.e. an
F-measurable mapping U : 2 — IR. Let G C F be a fixed sub-o-field of F; the intuitive
interpretation is that G gives us some partial information. The goal is then to find a
prediction for U on the basis of the information conveyed by G, or, put differently, a best

estimate for U that uses only information from G.

Definition. A conditional expectation of U given G is a real-valued random variable Y

with the following two properties:

(2.1) Y is G-measurable.
(2.2) E[UI4] = E[Y 14] for all A € G.

Y is then called a version of the conditional expectation and is denoted by E[U | G|.

Theorem 2.1. Let U be an integrable random variable, i.e. U € L'(P). Then:
1) There exists a conditional expectation E[U |G|, and E[U |G| is again integrable.

2) E[U|G] is unique up to P-nullsets: If Y,Y' are random variables satisfying (2.1)
and (2.2), then Y’ =Y P-a.s.

Proof. 1) is nontrivial and not proved here; possible proofs use the Radon-Nikodym
theorem or a projection argument in L?(P) combined with an extension argument.

2) Due to (2.1), the set A :={Y > Y’} is in G so that (2.2) implies
0= E[(Y — Y')L4].

But by the definition of A, we have (Y —Y”')I4 > 0 P-a.s., and so we get (Y —Y’)I4 =0
P-a.s., hence P[A] = 0 by the definition of A, i.e. Y <Y’ P-a.s. The converse inequality

is proved in the same way. q.e.d.
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We next recall without proofs some properties of and computation rules for conditional
expectations. Let U, U’ be integrable random variables so that E[U | G] and E[U’ | G] exist.

We denote by bG the set of all bounded G-measurable random variables. Then we have:
(2.3) E[UZ]=E[E[U|G|Z] for all Z € bG.
Linearity: ElaU + bU' | G] = aE[U |G| + bE[U' | G| P-a.s., for all a,b € R.
Monotonicity: If U > U’ P-a.s., then E[U |G] > E[U’|G] P-as.
Projectivity: E[U|G] = E[E[U|G] | H] P-a.s., for every o-field H C G.

Further elementary properties are:

(2.4) EU|G)=U P-a.s. if U is G-measurable.

(2.5) B[E[U |9]] = E[U).

(2.6) E[ZU |G| = ZE|U |G| P-a.s., for all Z € bg.
(2.7) E[U |G| = E[U] P-a.s. for U independent of G.

In fact, (2.4) is clear from the definition, (2.5) follows immediately from (2.2) with A = Q,
and (2.6) follows from (2.3) with the help of the definition. The right-hand side of (2.7)
is clearly G-measurable, and U and I are by assumption independent for every A € G;

hence we obtain

E[UI4] = E[U)E[Ly] = E[E[U]14]

and therefore (2.7), as (2.2) holds as well.

Remarks. 1) Instead of integrability of U, one could also assume that U > 0; then
analogous statements are true. One point of caution applies: if U > 0, then U as well
as E[U | G] could take the value 400, and so one must be careful to avoid expressions
involving oo — oo as these are not well defined.

2) More generally, (2.3) and (2.6) hold as soon as U and ZU are both integrable or
both nonnegative; this is often useful.

3) If U is IR%valued, one simply does everything component by component to obtain

analogous results. o



8 APPENDIX: SOME BASIC CONCEPTS AND RESULTS 148

For concrete computations of conditional expectations, the following result is often

very useful.

Lemma 2.2. Let U,V be random variables such that U is G-measurable and V' is inde-

pendent of G. For every measurable function F > 0 on IR?, we then have

(2.8) E[F(U,V)|G] = E[F(u, V)HUZU =: f(U).

Proof. For F of the form F'(u,v) = g(u)h(v) with g, h > 0 and measurable, we have on
the one hand
f(u) = E[F(u, V)] = g(u)E[h(V)]
and on the other hand by (2.6) and (2.7) that
E[F(U,V) 1G] = Elg(U)n(V) |G] = g(U)E[n(V) |G] = g(U)E[n(V)] = f(U),

because g(U) is G-measurable and h(V) is like V' independent of G. For general F, one

then uses an argument via the so-called monotone class theorem. q.e.d.

Intuitively, (2.8) says that under the assumptions of Lemma 2.2, one can compute
the conditional expectation E[F(U,V)|G] by “fixing the known value U and taking the

expectation over the independent quantity V7.

In analogy to Fatou’s lemma and the dominated convergence theorem, one has the

following convergence results for conditional expectations.

Theorem 2.3. Suppose (Up)new is a sequence of random variables.

1) If U, > X P-a.s. for all n and some integrable random variable X, then

E [hm inf U,

n—o0

g] <lim inf E[U,|G]  P-as.
n—oo

2) If (U,) converges to some random variable U P-a.s. and if |U,| < X P-a.s. for alln

and some integrable random variable X, then

(2.9) E[lim U,

n—o0

G| = BV |G] = lim E[U,|G]  P-as.
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Remark. In analogy to what happens for usual expectations, one might be tempted to
think that (2.9) is still true if one replaces the assumption that all the U, are dominated
by an integrable random variable by the weaker requirement that the sequence (U,) is
uniformly integrable. But while this is still enough to conclude that E[U] = lim,,_, E[U,]
(in fact, one even has convergence of (U,) to U in L'(P)), it does not imply that the

conditional expectations converge P-a.s. (although they then do converge in L!).
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8.3 Stochastic processes and functions

Let (92, F, P) be a probability space and T an index set. Usually, we use 7 = {0,1,...,T}
with some T € IN, or T = [0, 7] with some T € (0,00), or T = [0,00). A (real-valued)
stochastic process with index set 7T is then a family of random variables X;, t € T, which

are all defined on the same probability space (2, F, P). We often write X = (X;)ie7.

Mathematically, a stochastic process can be viewed as a function depending on two
parameters, namely w € Q and t € T. If we fix t € T, then w — X;(w) is simply a
random variable. If we fix instead w € 2, then ¢ — X;(w) can be viewed as a function
T — IR, and we often call this the path or the trajectory of the process corresponding
to w. But also viewing a stochastic process as a mapping X : 0 x T — IR is useful in

some circumstances.

We say that a stochastic process is continuous if all or P-almost all its trajectories
are continuous functions. We call a stochastic process RCLL if all or P-almost all its
trajectories are right-continuous (RC) functions admitting left limits (LL). We say that a
stochastic process is of finite variation if all or P-almost all its trajectories are functions
of finite variation. Recall that a function is of finite variation if and only if it can be

written as the difference of two increasing functions.

Finally, we say that a stochastic process has a property locally if there exists a se-
quence of stopping times (7, )nen increasing to oo P-a.s. such that when restricted to the
stochastic interval [0, 7,,] = {(w,t) € QA x T : 0 <t < 7,(w)}, the process has the prop-
erty under consideration. (Actually, this is a bit tricky. In some cases, for example when
considering integrators, one can simply keep the process constant after 7, at its time-7,
level; in other cases, for example when considering integrands, one must set the process

to 0 after time 7,.)
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Bichteler—Dellacherie theorem, 103
binomial call pricing formula, 65
binomial model, 7, 62
Black—Scholes formula, 138
Black—Scholes model, 127
boundary condition, 136

bounded elementary process, 89

branch, 27
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Brownian motion (with respect to filtra-

tion), 69

Brownian motion with (instantaneous) drift,

120

canonical decomposition, 101
canonical model, 26

change of numeraire, 64

complete, 59

contingent claim, 51

cost process, 13

covariation process, 87
Cox—Ross—Rubinstein model, 7, 62
credit risk, 133

density, 45

density process, 45, 117

discounting, 9, 62, 65, 128, 137, 138
dominated convergence theorem, 103
doubling strategy, 18

drift, 128

dual martingale measure, 64

dynamic portfolio, 11

equivalent martingale measure, 39

equivalent martingale measure, construc-
tion, 47

equivalent probability measures, 34

Furopean call option, 52, 62, 138

European option, 51
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events observable up to time o, 77

filtration, 5, 69

filtration, generated by a process, 6
finite variation, 73

frictionless financial market, 10

FTAP, 43

fundamental theorem of asset pricing, 43,

60

gains process, 13

geometric Brownian motion, 112
Girsanov’s theorem, 103, 118, 119
Greeks, 139

hitting time, 79

i.i.d. returns, 7

incomplete, 59

increment (of a process), 13
interest rate, 127

isometry property, 89

[to process, 114

It6’s formula, 103, 107, 110

[t0’s representation theorem, 124

Laplace transform, 81

law of large numbers, 71

law of the iterated logarithm, 71
local martingale, 22

local martingale null at 0, 78
localisation, 94

localised class, 94
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localising sequence, 22, 78
locally bounded, 95
locally equivalent probability measures,

117

market price of risk, 129
Markov property, 82
martingale, 21, 76
martingale approach, 134
martingale property, 21
mesh size, 73

multinomial model, 7

no free lunch with vanishing risk, 43
node, 27
Novikov condition, 121

numeraire, 9

one-step transition probabilities, 27
optional decomposition theorem, 56

optional quadratic variation, 87

partial differential equation, 135
partition, 73

path space, 26

payoft, 51

payoff stream, 52

PDE approach, 134
portfolio, 11
predictable, 5, 91
predictable o-field, 91
predictable (process), 91
product rule, 115
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quadratic variation, 72, 74, 106 submartingale, 21, 76

supermartingale, 21, 76
Radon—Nikodym, 45

RCLL, 76 trading dates, 5

recombining tree, 28 trading strategy, 11, 131

reference asset, 9 transformations of Brownian motion, 70
replicating strategy, 54, 132, 139 tree, 27

risk-neutral measure, 57 tree, non-recombining, 27, 65
risk-neutral valuation, 57 tree, recombining, 28, 67

risky assets, 9 trivial o-field, 9

ruin problem for Brownian motion, 115
usual conditions, 69

Samuelson model, 127
' value process, 11
second fundamental theorem of asset pric-
) vector stochastic integral, 95
ing, 60
_ volatility, 128
self-financing, 14, 132
semimartingale, 101
separating hyperplane, 41
sharp bracket, 88
Sharpe ratio, 129
special, 101
square bracket, 87
stochastic differential equation, 112
stochastic exponential, 113
stochastic integral, 14, 85, 89
stochastic interval, 94
stochastic logarithm, 119
stochastic volatility, 133
stopped process, 17
stopping theorem, 77
stopping time, 17, 76
strong Markov property, 82



