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0 Introduction

The goal of this course is mostly to study stochastic processes in discrete time, i.e.
infinite sequences Xy, X1, Xo,..., X,,... of random variables. Usually, 0,1,2,... play
the role of time.

In particular, we would like to introduce the notions and tools allowing to describe
such stochastic processes. Very often, we will be interested in the asymptotic behavior
of the sequence Xy, X1,...,X,,...

Example 0.1. Series with stochastic coe Lciehts: One can verify that
n
—1)k
X, = D

n — —log 2, while
k n—oo
k=1
"1
X, = — — oo (no absolute convergence) .
— k n—oco

What happens if we do not choose the preceding sign to be (—1)*, but random instead?

Xn=)_ % ., where Zy, Z,, ... are independent, with
k=1 Pz =1]=P[Z;=-1]=.

How does one determine, in general, whether such stochastic series converge or not? [

Probability theory is a relatively new mathematical subject (Kolmogorov’s axioms —
1933), even if questions related to it were considered quite early (Bernoulli, Fermat, Pascal
— 17th century).

However, probability theory has numerous connections with other fields of pure math-
ematics, as well as with applications.

Example 0.2.
1) Connection with Partial Differential Equations:

We consider the Simple Random Walk (SRW) on the two-dimensional square grid Z2, with
starting point = € Z2, Xg =z, X1, Xo,..., Xp,...

X10
A z?
X A ]
AXygFx=Xy
X5 Y ) AX?’
XX,

Fig. 0.1: A possible trajectory of the random walk



(the random walk makes successive “independent” jumps, each time to one of its four
neighbors). Let g(-) be a continuous function on R2, and D a disk with center 0 and
radius R.

Y = exit point from D
oL o0 2\ + of the random walk
Xg = zA { Rj ‘\
— > ¢ >4
A v /
< 0
D
Fig. 0.2

One can consider the exit point of the random walk from D (i.e. the first point outside D
that is visited by the random walk), and then define the function

w(x) = E[g(Y)], =€ Z>.

/]\

exit point from D of the random walk with starting point x .

It can be proved that u is a solution of the discrete Dirichlet problem:

Dgisc u(z) = 0, r€e€Z’ND,
w(z) = g(x), rze€Z>nD°,

where
1
Ddiscu(y) = 7 (uly + 1) + uly + e2) + uly — e1) + uly — e2)) — u(y)
is the so-called discrete Laplacian, and

e| = (1,0)7 €y = (07 1) .



2) Connection with financial mathematics:

The exchange rate of a currency (e.g. US dollar / Swiss Franc) can often be seen as a
random process, and thus be modeled accurately with stochastic processes.

The computation of “call options” is for instance a successful application of methods
from probability theory, in particular the theory of martingales (Chapter 4).

For example, someone can obtain, through the purchase of a “call option”, the right
to buy in two months 100 US dollars at a price of SFr. 95.

If the exchange rate of the US dollar is lower than SFr. 0.95 in two months, then he
will of course not exercise his right. On the contrary, if the rate happens to be higher than
SFr. 0.95, then his contract allows him to buy 100 US dollars at a price of SFr. 95.

The question is now: what is the fair price for such a contract? Here, methods from

the theory of martingales give an answer to such questions in certain cases. 1
20 +
15 ¢
10 +
5 -
0 20 40 60 80 100

Fig. 0.3: Simple Random Walk
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There are of course many further examples of connections and applications of probability
theory (e.g. with physics). We will discuss some of them in the course of the lecture.

Plan of the course:

Chap. 1. Basic notions, Law of Large Numbers

Chap. 2: Central Limit Theorem, characteristic functions
Chap. 3: Martingales

Chap. 4. Random walks, Markov chains

References:

Probability: Theory and Examples, R. Durrett, Duxbury Press (1996).
Probability with Martingales, D. Williams, Cambridge University Press (1991).
Wahrscheinlichkeitstheorie, H. Bauer, de Gruyter Lehrbuch, 4. Auflage (1991).
Wahrscheinlichkeitstheorie, A. Klenke, Springer (2006).



1 Basic notions, Law of Large Numbers

1.1 Probability spaces, random variables

We start with the axioms of Kolmogorov. A random experiment will be modeled by a
probability space (Q, A, P), where:

e Q “the sample space” is a hon-empty set,

e A isaoc-algebraon Q
(i.e. Ais a family of subsets of Q, with
Qe A, Ae A== A° € A, and for each sequence A;,
i>1, A; € A, one has |J A; € A),

(1.1.1) izl

e P is a probability measure on (Q,.A)
(i.e. Pisamap: A-25[0,1], with P(Q) = 1,
and for each sequence A;, ¢ > 1, of pairwise disjoint
elements of A (i.e. A, € A, i>1,and A;NA; = ¢,
i # 7), it holds that P(J 4;) = >_ P(4;)),

i>1 1>1

in other words, P is a normalized measure on (Q, A).

e w e Qis called an “elementary event”.
e Ac Ais called an “event”.

e Intuitively speaking, A € A models a possible question related to the random ex-
periment: by running the experiment, one obtains an elementary event w, and asks
the question: “does w lie in A?”

e P(A) (with A € A) describes the relative likelihood of a positive answer to the
previous question (“does w lie in A?”), when we conduct the random experiment
many times.

Example 1.1.

1) Q =R, A = B(R) “the Borel o-algebra on R”, which means the smallest o-algebra® on
R that contains all open subsets of R, and for A € B(R):

exp{ —M} dx

202

(1.1.2) P(A) = /A

2mo?

Here, we have the normal distribution with parameters m € R, o > 0 (notation:

N(m,c?)).

We remind the reader that in general, for any E [CB(Q), there exists a smallest s-algebra o(E)
satisfying E [—alE). This o-algebra is called o-algebra generated by E, and it can be defined as
o(E) = nA’, where this intersection runs over all s-algebras A’ [PKQ) with E [CA'. We leave as an
exercise to check that this definition indeed gives rise to a o-algebra with the desired property, and that
in particular, o(o(E)) = o(E), and E CEA=La(E) Ca(E").




05 1
0.45 1
041
0.35 |

037

0251
0.2 +

22
Fig. 1.1: Density of the standard normal distribution: f(z) = Dv% e~z
iy

2) Q =N, A = P(N) the power set of N, i.e. the family of all subsets of N, and for A C N:
/\n

nl’

(1.1.3) PA)=>

neA

the Poisson distribution with parameter A > 0.

3) Product spaces: (Q1, A1, P1), (Qq, A2, P») two probability spaces.
One can construct a new probability space (Q, A, P), defined by
e Q= Ql X QQ,

e A=A x Ay, i.e. Ais the smallest o-algebra on Q
(1.1.4) that contains all sets of the form A; x A, A1 € Ay, Ay € As,

e P is the unique probability measure on (Q,.4) with
P(A; x A)) = Pi(A1) - Py(Ap) for all A, € Ay, Ay € As.

P = P x P, means product of P, and P, (see the course on measure theory, or Durrett,
p. 423). —1

One can also consider, of course, the product of n probability spaces (Q1, A1, Py),...,
(QNJ ANJ Pn)



For instance, if all (Q;, A;, F;), 1 <i < n, are chosen as in Example 1.1 1) with m =0
and o = 1 (standard normal distribution), one obtains the n-dimensional standard normal
distribution:

Q=R", A=B(R"™ (Borel o-algebra on R™),

2 2
x1+...+wn

1.1.5
( ) P(A)=/Aﬁexp{—f}dml...dxn for A € B(R™).

0.2 {

0.15 |

0.1+

0.05 |

; . Pni setrihg - I —
Fig. 1.2: Poisson distribution: p(n) =e ol with parameter A =5

Probability spaces often contain too much information, and we thus introduce the notion
of random variables.

Definition 1.2. Let (Q, A, P) be a probability space. A map X: Q — R is called a
random variable if

X~Y(B) At {weQ: X(w) e B} eA for each B € B(R),

(1.1.6) .
(X~1(B) " {X € BY)

(In other words: X is a measurable map from (Q,A) to (R, B(R))).

Remark 1.3. The family of Borel sets B(R) is rather abstract, and the property “X is a
random variable” actually is equivalent to the concrete condition:

(1.1.7) XN ((—o0,a]) (B (X <a}) €A forallacR.



Proof.
e (1.1.6) = (1.1.7): clear.

e (1.1.7) == (1.1.6): the family of B C R such that X~!(B) € A is a o-algebra:
indeed,

XR =0, XY = () X (U B)= U X@).

Because of (1.1.7), this o-algebra contains all sets (—oo,a], a € R, so that it contains
B(R), and (1.1.6) is thus satisfied. O

With a random variable X on (Q, A, P), one can associate a probability measure px
on (R, B(R)), the so-called distribution of X. One has

(1.1.8) for all B € B(R), ux(B) = P({X € B}).

wx is a probability measure, since: pux(R) = P(Q) = 1, and for B; € B(R), i > 1,
pairwise-disjoint, it holds that

{X e U Bi} = U {X € B;} <« pairwise-disjoint events € A,

i>1 i>1
and thus
ux(U B)=P(U{XxeB}) = PUX € BN = ux(B).
i>1 i>1 i>1 i>1
Example 1.4. In the setting of (1.1.5), X : R" — R, (z1,...,%y) N x1 IS a random

variable, and for B € B(R), one has:

nx(B) = P({X € B})
2

1 :L'%+"'+SL'
= = expd T T g ey,
/BW @y o1 e LR

:/B 7(2;)1/2 exp{—%} dz ,

S0 ux is the standard normal distribution on R. 1

The distribution function F'(-) of a random variable X on (Q, A, P) is defined as
follows: F': R — [0, 1], with

(1.1.9) F@) = PHUX < 2} "EY jix (=00, 2]) for all z € R.

This function has the following three properties:
i) () is non-decreasing,
(1.1.10) i) Ilim F(z)=1, Ilim F(z)=0,
T—00 Tr—r—00

iii) I is right-continuous .

8



Proof. 1) clear from (1.1.9).

iii): if x € R, then for each sequence x,, | x, one has N,,(—oo, x,] = (—o0, 2] and (—oo, x,]
is decreasing. From this, it follows that F(x) = pux((—oo,z]) = lim, px((—o0, z,]) =
lim,, F'(x,), which gives iii).

ii) is proved similarly. O

With the help of distribution functions, one can in fact derive a complete description
of all possible probability measures on (R, B(R)):

Proposition 1.5. (Lebesgue-Stieltjes)

For each function F : R — [0,1] satisfying (1.1.10), there exists a unique probability
measure p on (R, B(R)) with:

(1.1.12) F(z) = u((—o0,z]) foralzeR.

Proof. Existence:

Consider Q = (0,1), A = B(0, 1), P = Lebesgue measure on (0,1), and define for w € (0,1)
(1.1.12) Xw)=sup{y €R; F(y) <w},

X plays the role of the inverse function of F'.

A
1 4+
3/4 1 '/F/
5/8 +
12 + ‘ ‘
— | |
0 ® ® > T
\ \
X(1/2) X(5/8) = X(3/4)
Fig. 1.3



We claim that:

(1.1.13) {w: X(w)<z}={w: w< F)} VreR.

The existence of p in (1.1.11) follows from this: we deduce from (1.1.13) that X is a
random variable, and that the distribution function of X is equal to F. As for proving
(1.1.13):

“D” Letw € (0,1) with w < F(z). Then z ¢ {y : F(y) < w}, which
implies z > X (w).

“C” Let w € (0,1) with F(z) < w. From the right-continuity of F,
there exists an e > 0 with F'(z+¢) < w, and consequently X (w) >
x+e>x. This means F(z) < w == X(w) > =z.

Uniqueness:

We can see from (1.1.11) that u((a, b]) = F(b) — F(a), a < b, is uniquely determined, and
thus u((a, b)) = lim, pu((a,b — %]), a < b, as well. Also, by o-additivity, u(O) is uniquely
determined for each open set O in R (since it can be written as a countable union of
pairwise disjoint open intervals). The uniqueness of y follows (see the course on measure
theory, or Dynkin’s lemma below). O

Remark 1.6. The proof of existence is constructive. One can use (1.1.12) to simulate a
general distribution, if one is already able to simulate the uniform distribution on (0,1).
1

We will now study a few further properties of random variables:

Proposition 1.7. Let X1,...,X, be random variables on (Q, A, P), and [ : R - R a
measurable map, then

(1.1.14) f(Xq, Xo, ..., X,) is a random variable .

Proof. One has
f(X17X27"'>Xn):fOX7

with X | w € Q - (X1(w),..., X,()) € R™ If we show that X from (Q,.A) to
(R™, B(R™)) is measurable, then it will follow that f o X from (Q,.A4) to (R,B(R)) is
measurable as well since f is measurable, in other words that f(X,...,X,) is a random
variable.

But one has, for A4,..., A, € B(R),

{w: X(w) e 4 x---x Ay} = ﬁ {X; € A;},
i=1

)

and B(R™) is the smallest o-algebra on R™ that contains all such A; x --- x A,. The
measurability of X now follows as in (1.1.7). O

10



A classical application of (1.1.14) is for example:

Let X4,..., X, be random variables,

(1.1.15) then X7 + Xy + ...+ X, is a random variable too.

As a conclusion of this section, we will discuss a very useful property of the notion of
random variable. Namely, the class of random variables is closed under countable inf-,
liminf-, sup-, and limsup- operations.

In order to present the full power of this result, a small generalization will how-
ever be needed: we will consider random variables with values in [—o0, 0], i.e.
X~!((a,+o0]) € A for all a« € R. Such random variables are also sometimes called nu-
merical random variables.

Proposition 1.8. Let X1, X5,...,X,,... be random variables with values in [—oo, +00],
then inf, X,,, sup,, X;,, liminf, X,,, and limsup,, X,, are numerical random wvariables as
well.

Indeed, for all a € R,

{inf X, <a}=|J{Xn<a}, and

{sup X, >a} =|J{Xn>a}.

Hence, inf,, X,, and sup,, X,, are measurable, and thus (numerical) random variables.

From this, it also follows that
limsup X,, =inf (sup X,) and
n m n>m

liminf X, =sup (inf X,)

m n>m

are (numerical) random variables too.

Using the previous proposition, one can easily see that the set of convergence of the
sequence X,
Qo = {limsup X, =Iliminf X,,} C Q,
n n

lies in A. When P(Qg) = 1, we say that the sequence X,, P-almost surely (abbreviated
as P-a.s.) converges.

1.2 Expectation

In this section, we will recall a few classical and useful results from the course on measure
theory.

Intuitively speaking, the expectation (or expected value) of a random variable X on
(Q, A, P) corresponds to the average value taken by X, when one repeats the random
experiment modeled by (Q, A, P).

11



The expectation of a random variable X on (Q, A, P) with
(1.2.1) /Q | X|dP < oo
is defined mathematically as:
(1.2.2) E[X] = /QX dp .

If X and Y are random variables satisfying (1.2.1), one has (see Durrett, Appendix)

(1.2.3) ElaX +bY]=a E[X]+bE[Y] forall a,b€R,

(1.2.4) E[X] > E[Y] if X>Y,
and as a special case of (1.2.4),
(1.2.5) E[|X]]>|BLX]| .

Jensen’s Inequality:

For a random variable X satisfying property (1.2.1), and a convex function ¢ : R —» R
(ie. oAz + (1= N)y) < Ap(@) + (1 = Ne(y), z,y € R, A € [0,1]) with E[[p(X)]] < oo,
one has

(1.2.6) o(E[X]) < E[p(X)] .

A
line
y = a(z — E[X])

% +e(BIX)

\
. >
E[X]
Fig. 1.4

Special case:
(1.2.7) E[X]? < E[X?].

The di [erence Var(X) " E[X?] — E[X]? > 0 is called variance of X.

12



Hoélder’s Inequality:

Let p, ¢ € [1,00] with % + % =1, one has:

E[XY[] <X [Yllg, where
(1.2.8) |X]l= ELX|"T/7, r € [L,00), and
| X|loo = inf{M : P[|X]|> M]=0}.
For p = ¢ = 2, one obtains in particular the Cauchy-Schwarz Inequality:
(1.2.9) E[XY[] < [ X2 [[Y]]2 -

Lemma 1.9. (Fatou)

Let X,, > 0 be a sequence of random variables with values in [0, o0], then:
(1.2.10) E[limninf Xn} < liminf E[X,].
Theorem 1.10. (Monotone convergence (Beppo Levi))

Let X, be a sequence of random variables with X,, > 0 and X,, T X, then
(1.2.11) E[X,] 1T E[X].

Theorem 1.11. (Dominated convergence (Lebesgue))

Let X, Y, and X,, be random wvariables with X, Pag. X, | X, <Y for all n, and

E[Y] < oo, then:
(1.2.12) ILm E[X,] = E[X].
Chebyshev’s Inequality:
For ¢ : R — [0,0) a measurable function, A € B(R), and X a random variable, one has

inf{p(z), x € A} P[X € A]
(1.2.13) < / P(X) dP( "E Blp(X); X € A])

XeA

< Elp(X)] .

Proof. We can write
inf{p(z), z € A} Lixeay < 0(X) lixeay < p(X)

(we adopt the usual convention from measure theory that 0 - co = 0), and (1.2.13) follows
by integration. O

13



Special case:

(1.2.14) a®> P[|X| > a] < E[X?].

Image of a probability measure through a measurable map:
(change of variable formula)

We consider a probability space (Q, A, P), a measurable space (S, S), and a measurable
map h: (Q,A) — (5,S).

One can define the image of P through h (denoted by ho P or P o h™') as the
following probability measure:

(1.2.15) (ho P)(B)=P[h"'(B)] VBEeS.

The fact that h o P is a probability measure on (S, S) follows from analogous reasons as
for the distribution of a random variable (see (1.1.8)).

Example 1.12. Consider P(dz) = # exp{—1 x?}dx (standard normal distribution) on
(R, B(R)).

The image of P through the exponential function x — exp(x) is the distribution:

Qi) = @xpoP)(dn = —— exp { ~ 3 (0g3)?} 16> 0) L.

(log-normal distribution)

3~
3

L1

Proposition 1.13. Let (Q, A, P) be a probability space, (Q,.A) LN (S,8) a measurable
map, and Y a random variable on (S,S). One has

(1.2.16) /|Y| d(hoP)<oo<:>/|Y0h|dP<oo,
s Q

and if (1.2.16) is satisfied, then
(1.2.17) EMeP)y1= EP[y oh].

Proof. We approximate Y in four steps (this is sometimes called “measure-theoretic in-
duction™):

a) Y =1p, B € S. In this case, (1.2.16) is clearly satisfied, and

(ho P)(B) &

Plh=Y(B)] = E"[1p o H],
which is (1.2.17).

b) Y =5%"_, ¢nlp,, cm €R, By, eS. Again, (1.2.16) is satisfied, and (1.2.17)
follows from a) and the linearity of expected value.

14



c) Y > 0. Let us introduce
n2n—1

ko k k+1
Y, = 1<y <—=l+nifn<y)
> gy <t

(in other words: Y,,(s) is, for s € .S, the minimum of n and the largest dyadic number
with complexity n that is smaller than Y (s)). One has

Y,1Y,and Y, is as in b),
Y,ohTY oh.

Using the monotone convergence theorem, we obtain

monotone convergence)

EteP)y] ! = lim 1 EP°P[Y,]

monotone convergence

@JL@OTEP[Ynoh]( < ) EPIY o]
Hence, (1.2.16) and (1.2.17) follow.
d) Y a general random variable on (S, S). Consider
Y.(s) = max(Y(s),0), s €S,
Y_(s) = max(-Y(s),0), s€S.
The property E(°P)[|Y|] < oo is then equivalent to

E"PY,] < 0o and EMF[Y_] < o0 .

A similar statement holds for Yo h, Y, oh (= (Y oh)y), and Y_o h(= (Y o h)_),
with respect to P.

The equivalence (1.2.16) then follows from these observations and c¢), and (1.2.17)
comes from writing
EhoP[y] — EhoP[Y+] _ EhOP[Y_],

EP[Y oh] = EP[Y, o h] — EF[Y_ o 1],

and using c). O

1.3 Independence

We first present the elementary definition of independence for two events, and then a series
of generalizations of this elementary definition.

Let (Q, A, P) be a probability space, B,C € A are said to be independent if

(1.3.1) P[BNC]= P[B]P[C].

15



If for instance P(B) > 0, then (1.3.1) is equivalent to

P[C N B]

W = P[C|B] = P[C] (conditional probability) .

This allows one to interpret (1.3.1) as follows:

“The occurrence of B has no influence on the occurrence of C” (and similarly for C,
if P[C] > 0).

Two o-algebras B,C C A are said to be independent if

(1.3.2) P[BNC]=P[B]P[C] VYBeB, YCeC.

Two random variables X,Y on (Q, A, P) are said to be
independent if the o-algebras o(X) = {X~'(A4); A € B(R)} and
oY) = {Y~1(4); A € B(R)} that they generate are independent
(in the sense of (1.3.2))

(1.3.3)

(we leave as an exercise to check that o(X) and o(Y) are indeed o-algebras). These
definitions can be generalized to the case of a larger number (more than two) of o-algebras
or random variables.

From such a generalized definition, we expect for example that from the property

“X1, X5, X3, X4, X5 are independent random variables”, it follows that

(1.3.4) I3 1 H H 1T}
exp{X; + Xo}, Xz Txz are independent random variables”.

But we immediately encounter a problem here, as the following example shows:

Example 1.14.
Q = {a7 b7 C7d}7 A: 7)(£-2)7

Pl{a}] = PI{b}] = P[{c}] = PI{a}] = 7 ,

then
A ={a,b}, B={b,c}, C={c,a}

are pairwise independent, but A and B N C = {c} are not independent at all, since
ANBNC)=0! 1

As a consequence, in order to define the desired generalization in the case of a larger
number of o-algebras (or random variables), one needs more than simply pairwise inde-
pendence for each pair of o-algebras (or random variables).

Definition 1.15. Consider (Q, A, P) a probability space. The sub-o-algebras By, ..., B,
of A are said to be independent if:

(1.3.5) P[BiN---NB,] = P[Bi] P[Bs]... P[B,] VBi€Bu,..., VB, € By.
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Remark 1.16. Each subsequence of By,..., B, (for instance B, Bs, Bs, if n > 8) is also
independent.

Independence of random variables X1, ..., X, can be defined
(1.3.6) in an analogue way as the independence of the o-algebras

X1),...,0(X,) that they generate.
o(X1)....0(X) Y9 -

It is now more than time that we investigate whether these definitions make sense. For
this, we will devise a very useful tool: Dynkin’s lemma.

Definition 1.17. A family D of subsets of Q is called a Dynkin system (or a \-system)
if it satisfies

i) QeD,
i) AeD = A°e D,
(1.3.7) iii) for each sequence A;,i > 1, of pairwise disjoint

elements from D (i.e. A;€D,i>1, and A;NA; = ¢,
i # j), one has (U;>; Ai) € D

(the difference with the notion of o-algebra lies in iii)).

A family C of subsets of Q is called a w-system

(1.3.8) FCNC €C for O.C" € C

(in other words: C is closed under N).

1 |
0.8 -
0.6 |
0.47‘

0.2 4

Fig. 1.4: Independent Bernoulli(1/2) random variables

Lemma 1.18. (Dynkin)
Let D be a Dynkin system, and C a w-system on Q with C C D. Then one has

(1.3.9) D D o(C) (+ the o-algebra generated by C).

17



The proof of Lemma 1.18 is rather abstract. As a motivation, we will first examine a
few consequences and applications of this lemma.

For many applications, the following general principle is of interest:

Let P, Q be two probability measures on (Q, A), then

(1.3.10) the family D = {4 € A: P(A) = Q(A)} is a Dynkin system.

Proof. 1) and ii) are clear, and iii) follows by o-additivity.

As a consequence of Dynkin’s lemma and (1.3.10), we obtain

Let P, @ be two probability measures on (Q, A), CC A
(1.3.11) a w-system such that VC € C, P(C) = Q(C), then one has:

VB e o(C), P(B)=Q(B).

As a concrete application of (1.3.11), one has for instance:

Proposition 1.19. Let XY be independent random wvariables on (Q, A, P), with dis-
tributions p and v respectively. Then, the image of P on (R?,B(R?)) through the map

w2y (X (w),Y (w)) is ezactly p @ v.
For a measurable function h: (R%, B(R?)) = (R, B(R)), one has:
(1.3.12) E[|h(X,Y)|] < 00 <= h is u ® v integrable.

In this case, one has furthermore

(1.3.13) E[n(X,Y)] = /R2 h(z,y) du(z)dv(y) .

In particular:

(1.3.14) E[XY]= E[X]E[Y] i E[|X|], B[|[Y]] < co.

Proof. Thanks to (1.2.16) and (1.2.17), we only need to show that
(1.3.15) HWRU=g¢oP.

Define C = {41 x Ay : Ay, Ay € B(R)}. C is a w-system, and for A = A; x Ay € C, one
has

p @ v(A) = u(Ar) v(A4z), and
(1.3.16) (poP)(A) = P[X € A1, Y € Ay

(independence

29 PLX € A\ PIY € o] = (A1) v(As).
Since one has also ¢(C) = B(R?), the claim follows from (1.3.11) and (1.3.16). O
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Remark 1.20. The uniqueness part in the proposition of Lebesgue-Stieltjes (see (1.1.11))
can be proved analogously. In this case, one chooses as a w-system C the family of intervals
(a,b], with a < bin R. 1

A further application of Dynkin’s lemma is the following:

Theorem 1.21. Let Cq,...,C, C A be w-systems with Q € C;, and

(1.3.17) vC) €Cy,..., YO, € Cy, P[Cin---NCy] = P[C4]... P[C,].
(1.3.18) Then the o-algebras o(C1),...,0(Cy) are independent.

Proof. For fixed Cs € Co,...,C, € C,, we consider the family D; of all D € A with
(1.3.19) PIDNCyn---NCy] = P[D]P[CY]...P[C,] .

Then one has

(1.3.20) D, contains C; (using (1.3.17)) .

D, is a Dynkin system:
i), ii) are clear.

iiif) Consider Dy, ¢ > 1, in Dy pairwise disjoint, and D = J, D,
then one has:

(1.3.21)
PIDNCyN---NCl TE™ ST PID A0 Cl
Z>1
(D¢eD1) (o— addl
‘€PN PIDAPICS]. .. PIC,] ) PIDIPIC,]. .. P[Cy]
>1

Thanks to (1.3.20), (1.3.21) and Lemma 1.18, one has (1.3.19) for D € o(C1).
One can now define the family D, of all sets D € A with:
(1.3.22) P[AnDNCsn---NCy] = P[A] P[D] P[Cs] ... P[C}],

for fixed C5 € Cs,...,C, € C,, and arbitrary A € o(C1). In a similar way, one can see that
Dy D Cy and D5 is a Dynkin system.

We conclude from this, using Dynkin’s lemma, that (1.3.22) holds true for A € o(Cy),
D e o(C), C3€Cs,..., C, €Cy,, and so on. O

Corollary 1.22.
o Let F;j, 1 <i<n,1<j<m(i), be independent o-algebras.
m(i)

(1.3.23) Then the o-algebras G; = a( U ]—"m->, 1<i<n,
are also independent . J=1
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o Let X;5,1<i<mn 1<j < m(i), be independent random wvariables, and f;:
R™®) — R be measurable functions,

then the random variables Y; = fi(Xi1,- ., X m())s

(1.3.24) 1< i <n, are independent too.

In particular, (1.3.4) holds, as desired.

Proof.

o (1.3.23) = (1.3.24): Since o(Y;) C Gi € o(X;1,..., X m@), @nd using (1.3.23),

Gg1,...,G, are independent.

e (1.3.23): Define C; as the family of subsets of Q of the form ﬂ;ﬁ:(? A; j, where A; ; €

Fi ;- Then (1.3.17) holds, and (1.3.23) follows from (1.3.18).
O

Finally, we arrive to

Proof of Lemma 1.18.
D D C « w—system .

T
Dynkin system

(1.3.9):  We must show D D o(C). We define the Dynkin system generated by C:

(1.3.25) D(C) = n o,

D’ DC,D’ Dynkin system

and we will show that
D(C) = 0(C) (and so (1.3.9)) .

D(C) C o(C) is clear, since each ¢-algebra is a Dynkin system. Hence, we only need to
prove that
a(C) C D).

This statement follows from
(1.3.26) D(C) is a o-algebra,

which we now prove. It follows from (1.3.25) that (see below)

(1.3.27) D(C) is (-closed .
With (1.3.27), we obtain

D(C) is | J-closed (using AU B = (A° N B°)<,
(1.3.7) ii), and (1.3.27) ).

Hence, D(C) is closed under countable unions, since for A, n > 1, A,, € D(C), one has:

U A4, = U Bn\Bn—l- with By =0, B, = LnJ A; € D(C),
=1

n>1 n>1
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and
(Bn\Bn—l) € D(C)> since (Bn\Bn—l)c = Brcz UBn1 € D(C) .

N/

pairwise disjoint in D(C)
Consequently, J,,~; A» € D(C) follows with (1.3.7) iii). As Q € D(C), and D(C) is closed
under taking complement, we obtain (1.3.26).
It is thus enough to prove (1.3.27):
First step:
(1.3.27): AeD(C), BeC= AN B e D).
We define, for fixed B € C:

Dp={ACQ: ANBeD(()}.
e Dp is a Dynkin system, since:
i) Q€ Dg: clear.

i) AeDBzéACmB:\LL \ AN B € D(C)
eC €D(C)
(since (B\(ANB))* = B°U(ANB))
N

pairwise disjoint in D(C)
== A e Dpg.

iii) Aq,...,A,, - € Dp pairwise disjoint ==

i=1
€D(C), pairwise disjoint

i=1 i SN——
Hence, | J;2, A; € Dp.

e Dp D C. Consequently Dp D D(C), and the statement follows.
Second step to prove (1.3.27):
We define, for fixed A € D(C),
Dy={BCQ: ANBeD(C)}.
e D, is a Dynkin system: the proof is analogous to i), ii), iii) above.
e D, D C thanks to the first step.

It follows that D4 D D(C), and A € D(C), B € D(C) = AN B € D(C): we deduce
(1.3.27). 1
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Up to now, we have only defined the independence of finite sequences of o-algebras or
random variables. An infinite sequence of o-algebras B;,i > 1 (resp. random variables
X;,1 > 1), is said to be independent if each finite subsequence of B; (resp. of X;) is
independent. A sequence of events A;, i > 1, is called independent if the random variables
14,, ¢ > 1, are independent.

Lemma 1.23. (Borel-Cantelli)

For a sequence A;, i > 1, of events, we define

(1.3.28) limsup A, = () (|J Am)

n>1 m>n

={w € Q: w lies in infinitely many A},

(1.3.29) liminf A, =J ([ 4n)
n>1 m>n
={w € Q: only finitely many A,, do not contain w }.
The notations limsup A, liminf A,, come from the identities

(1.3.30) 1limsupAn = lim sup 1An7 1limiann = liminf 1An .
n n n n

Lemma 1.24. (First lemma of Borel Cantelli)
Let A,,n > 1, be a sequence of events on (Q, A, P), then:

(1.3.31) Y P(An) < 0o == P[limsup 4,] = 0.

Proof. Using the monotone convergence theorem (1.2.11), we have

E[iun} = iP(An) < o0,
n=1 n=1

so that -
> 14, <oo P-as == PllimsupA,] =0,
n=1
which completes the proof. O

The converse is false without further assumptions, as the following example shows.

Example 1.25. Q = (0,1), A = B(0,1), P = Lebesgue measure on (0,1), A, = (0, 1),

'

then limsup 4,, = 0, but > P(4,) = cc. 1

Lemma 1.26. (Second lemma of Borel Cantelli)
Let Ay, n > 1, be a sequence of independent events on (Q, A, P). Then:

(1.3.32) Y P(An) = 0o == P[limsup 4,] =1.
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Proof. We show P[(limsup A,,)¢] = P[liminf AS] = 0. From the inequality 1—x < e *(z €
R), we see that for m < M,

M independen M M

PO A M T Pl = TT (- PCAY)

k=m k=m
M

< exp{ -y P(Ak)} — 0 (using (1.3.32)) .
k=m

It follows that P[>, A;] =0, ¥m > 1 == P[liminf A7] = 0. O

Examples

1) Let X,,,n > 1, be a sequence of independent N (0, o2)-distributed random variables,
with ¢ > 0. From the second lemma of Borel-Cantelli, it follows that

P-as., limsup X,, = cc.
Proposition 1.27.
(1.3.33) P-a.s limsu L—l
o 7 n pa\/Zlogn

The proof consists essentially of two steps, establishing first an upper bound, and then a
lower bound. For that, we will make use of the following lemma.

Lemma 1.28. For x > 0, one has

-1 i) [ i)
(1.3.34) (x + E) o 2/2 < / 6—y2/2dy < 1 o~ T2/2
T - T

Proof.

i) Le=#®/2 = [°(1 + glz)e—yzﬂdy < (1 + %) [ e v*/2dy. Moreover, one has also
z(1+ %) = + 1, which establishes the first inequality.

i) [ e 2dy <1 [ ye 2y = Leme/2,

Proof of Proposition 1.27.

First step: (upper bound)

(1.3.35) P-as limsu X <1
o n pU\/Zlogn_

For the proof of this upper bound, we will use Lemma 1.24. Let us choose an arbitrary
e >0, and set
A, = {Xn > (1+€)a\/2logn}, n>1.
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Then, one has

o0 _.2 o0
P[A,] = 1 / ezZ dy = L / eV 2y
210 J(1+e)oy2Togn V27 J(14e)v/2logn
(1.3.34) 1 1 3 ) 1 1 1
< e (14e)?logn —
— V2r(l+e)y/2logn V21 (1 + &)y/2logn n(1+e)?’

and so )" P[A,] < oco. It follows from Lemma 1.24 that P[limsup,, A,] =0, and thus

P-as., for large n, X,, < (1 +¢)oy/2logn.

Hence,
P-as., “mnSUpT/lno—gn <(1L+e).
(1.3.35) then follows with ¢ 0.
Second step: (lower bound)
(1.3.36) P-as., limsup L >
n ov2logn

For the proof of this lower bound, we will use the second lemma of Borel-Cantelli. In a
similar way as in the first step, we choose some 0 < ¢ < 1, and set

Bn:{Xn>(1—e)a\/m}, n>1.

The events B,,,n > 1, are then independent, and

oo 2 0o
P[B,] = L / ezoizdy = b / e_y2/2dy
2no (1—e)ov2logn V2n (1—e)v2logn
(1.3.34) 1 1 -1 )
- 1— /210 + —(1—¢)“logn
T V2r <( £ an (1 -¢e)oy/2l0g n> ¢

1
> =, for n > no(a,¢) and Q-e’<a<l.

It follows that ) P[B,] = oo: the second lemma of Borel-Cantelli implies that P[limsup,, B,] =
1, and thus

X
P-as., limsup —=2— > (1 —¢).
n po—\/2logn z(1=9)
By letting ¢ N\, 0, we obtain (1.3.36). The claim (1.3.33) follows. 1

2) (Length of the longest gap in a sequence of independent 0—1 Bernoulli random variables
with parameter p = 1/2).

We consider a sequence X;,7 > 1, of independent Bernoulli(%)—distributed random
variables on a probability space (Q, A, P).
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1 X X X X X _
Lip=3
0 e o X X X e e X X
1 2 3 4 5 7 9 10
Fig. 1.5

The length L, (w) of the longest gap in the sequence X;(w), 1 <i <mn, is

L) = max{m € {0,...,n}, Ik € {1,...,n}:

3.3
(1.3.37) Etm—1<n, Xpw) = Xpn (@) =+ = Xppmo1 () = 0}

Our goal is then to study the asymptotic behavior of L,,. The following proposition tells
us at which speed L, (w) grows to infinity — its order of magnitude — for a typical w:

Proposition 1.29.

Ly,
1.3.38 P-a.s.
(1.3:38) 5 Togy(n) o
Proof.
First step: For all ¢ > 0, one has
(1.3.39) P-as., IimL,/logy(n) <1+e.

For 2™ < n < 2™t m > 1, one has
L, > (L +¢)logy(n) == Lom+1 > (1 +€)l0gy,(2") = (1L +€e)m .
Hence,

P[lim L,/ logy(n) > 1 +¢| < P[limsup A,,], where

(1.3.40)
Ap, = {Lom+1 > (L +e)m} .

Now, we have

27n+l_1
PlAn < P U (X0t = 000 = Xi s = 0]
m - independence ,,, 1 [(1+€)m]
< 2"t PIXy == X om = 0] pen 2 +1<§)
m+2 (1 (l+5)m_ 2—em
<) =z

Consequently, > = P(A;) < oo, so that (1.3.39) follows from (1.3.40), using the first
lemma of Borel-Cantelli.

25



Second step: Let us choose € € (0,1), then one has

(1.3.41) P-as., lim L, /logy(n) > (1 —¢) .
(1.3.41) indeed follows from

Plliminf B,] = 1, where B, ‘& {w: there exists “a gap
(1.3.42) of length > [(1 — £)m] in the block {2 +1,...,2m+1}"}

def.
= {0=X11 = Xpgo=--- = Xk+[(1—§)m}}-
2m<k<2m*1—[(1-5)m]

om T 2m+1

Fig. 1.6

Furthermore, we see that

By, ¢ {w: ineach block {2 +/[(1— 3)m] +1,
2m+ (t+1)[(1- g)m]}, 0<e<[2m/[(1- g)m]],

one has X; =1 for at least one ¢} .

blocks of length [(1 — &)m]

Fig. 1.7

These blocks are pairwise disjoint, which implies, thanks to (1.3.22):
for an, = [2™/[(1 — §)m]] = number of blocks,

P[BS] < (P[X;=1, forone ie {1,...,[(1- %)m]}])a
=(1-P[X;=0, forall ie{1,...,[(1- %)m]}])a

<@ (5™ =exp {amlog (1 - (5) 72}
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Since (=g L\ (=g sm
anlog (1-(3) ) v —on (3)

oo (@~ Sym]

we have >  P[B¢,] < oo == P[limsup B:,] = 0 using the first lemma of Borel Cantelli,
and (1.3.42) follows readily. O

Kolmogorov’s 0-1 Law

Let X;,7 > 1, be a sequence of random variables on (Q, A, P). For n > 1, let us define the
o-algebra F,,, corresponding to the “future of the sequence (Xj)ij=1 after time n”,
as:

Fn = U(X%7X%+lrxﬁ+2-n)
(1.3.43) 4 the smallest o-algebra that contains all o(X,,),
0(Xnt1), 0(Xnt2) ...
(in other words, o(lJ;>,, o(X;))). For p > n, one has
U(Xna Xn-i—la cee 7Xp) - U(Xn7 Xn-i—la Xn+2 <. ) >

andforn > 1, 0(X,,, Xy, 41, Xn42 . ..) is the smallest o-algebra that contains all o(X,,, ..., X;),
p > n.

For instance, all partial sums >7_,, Xj, with p > 10, are
o0(X10,X11...) — measurable.

One can then define the o-algebra of the “distant future of the sequence (X;);>1”,
denoted by F., as:

(1.3.44) Foo = (| Fn (also called “asymptotic o-algebra”) .
n>1

For example, it contains the set of convergence (in [—oo, +oc]) of the series > Xj.:

Q = {w € Q, lim
p

p p
- K@) =Tim Y- K@)} € Fuo
k=1 k=1

since for each n > 1,

p P
Q, = {w eq lim Y Xpw)=Tm > Xk(w)} e Fy
(1.3.45) P k=n Ly —
== Ql S ﬂ ./Tn = .7:00 .
1

n>
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Analogously, it also contains the set of convergence in R of the series }_ Xj:
p

Z X > —OO}

k=1

Xk<oo}€.7-"oo.

Q=0Q; N {“_m
p

(1.3.46)

M@

m{m
p

e
I

1

In the case of independent random variables X;,i > 1, we have a very particular
property of the o-algebra F:

Theorem 1.30. (Kolmogorov’s 0-1 law)

If the X;,i > 1, are independent, then the asymptotic o-algebra Fo is trivial, i.e.
(1.3.47) Ae Foo = P(A)=0o0r1l.

For example, P(Q1) = 0 or 1 for the set Q; from (1.3.45).
Proof.
First step: Let n > 1 be fixed. We prove:

VA€ o(X1,...,Xn-1), VBe F, =o(Xn, Xpnt1---),
(13.48) (X1 1) ( +1ee-)
P[AN B] = P[A] P[B].

Indeed, (1.3.48) holds for all A € o(X1,...,X,—1), B € o(X,,...,X,) (p > n), thanks to
(1.3.23). However, o(X1,...,X,_1) and Up>n o(X,,...,X,) are w-systems, and o(J
o(Xn,...,Xp)) = F,. Claim (1.3.48) follows using (1.3.17).

p>n

Second step:

VAeo(Xy,...,X,,...) =F, VB € F, One has

(1.3.49)
P[AN B] = P[A] P[B] .

Thanks to (1.3.48) and F., C F,, this equality holds for
Ae |J o(Xy,...,Xp-1) < m-system, and

n>1
B € F(o-algebra == 7-system) .

Similarly, (1.3.49) follows from (1.3.17), and the fact that 7 is the smallest o-algebra
containing UJ,,»; o(X1,..., Xy-1).

We finally see that for A = B € F, C F1, (1.3.49) implies that
P(A)=P(ANA)=P(A)? = PA)=0or 1.
]

Up to now, we have hardly discussed the question of existence for sequences of inde-
pendent random variables. We conclude this section by mentioning the following result.

28



Theorem 1.31.

Let p be a probability measure on (R, B(R)), then there exists
(1.3.50) a probability space (Q, A, P) with a sequence X;,1 > 1,
of independent u-distributed random variables on (Q, A, P).

An “abstract” proof of this statement, as a consequence of Kolmogorov’s extension
theorem and the construction of products of infinitely many measures, can be found in
the Appendix of Durrett. We also refer the reader to Durrett, p. 26. A *“concrete proof”,
with Q =10,1), A = B(]0,1)), P = Lebesgue measure on [0,1), can also be given, as will
be explained in an exercise.

1.4 Convergence of stochastic series
We consider a sequence X;,7 > 1, of independent random variables on (Q, A, P).

In this section, we would like to develop concrete criteria to determine whether the
series ), X}, converges.

As in (1.3.46), we define the set of convergence in R of the series > X} as

p p
Q=<weq, lim X, =lim X, €R} € Foo, Where
(14.1) { P kzzl p kzzl }

Foo = asymptotic o-algebra of the X;,i > 1.

Thanks to Kolmogorov’s 0-1 law (1.3.47), we know that

(1.4.2) P(Qy)=0 or 1.

Under which conditions on the X;,7 > 1, does one have P(Q;) = 1?

Notation:

(1.4.3) So=0, Sy => Xy, n>1.
k=1

Kolmogorov’s Inequality:

Let X1,..., X, be independent random variables with E[X?] < cc and E[X;] = 0, then

1 1 &
> < — = .
(1.4.4) Yu > 0, P[lrgggn |Sk| > u} <3 Var(S,,) ” E_l Var(X;) .

Remark 1.32. (1.4.4) is an example of a maximal inequality, i.e. the variance of the
final term S,, of the sequence Sy, S1,. .., S, controls the behavior of max;<;<, |Sk|.
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v /\ max |Sk| > u

\\\\\‘ 1<k<n
S1 IS

n

So
0
Fig. 1.8

Proof. We first decompose {max;<x<y |Sk| > u} as

{max |Sg| > u} = U Ai, where
(1.4.5) =1

pairwise disjoint
(14.6) A = {|Sk| > u, and |S;| < u for all j < k}
o = {w: the first time j at which |S;| > u is exactly k} .

One can easily see that A, € o(X1, Xo,..., Xi) (later, we will link decompositions such

as those in (1.4.5) - (1.4.6) with the notion of stopping times). Now, we have

B[S > > / S2dP =" [ (Sk+Sn—Sk)?dP
k=1 7 A k=1 7 Ak

(1.4.7) =3 | SE+2Sk(Su—Sk)+(Sn— S)?dP
k=1 7 Ak

> Zn: SpdP +2 Zn: Sk - (Sn — Sk)dP .

k=1 7 Ak k=1 7 Ak
Let us note that )
14, Sk iso(Xy,...,Xi)-measurable, and
(Sp — Sg) iso(Xg+1,...,X,)-measurable.

These two random variables are thus independent (see (1.3.23)), and

/ (S — Sp)dP "EY E[14, S4] B[S, — Si]=0.
A I
0
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We conclude from (1.4.7) that

B[S > > / S2dp
Ag

(1.4.8) > ) u? P[A;] (since 14, S7 > u14,, see (1.4.6))
k=1
=2 P[ U 4] "7 w2 Plmax (8= .
k=1

Finally: E[S,] =0 == E[S2] = Var(S,), and

n 2 n
(1.4.9) E[Sﬁ]zE[(Zka:E[ZXg+2 > Xka/],
k=1 k=1

1<k<k/'<n

(1.3.14)

where for k < k', E[X} X/] E[Xi] E[Xi] = 0. Hence, we obtain that

Var(S,) = E[S;] = ) E[X7] =) Var(Xy) .

k=1 k=1

O
Remark 1.33. A similar calculation leads to:
Let V; be independent with E[Y;?] < oo, 1 <i < n,
(1.4.10) L )
then Var ( > Y.> = 3 Var(Yi) .
i=1 i=1 -

As an application of Kolmogorov’s inequality, we obtain the following theorem:
Theorem 1.34.

Let Xy, k > 1, be independent with > Var(X}y) < oo,

(1.4.11)
and E[X;] =0 for all k > 1. Then ) X} converges P-a.s.

(i.e. P[Qy] =1, see (1.4.1)).

Remark 1.35. The X, k > 1, are pairwise orthogonal in L?(Q, A, P), and since }_ || X |13 =
S E(X?) < oo, the series 3" X, also converges in L%(Q, A, P). 1

Example 1.36. In the introduction (Chapter 0), we considered Zk>1 , Where Z;,¢ > 1,
are independent with P[Z; = —-1] = P[Z; = 1] = 1 . We have

ZVar(Zk> Zk2 <,

and the series >_, Z converges P-a.s. 1
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Proof. We will show that S,,,n > 0, is a Cauchy sequence P-a.s. We define, for M > 1,

(1.4.12) Wiy = sup  [S,, — Syl .
m,n>M

It holds that W, | W, as M — oo, and (1.4.11) would follow from

(1.4.13) P[W. =0]=1 (i.e. Woo =0 P-as.).

Let us prove (1.4.13): for e >0 and M > 1, one has

sup {|Sm —Su|} <e= sup {|Sm — Snl} < 2e.

m>M m,n>M
Wy

Hence,

P[Wy > 2] < P[sup |Sm — Su| > €

m>M
(1.4.14) o
= lim tP[ sup |Sm—Su|>¢,
N—oo M<m<N

since

{sup |Sm —Sul>e}= U {sUPycmen [Sm—Sul> e},
m>M N>M

where the latter sets form an increasing sequence? in N.

From the equality S,, — Sy = ZZ"QM Xyak, m > M, and Kolmogorov’s inequality,
we find:

N
1
P[ sup [Sp —Su|>¢ < = Z Var(X})
M<m<N k=41
(1.4.15)
1 [o¢]
<5 > Var(xy).
k>M

Thanks to (1.4.14), we obtain for ¢ > 0, M > 1,

1
P[Woo > 2] < PIWy > 2 < k;4Var(Xk) =0,

and (1.4.13) follows. O

2We remind the reader that the notation “lim 1”, resp. “lim 1, is often used to stress that one is
taking the limit of a non-decreasing, resp. non-increasing, sequence.
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Theorem 1.37. (Kolmogorov’s Three-Series Theorem,)

Let Xy, k > 1, be independent random variables, A > 0, and Y = X 1{|Xx| < A}.
Statements (1.4.16) and (1.4.17) are then equivalent:

(1.4.16) >k Xi converges P-a.s.

) > ey P(| Xk > A) < oo,
(1.4.17) i) >, E[Yi] converges,
i) > -2, Var(Yy) < .
Example 1.38. Consider
Z . . .
X, = k—j, k> 1, with o > 0 and Z;, k& > 1, independent with
P[Zi=-1=P[Z =1] = % .
Let us apply the theorem above with A = 1. Then
1
Y = Xk, P[’Xk’ > 1] =0, E[Yx] =0, and Var(Y;) = @ .
Hence, i), ii), iii) satisfied <— o > % and

> Xj converges P-a.s. for a >

diverges P-a.s. for a <

NI~ N~

L1

Proof. \We only prove (1.4.17) == (1.4.16) (the converse (1.4.16) == (1.4.17) is a bit more
complicated, it can be proved using martingales, defined in Chapter 3).

Let us define Y, = Y}, — E[Y;]. Then the Y, are independent, E[Y;] = 0, and
> Var(Yy) = > Var(Yy) < oo (using iii)). Thanks to (1.4.11), one has > Y} converges
P-a.s., from which it follows that (using also ii))

(1.4.18) S Y, =Y Y.+ E[Y;] converges P-as.

Thanks to the first lemma of Borel Cantelli and i), it now follows that

(1.4.19) P[liminf |X;| < A] =1— P[limsup | X;| > A] =1.

On the set liminf {|X;| < A}, it holds that

> Xk (w) converges <= > Yj(w) converges .

Thanks to (1.4.18) and (1.4.19), P[> Xj(w) converges| = 1. O
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1.5 Law of Large Numbers

In this section, we consider sequences X, k > 1, of random variables that all possess the
same distribution. We want to investigate the asymptotic behavior of

(1.5.1) & ,
n
where
(1.5.2) So=0, S, => Xp,n>1.
k=1
Terminology:

Let Y,,,n > 1, and Y be random variables on (Q, .4, P). The sequence Y, is said to
converge in probability to Y (Notation: Y, -, Y) if:

(1.5.3) Ve>0, lim Py, —Y|>d=0.

We will discuss a weak and a strong Law of Large Numbers.
For the weak law, we show that under certain hypotheses, % converges in probability.

For the strong law, it is then proved that 57” converges P-a.s.

The terminology comes from the observation that
(1.5.4) Y, »Y P-as ==Y, Y

since:
lim P[|Y, — Y| > = lim / 1|V, — Y| > e}dP =0

using the dominated convergence theorem (1.2.12).

Using Chebyshev’s inequality, one has

P[’YN_Y’ > 6] < 6_pE”Yn_Y’p]7 6>07 pE [1700)7
(1.5.5) I P
sothat vV, —m Y =Y, —Y.

Weak Law of Large Numbers:

Let Xy, k > 1, be identically distributed, uncorrelated (i.e. E[X?] < oo, and Cov(Xy, Xx) def-

E[(Xy — E[Xi])(Xx — E[X])] = 0 for k # k') random variables. Then:

Sn converges in L? (and thus also in probability)
n
topu=FE[Xi,k>1.

(1.5.6)

34



Proof. Let uswrite 52 — =1 S™ X, where X; = X; — . Then,
S, 2] 1 & % 2
(5 -n) = mE|( X%
k=1
1 L~ ~ -~
E<E[ZX,§]+2E[ > Xka,D
k=1

1<k<k'<n

y) since the X} are uncorrelated

_n Soq _ Var(Xy)
2 E[X7]= " 0 ]
Example 1.39. (Shannon’s theorem)
MESSAGE
SENDER
Fig. 1.9
A person sends a message, modeled by a sequence X, X,,... of independent random

variables with values in {1,...,r} (“finite alphabet”), and a common distribution 0 <
p(k)=P[X =k], k=1,...,r.

For n > 1, we consider
Tn(w) = p(X1(w)) - p(X2(w)) - - - p(Xn(w))
= probability to observe the exact sequence

(X1(w), ..., X,(w)) for the first n “letters”.
Thanks to (1.5.6),
1 1 — P
—= log my(w) = == > log p(Xp(w)) — E[-log p(X1)]
(1.5.7) n [ noree
=" p(k)logp(k) < H .

H is called the sender’s entropy per character. It is a measure of the quantity of
information contained in the message.

Thanks to (1.5.7), for ¢ > 0 fixed and large n,

Tp(w) € [exp{—n(H + €)}, exp{—n(H —€)}]

with probability > 1 —e. 1
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Strong Law of Large Numbers (Etemadi (1981)):

Let X,k > 1, be pairwise independent, identically distributed random variables, with
E[|Xk|] < co. Then

Sn
(1.5.8) - — E[X1] P-as. 1

Remark 1.40. The first proof of the Strong Law of Large Numbers (Kolmogorov)
is less general, it assumes that the random variables X, are independent? and identically
distributed, with E[|Xy|] < oo. The original proof is based on the three-series theorem,
and the connection between stochastic series and the Law of Large Numbers comes from
Kronecker’s lemma (see Durrett, pp. 51-53). 1

Lemma 1.41. Let a,,n > 1, and z,,n > 1, be two sequences of real numbers with a,, 1 co.

If 3 551 3% converges, then a%(zzzl x) converges to 0.

Proof of (1.5.8).
First reduction:

le ddl- max(Xy,0), £ > 1, and X, def- max(—Xx,0) are two sequences of pairwise

independent, identically distributed, integrable random variables. If we prove (1.5.8) for
X,j and X, instead of X;, then (1.5.8) will hold for X, k£ > 1, as well (by writing
X, = X, — X, ). Therefore:

(1.5.9) From now on, we will assume (without loss of generality) that X; > 0.

Second reduction: (this reduction is not needed if E[X?] < c0).
Define Y, = X 1{ X} < k} (“truncated” variable), and A = liminf{Y, = X\}. Then

P(4) =1~ Pllimsup{Y;; # X;}], and Y P[Yi # X;] < ) PX; > 4]

k k
i(.ienFically monotone
dlstrgutcd ZE[l{Xl > k}] convergence E[Z 1{]€ < Xl}] < E[Xl] < 0.
k k>1
:[Xl]SXl

Using the first lemma of Borel-Cantelli, one has P(A°) =0, and so P(4A) = 1. Forw € A,

one has
Xi+---+X

" 5 BX] =

Yi+..-4Y,
' EX].
n

Our claim (1.5.8) would follow, under assumption (1.5.9), from

T,
(1.5.10) 7" — E[X;] P-as.,where Ty =0, T, =Y, +---+Y, .

3Note that this is a much stronger hypothesis than simply pairwise independence.
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Third reduction: (1.5.10) follows from
integer part

(15.11) 4

Ta’!L
for all fixed a > 1, [[n]} . E[X,] P-as
o n

Indeed, consider a; = 1+ -7, and define

- Tigm )
Q= (N Qu, where Qy = {w € Q, I|m Lol — = E[X, ]}
M>1 [ M]

PlQu]=1 VM >1== P[Q]=1.
Consider now w € Q and a;r = 1+ 4 fixed.

Notation: k(n) [aM] n > 1. Then, since Y; > 0, there holds

Ty(n) < Im _ Ty(n+1)

1.5.12 — <= for k& < k(n+1).
(1.5.12) KD = m = kG orkmsm<k(n+l)
Clearly, one also has lim,, k(’er)l) = ayy, since

o =1 _km+1) _ oyt
ab, T k(n) T af -1

From (1.5.11) - (1.5.12), we obtain, for w € Q and M > 1:

[y
3
| 3

T,
< ay E[X4],

and it follows, for M — oo, that for w € Q, lim,, % = E[X1].

Hence, there only remains to prove (1.5.11):

Thanks to Chebyshev’s inequality and the pairwise independence hypothesis, one has, for
e >0,

nz:l P[|Tyn) — ElTgmyl| > ek(n)] < = nz::l T
1 (o]
(1.5.13) =3 Z (n)g Z Var(Y,,)
Fubini 1 > 1
I DRCUCHEEDY e
m=1 k(n)>m
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For n > 1, one has k(n) = [a"] > & (|f k(n) > 2. k(n) > o™ — 1, if k(n) = 1: clear).
Consequently,

1 4o 2n0<m> 4
1.5.14 <4 a2 =
( ) k(%; k(n)? — ;m 1- a‘2) ~“(l-a?2)m?’
——
O[’Lzm
where ng(m) = the smallest n with o™ > m.
From (1.5.13) and (1.5.14), we get:
= 4 >, E[Y?2]
(1.5.15) nz::l Pl Ty(ny — ElTpm)]| > ek(n)] < 20—a?) 2 U
Remark 1.42. If E[X?] < oo, one has
— BV _ < EX{]
> = > PSS
m=1 m=1

One can conclude, using (1.5.15) and the Borel-Cantelli lemma, that

_ ElTm) ‘

I|m ‘ k(n) k) P-a.s.

(1.5.16)

Actually, in the case E[Xlz] < oo, one does not need to introduce the variables Y}, at all;
one can directly work with the variables X;. One can write simply

Skm)  ElSkm)] | _ | Skn)
P-as. lim =1 — E[X
as. i ‘ Kn) | k(n) ‘ M| Ty PP
and obtain the analogue of (1.5.11) in this way. 1
In the general case, one has:
Lemma 1.43.
— ElVal
(1.5.17) Z:l 3= <00,
(1.5.18) ElT] — E[X4].

n n—00

We first complete the proof of (1.5.11): using (1.5.15) and (1.5.17), we deduce (1.5.16).
Thanks to (1.5.18), we obtain, for € > 0,
2
< — =
B[X4] ( < LH 1,

and (1.5.11) follows. 1

P [im

—E[Xl]( §26}=1::>P{L01 {7
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Proof of Lemma 1.43.

, and

dominated
convergence

0 < B[] - ElYi] = B[X; 1{X1 > k)] " 0.
—00
We deduce E[Y;] — E[X;] and £ — E[X4].
k—o00 (Cesaro convergence)
(L517): EIYV2]=E [2 | 1wy dy] [Ty P > iy
0 0

= 2/ y PlYy, > yldy  (since Y, < m).
0

Hence, E[Y,2] < 2 / y P[X1 > yldy (using Y, = X, 1{X,, <m} < X,).
0

From this, we deduce

— E[V2] — 1 [m
Z 2 SZZ W/O y P[X; > yldy
m=1 m=1

(1.5.19)

monotone
convergence & 1
5 2/0 > A< m) -y P > yldy

m>1

For y > 2, we obtain an upper bound for Zmzy #:

1 m dx © dx 1
< < — = .
> o<y [ <l S

[ee} 2 2 [ee}
> o 2y prazaaee [ () ppa =y
= m 0 2 \y—1

<8 [ Ppx = gdy
0
.. X1
Fubini 8E[ / dy} = 8E[X)] .
0

Claim (1.5.17) thus follows.
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Remark 1.44.
e It was su [cieht to consider geometric subsequences (1.5.11).

e Even if X; does not necessarily possess a finite second moment, one can still work
with the truncated variables Y}, and although E[Y,f] diverges, it does not do so too
fast (1.5.17).

1
We next discuss an application of the strong Law of Large Numbers:

Example 1.45. (renewal process)

We consider random variables X1, X, ... which are independent, identically distributed,
positive (i.e. X; > 0), with E[X;] < co. The variables

(1.5.20) Th=Xi+ -+ X,, n>1,

model, for instance, the successive arrival times of customers in a queue, or occurrence
times of failures in an electrical system. Set

Ni(w) = YTu(w) <t} =sup{n >0, Tn(w) <t}

n>1

(1.5.21)
(with the convention : Ty = 0)

to be the number of customers (or failures) that arrived (occurred) up to time ¢.

Proposition 1.46.

Nt(&)) . 1

(1.5.22) P-a.s. " o BT

Proof. Thanks to the strong Law of Large Numbers,

(1.5.23) ()

— BE[X1] P-as.

Consider some fixed w for which (1.5.23) is satisfied. Then, for ¢t > 0,
TNyw) <t < TN, w)+1
using (1.5.21), and we deduce

TNt(w) < t < TNt(w)—i-l Niy(w) +1
Ni(w) = Ni(w) =~ Ne(w) +1 Ny(w)

(1.5.24)

Since N¢(w) — oo for t — oo, we obtain, by (1.5.23) and (1.5.24),

lim
t=oo  Nip(w)

= F[X{] P-as.
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2 Central Limit Theorem, characteristic functions

2.1 Motivation, goals

We know, from the strong Law of Large Numbers, that for a sequence of independent,
identically distributed, integrable random variables X, k£ > 1, with E[X] =0,

& — 0 P-as.,
n

where
So=0, S, =X;+---+X,.

The Law of Large Numbers says that .S,, grows sublinearly in n. A natural question that
we can then ask ourselves is: at which speed (with which order of magnitude) does S,
increase?

We examine a concrete example first, with

(2.1.1) P[X,=1]= P[X,=-1]=7 .
We define
Sn
2.1.2 Zn=20 n>1
(2.1.2) N A
One has
(2.1.3) E[Z,)=0 and Var(Z,) = % Var(S,) = % Var(X;) =1.

It is thus plausible that the right order of magnitude for Z,, neither decreases nor increases
in n, i.e. that it stays ~ 1. In order to study this more closely, let us introduce a sequence
k(n) € Z with

2k(n) N
N

(2.1.4) z €R, |k(n)| <n,

and consider
2k(n)

Vn

——
close to =

P Z2n =

| = PiSon = 26()] =

P[Xi+- -+ X5, =2k(n)] = ( n+22(n) > 2

number of 1 : n + k(n)
number of —1: n — k(n)

It comes from Stirling’s formula that

(2.1.5) m!d%f'l-Z-B...(m—l)m ~ m™e "N 2mrm
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where a,, ~ b,, means ‘gm — 1. Hence,

m. m—00

2n _ (2n)! N k(n)
< n + k(n) > - (n + k()!(n — k(n))! (thanks to ranliad 0 and (2.1.5))
2n)*" \/2n(2n)

(0 + K O (0 — k)02 + k) v/ 2701 — k()

(rn)~1/2 .

It follows that

Zk(n)} iy 1 _<1+@)—<n+k<n>> (1_@>—<n—k<n>>.

N =

(2.1.6) P[ZQ,L_ ey

n n

We note that

( k(n)>n+k (1_ @)n—k(n) _ (1_ k:z(n)>n (1+ @)k(m (1_ @)—k

1+ A
n n n? n n

and (1— kl(;l))n :exp{nlog (1— kzn(:))} .

2 2 2
) _ K@) @rn _r using log(1 +z) =z +o(zx) asx - 0

n— 00 n n 2

Hence, (1 — )" = exp{—%-}. In an analogue way,

k(n)\ k) x? . (n) z?

(1 + T) — exp {7} since k(n) - 7 ,

k(n)\— x? . k:(n) z?

From this, we obtain
_ 2k(n) 1 z?
@.L.7) P |25 = N | ~ T exp{ — -}
or, in other words,
. n 2k(n) 1 x?

2.1.8 I = P|Zy, = = — e
(2.1.8) e\ 2 [ 2 ,/_271} o eXp{ 2}
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It is therefore plausible (here, in order to argue rigorously, we would need to prove some
uniform convergence in (2.1.8), for values of x in a bounded interval) that for a < b,

2ke[av/Zn,bv/2n]
ST hee{-1( L)) L L [t
2ke[ay/an,by/2n] 2 yan 2 Ja

i
/2 K
n

In this way, we obtain an almost rigorous proof of the de Moivre Laplace theorem
(de Moivre: 1667-1754, Laplace 1749-1827):

For a < b, one has

1 b
2.1.9 Pla< Z,<b — — Tz
(2.1.9) w<zi<i = —= [

It is clear that the combinatorial argument above is not general. It is the goal of this
chapter to develop general methods that allow one to prove statements like (2.1.9).

Let us now describe quickly the strategy that we will apply.

We will first introduce the characteristic function of Z,,:

(2.1.10) 0z, (t) E[exp{z tZn}] .

One has

02,(0) = Blop{i o= (X1 +-+ X }|

n

=B [ﬁ exp {z% Xk}] independence H [exp{ \/t_ H

Pt} (1L3.14) .5
ot n (2.1.1) t \"
=E[ex { —XH = (cos —> ,

P vn ! n
and for t € R:

b o 2 e(n)

cOS —— oxngswn 1 4+ : 6(71) ni;o 0.
Vn 2n n
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0.09 -

0.08 +
0.07 +
0.06 +
0.05 +
0.04 +
0.03 +
0.02 +
0 ] [
—40 -30 —-20 -10 0 10 20 30 40
Fig. 2.1: Distribution of Sigg
Hence,
o = (cos =)= (1- LAy
(2.1.11) = exp {nlog (1 _ 2 + @>} e exp{ — i}
n n 2

We will see that

t? L1 22
(2.1.12) exp{ — 5} = /em‘ et

(i.e. exp{—%2 is the characteristic function of the standard normal distribution). The
method that we develop in this chapter will provide (2.1.9) as a consequence of (2.1.11)
and (2.1.12).

The first step is to introduce a notion of convergence, for which statements like (2.1.9)
make sense.

2.2 Weak convergence
Definition 2.1. A sequence of distributions p, on R (i.e. probability measures on
(R, B(R))) converges weakly to the distribution p on R (Notation: ju, — u) if

n—,oo

F,.(y) —= F(y) for all points of continuity y of F, where
(2.2.1) F.() = pn((—o00,]) and F(-) = p((—o0,-]) are the corresponding
distribution functions.
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A sequence of random variables X,, (on possibly different probability spaces (Qu, An, Pp))
converges in distribution to the random variable X on (Q, A, P) if the distributions i,
of the X,, converge weakly to the distribution p of X.

Remark 2.2. We will introduce later a condition equivalent to (2.2.1) which can easily
be generalized to other spaces (e.g. R%). The drawback of this equivalent definition is that
it is a little less intuitive than (2.2.1). —1

Example 2.3.
1) De Moivre Laplace: (2.1.9) is equivalent to

(2.2.2) Z,, converges in distribution to an N'(0,1) random variable .

(2.1.9) = (2.2.2):
Consider y € R, F,,(-) the distribution functions of Z,,, e > 0, and M > |y| such that

i / e_% dr < ¢
V2 J(—oo,— MJUIM,+o00) -2
Using (2.1.9), one has, for n > ny,
(2.2.3) P[-M < Z,<M]>1—c¢.
Hence,
N———
" - oo \L (2.1.9) < e using (2.2.3)

Y 1 72
—— ex — —3d
/—M Vo p{ 2} v
and

— 1
I|15n Fn(y)—E/ e 2dx m
+

(2.2.2) follows for e — 0.

(2.2.2) = (2.1.9): One has, for a < b,
Pla < Z, <b] = P[Z, <b] - P[Z, < d],

SO

1 b x2
lim Pla < 7, < ]2 lim F,(8) —lim Fo(o) = / exp{ - ?}dx,

n

and for ¢’ < a,

lim Pla < Z, <b] < limPld < Z, <]

= Tim (Fo(b) — Fu(a)) = \/% /a exp { - %}dw.
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If we let @’ 1 a, we find

b 2
lim P[aangb]Z\/%/ exp{—%}dw.

2) Consider p,(dz) = §1(dz). Then u, — pu = &, since the corresponding distribution
functions are equal to .

P =1{y> >} and F)=1{y >0},

F() Fo()
oS
T >
Fig. 2.2

so that we have F,,(y) — F'(y) for y # 0, and (2.2.1) holds (note that F,(0) = 0 does
not converge to F'(0) = 1).

3) X, a geometrically distributed random variable with success probability p:

P[X, =K =pQ—-p)ft Vk>1

(Interpretation: X, is the location of the first success in an infinite sequence of
independent Bernoulli variables with parameter p: (Y71, Ys,..., Y,,...)). If we let the

success parameter p tend to 0, we obtain

p X, converges in distribution to an exponentially

(2.24) distributed random variable with parameter 1.

Indeed: for y <0,
P[poﬁy]SP[XPSO]_S 0,
p—

and for y > 0,

P[PXpSy]Zl—P[Xp>%] :1_2 p(l_p)k—lz

k>2
¥ ¥
1- g @-»F=1-a-pbi.

1--p)
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One has p‘[g} i (Sincep£>p[ﬁ]>p(g_1)>
p P

and consequently, (1 —p)[%} —5 e~ Y. We thus have, for y > 0,
p—
P[pogy] 7 1—€_y,
p—0

and (2.2.4) follows.

4) Poisson approximation

Let X,, be binomial(n, p,,) distributed random variables, with n - p, — A > 0. Then

X, converges in distribution to a Poisson distributed

(2.2.5) random variable X with parameter \ .

For fixed £ > 0,

n!
K — k) P

P[X,, = k] K@ —pa)"F

_nn-1)-...-(n—k+1) 1 & P - M\ "~k
T n - n E(p"n) (1_ n) ’

n —» oo
R

and since 22 . (n — k) — A, one has (1 — 222y~ — ¢=* Hence,

n—oo

A
P[Xn=k]—>%)\k:P[X:k],

and for y € R,
PIX,<yl=) PIXo=k — > PIX=k=PX<y.
k<y k<y

Our claim (2.2.5) thus follows.

5) Order statistics

Let X1,..., X2,+1 be independent, uniformly distributed random variables on (0, 1). De-
fine:
Vot1r = (n+ 1)th smallest value of {X;, Xs,..., Xont1}

min{max{Xy,k € J}, |J| =n+1}
max{min{Xy,k € J}, |J| =n+1}
= median value of the numbers {Xq, Xs,..., Xo,11} .
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|
I

0 1 1
2

V3 = median of { X1, Xy, X3, X4, X5}

Fig. 2.3
For z € (0, 1),
PlVhp1 <z] = P[ #{k, Xp <z} >n+]]
N——
binomial(n, z) distributed
(2.2.6)

2n+1
_ Z <2”];" 1> 2F(L — )2t

k=n+1

By di[erkntiating (2.2.6), we obtain the density f,,11(:) of Vj,41:

Jnr1(x) =
2n+1

Z k|(§in++11) ol {0 <z < 1}k A1 — )2k

—@n+1-k)a*(1 —z)*F =

2n
(2n+1) Z 1{0<z <1} KijLl) 2F=1(1 = g)2n—(k=D)

k=n+1

(2.2.7)

- <2£> 2k — w)2"_k] +@n+1)1{0< 2 < 1}(32) 22n

simplifications

= (2n +1) <2:> 2"(1—2)" {0 <z <1}.

Remark 2.4. It can be showed analogously that the kth smallest value V;, of {X,...

Xon+1} has density

(2.2.8) fe(z) = @2n + 1)< 2”1> "N = 2y MR {0 < @ < 1},

1<k<2n+1.
Define

(2.2.9) Y, = 2(1/,”1 - 1) Von .
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Proposition 2.5.

(2.2.10) Y,, converges in distribution to an N'(0,1) random variable .
Proof. One has

1
PIVa Syl = P|Vas < 5+ 0]

and Y,, has density

_ 1 y 1
gn(y)_fn+1(§+2m) X 2\/2_ .

For fixed y € R and n large enough,

gny) = @n+1) <2:> (% N 2\/yﬂ)n (% - 2\/yﬂ>n g 2\/1%

n 2 n
= ()@ " (5) S
131: using (2.1.7) if

™ Y2
with k(n) = 0 exp{ - 7}
H 1 2n+1 1 .
and since T oo — Nors we obtain:
(2.2.11) (y) — iex {—y—2} forall y € R
2. W) =2 am TP 2 yeR.

Lemma 2.6. (Scheffe)
Let h,(-), h(:) be density functions on R (i.e. hp,h > 0 are measurable functions, with
[hy=[h=1).
(2.2.12) From hp(2) =3 h(z) for x € R, it follows that ||hy, — hll iR 0.
Proof.

[ 1ha@) = 1@ =2 [ (4) ~ @) o

since [(h(z) — hn(x))"dz — [(h(z) — hy(2)) dz = [ h(z)dz — [ hy(xz)dz = 0. Hence,

dominated
/(h(x) _ hn(x))+ dm convergence 0 )
N———
< h(z) O
Thanks to (2.2.11) - (2.2.12), one has ||g, — gl ;1) — 0, Where g(y) = \/% exp{—y;}.
It follows, for y € R, that:
Yy

Jm P <a=tim [ g,y = [ gy

—00 —0o0
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6) pn(dy) = 3 do(dy) + 3 du(dy). One has:

Fa(y) = 3 1{y > 0} + 2 1{y > n}
n—>00\l/

F(y) =5 1{y > 0} .

This is not a distribution function, and so the sequence p,, does not converge weakly.

N~

o
3

Fig 2.4

A fraction of the mass “disappears to +oco”.

L1

The next proposition gives two further conditions that are equivalent to weak conver-

gence.

Proposition 2.7. The following conditions are equivalent:

(2.2.13) L, — 14,

there exist random variables Y, n > 1, and Y on a common
(2.2.14) probability space (Q, A, P) such that p, = distribution of Yy,
u = distribution of Y, and Y, =Y P-a.s.,

(2.2.15) /Rfdun — /Rfdp for all f € Cy(R),

where Cyp(R) ad- {bounded continuous functions on R}.

Proof. We show (2.2.13) == (2.2.14) == (2.2.15) = (2.2.13).
(2.2.13) == (2.2.14):

We choose Q = (0,1), A = B((0,1)), P = Lebesgue measure on (0, 1), and we define,

for w € (0, 1),

Y, (w) = sup{y € R, F,(y) < w}

(where F,, is the distribution function of ),
(2.2.16)
Y(w) = sup{y € R, F(y) < w}

(where F is the distribution function of ) .
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Thanks to the proof of (1.1.13) in Chapter 1, we know that p,, = distribution of Y,,, u =
distribution of Y.

Y and Y,, are non-decreasing on (0,1). We define
Qo ={we(0,1) : Y(w) =Y (w)},

(2.2.17) _
where Y(w) =inf{y e R : F(y) > w} .

11 F()

3/4 1

\

o \

Y (3/4) Y (3/4)

Fig. 2.5

Note that for w < «/, _ ~
V(w) <Y(Ww) <Y(W)<Y(W).

Hence, Y'(:) has a discontinuity in each w € Q\Qq, and since Y () is non-decreasing, we
have

(2.2.18) Q\Qq is at most countable .
We have thus P(Qg) = 1, and it su Lced to show that

(2.2.19) for all w € Qp, lim Y, (w) =Y (w).

Choose w € Qq. Let y < Y(w) be a point of continuity of F'(-). Then F(y) < w (from the
definition of Y'(-)), and for n large enough, F,,(y) < w == y < Y,,(w). Hence,

(2.2.20) y < lim Y, (w)

for y as above. If we let y 1 Y'(w) (using that F'(-) has only at most countably many points
of discontinuity), we obtain Y (w) < lim,, Y, (w).
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Let y > Y (w) be a point of continuity of F'(-). Then
F(y) >w (since w € Qp and y > YV (w) = Y(w) = inf{z : F(z) > w}).

We thus have, for n large enough, F,(y) > w == Y, (v) < y == lim,, ¥,,(w) < Y(w), and
(2.2.19) follows readily.
(2.2.14) == (2.2.15):

If we take f € C3(R), then

dominated

/ f i = ELF(YV)] 2 prp(y)) = / fu.

(2.2.15) == (2.2.13):
Let y € R be a point of continuity of F(:), and the function g.(-): R — [0, 1] defined
by
1 forx <y,
ge(x) =< 0 forx > y+e,

linear for x € [y, y + €]

A
1
ge(')
>
y yte
Fig. 2.6

(note that g.(-) € Cy(R)). Then:

9:() < 1(—oo,y+e]
!

Fu+9=n(ocy+d) = [a@ndn=tim [ g

(ge > 1on (—o0,y])

<—

> 1M ua((—00,4]) = M Fu ().
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For ¢ — 0, we obtain lim F,(y) < F(y). In an analogue way, we consider the function
he(:): R — [0, 1] defined by
1 forx<y-—e,
he(x) =< 0 forz >y,
linear for x € [y —e,v] .

A
1
he()
® >
yte y
Fig. 2.7
Then
Fo-9=nocy-d) < [t =tim [ h@n )
<

> Il_m ,Un((_oo7 y]) = “_m Fn(y) .
For e — 0, we get
F(y) < lim F,(y) .

T
points of continuity y of F'

We deduce that F(y) = lim F,(y) for all points of continuity y of F, i.e. p, — pu. O
n

Remark 2.8. (2.2.15) can easily be generalized to other spaces (for example R?), and it
is often used directly as a definition for weak convergence. 1

Theorem 2.9. (Helly)

Let F,(-), n > 1, be a sequence of distribution functions on R, then there exists a
subsequence Fyy and a right-continuous non-decreasing function F(-): R — [0,1] such
that

(2.2.21) F(y) = klim o (y) for all points of continuity y of F .
—00
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Remark 2.10. 1) F(-) is not necessarily a distribution function, as Example 6 shows:
for all y € R,

(2.2.22) Fa(y) =5 Uy >0} + 3 1{y > n} — F(y) = 2 1{y > 0}

We will later give a su Lcieht condition on the sequence F;, from which it follows that F'(-)
in (2.2.21) is a distribution function.

2) Helly’s theorem can be interpreted as a compactness result. For that, one defines
the so-called “vague convergence” of a sequence of sub-probability measures v,, on R (i.e.
vy, € M4 (R) with v,(R) < 1) to a sub-probability measure v as:
/fdyn — /fdu Vf € Ceomp.(R).
[

continuous with compact support

This allows one to reformulate Helly’s theorem as follows: “any sequence of sub-probability
measures v, on R, n > 1, possesses a subsequence that converges vaguely to a sub-
probability measure v”. 1

Proof. We write Q = {q1,42,¢s,... }. Note that F,,(¢;) € [0,1] for all n > 1
== there exists an infinite set N; C N\{0} such that

lim F.(q1) = G(q1)-
neNy

In an analogous way, one has F,,(¢2) € [0,1] for all n € N;
== there exists an infinite set Ny C N; such that

lim F,(q) =G(q), lim F.(q1)=G(q1).
neN2 neN
By induction, we obtain a decreasing sequence N; D Ns D --- D Ng D ... of infinite
subsets of N\{0} such that for all £ > 1,
(2.2.23) Iirl{; Folg) =G(l@) (A <L<k).
neNg

Using Cantor’s diagonal argument, we deduce the existence of an infinite set N, such that
N..\Ny is finite for each k, and so

Ve > 1, Iirlg F.(q0) = G(q) .
LIS\
In other words,

(2.2.24) for all » € Q, one has Iirlg E,(r) =G(r) .
neENx

G(-) is a non-decreasing function Q — [0, 1], and

F(z) € inf{G(¢): ¢€Q, q> =}
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is non-decreasing as well. Furthermore, F(:) is right-continuous: indeed, for x € R and
€ > 0, one can choose ¢ > x rational such that F'(z) < G(q) < F(z) + ¢, which implies

F@)<F@) <F@)+e forz<y<gq.
We now show (2.2.21). Let y € R be a point of continuity of F'(-), and ¢ > 0. Let us

consider rational numbers
r<rg<y<s

such that
Fy) —e<Fr) < F(r) < F@) <F(s)<F(y)+e.

Then
Iir'L] Fo(r2) = G(r2) > F(r1),
neNx

lim F,(s) = G(s) < F(s) .
nEN.

We thus have, for n € N, large enough,
F(y)_ESFn(T2) éFn(y) éFn(S) éF(y)*—E»
and so |i|’|{ll F,.(y) = F(y). Hence, (2.2.21) follows. O
neNx

Proposition 2.11. If a sequence of distributions u, on R is tight, i.e.
(2.2.25) Ve >0, M > 0, sup p,([—M, M]°) <e,
n>1
then any subsequential limit (in the sense of (2.2.21)) of F,,(-) (the distribution functions
of ) 1s a distribution function too.
Proof. Let F(-) be non-decreasing, right-continuous with

F(y) = klim Fo.(y) for all points of continuity y of £ .
—00

Choose € > 0, and then M > 0 such that

SUp pn([—M, M]?) < €.

Consider some points of continuity y; > M and y» < —M of F'(-), then
and F(y) =lim F, () > lim F, (M) > 1 —c.
k

It follows that lim,_,_., F(y) = 0 and lim,_,, F(y) = 1. F(-) is thus a distribution
function on R. O

An important consequence of the last proposition and Helly’s theorem is the following:

Corollary 2.12.

(2.2.26) Any tight sequence of distributions p,,n > 1, on R
o possesses a weakly convergent sub-sequence fiy,, .
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2.3 Characteristic functions

Definition 2.13. Let u be a probability measure on (R, B(R)). The characteristic func-
tion ¢ of W is the function from R to C defined by

(2.3.1) e(t) = Leitxu(dx) VteR.

The characteristic function of a random variable X is the characteristic function
of the distribution of X, i.e.

(2.3.2) @@:EWﬂ:/J%ﬂmy

Remark 2.14. The characteristic function ¢(-) of a distribution 4 is nothing else but the
Fourier transform of u.

First properties: Let u be a distribution on R, one has

(2.3.3) () =1,

Vit eR, |e(t)] <1 since

2.3.4 )
(@34 o(t)] < / 6| u(dr) = / u(de)

Vt e R, o(—t) = ¢(t) since

(2:3.5) | -—
o(—t) = / ¢ () = / ¢ u(dz) = 20

() is uniformly continuous since
(e ) = o] =] [ ety

2356) < [l =1y ¢ | utaa),
=1
and using Lebesgue’s theorem,

ithr
/]e 1] p(dx) = 0.

Let X,Y be independent random variables on (Q, A, P),
then px+yv(t) = ox(t) - ¢y (t) for all t € R, since

independence

(23D px1y (t) = E[eX+Y)]

=px(t) ey () .

E[eitX] E[eitY]

We start with a few examples of characteristic functions.
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Example 2.15.
1) For some a < b, let us consider p = uniform on [a, ], i.e.

1
pw(dz) = r—a 1[a,b} (z)dz,

then:
b 1 fort =0,
1 itz g ith it
(2.3.8) o(t) = —— ePdr = ¢ gith _ cita
b—a J, — .
=) fort #0

2) p = standard normal distribution. We have, for all ¢t € R,

o 22 dxr  (symmetry) / _z2 dx
t) = = = cos(t z .
0= c - cos(ta)e T

Note that for h # 0,

1 1 e
‘E (cos((t + h)z) —cos(tx))( = ‘ = /m s[lnlzi] du | < |z|
el—-1,

and
cos((t + h)x) — cos(tx) 2 dx

HCGDEEOEY - F

22
The dominating function |z e\;% is Lebesgue integrable. It follows from Lebesgue’s

theorem that

#(t) = lim o(t + h}z — (b

(2.3.9)
dx

12
= —xsin(tz)e” 2 .
/R (1) e~ 7

With the help of one integration by parts, one obtains

1 Too 22 1 +o0 22
— sin(tx) (—ze 2)dr=0—- — tcos(tz) e 2 dx
V2T /_oo H(/—z (H_/,—) V2T /_Oo ()

= —to(t) .
Hence,
¢'(t) = —te(t),
12 ’ t2 2
(2.3.10) and (exp {E} cp(t)) =t exp {E} ©(t) — exp {5} to(t)

=0.
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It follows that exp{%} o(t) = exp{%}cp(O) =1, and so we obtain that for all ¢t € R,

(2.3.11) o(t) = exp{ _ ?}

3) Y : N(m,c?) distributed. Consider X with standard normal distribution, then
y distribution o
Hence,
ey () = Elexp{itY}]

= Elexp{it(m + 0 X)}]
= exp{itm} px (to)
= exp{itm — %2 2},

In other words,

. 0'2 2
(2.3.12) VEER,  Onmor)(t) = eXp {ztm -t } .

Uniqueness Property:

If two distributions u, v on R have the same

(23.13) characteristic function, then p = v.

Proof. Consider h € L'(R, dz), and set

(2.3.14) flz) = % / T e ey

—00

[r@aw = [ ([ 5 e ha)aue)

Fubini 1 h(t)(/e—iztdlu(x)>dt

Then:

2T
= % /cpu(—t)h(t)dt.

Analogously, .

[t@aay =5 [e-onwa.
and so
(2.3.15) /f(w)du(x)Z/f(x)du(x).
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If we choose h(t) = exp{imt — %2 2}, then

2

Fx) = % /exp {i(m S VR tz} dt

2
1 o? .\ odt
=— [explim—a)t——t?} ——
Varo / p{z(m ) 2 } V2T
1 2312) 1 (x — m)?
= s @N(070%)(m x) = — exp{ 202 } .

Take 0 = 2. It follows from (2.3.15) that:

/ n_2 exp{— M n4}d,u(x) =

V2r
(2.3.16) 2 (@ m)? a,
| e,
One has

(2317) _ p[a 21 <r+ 22 <b+ E], where X is A/(0, 1) distributed,
n n n
1 ifzxela,l],

:P[(a—x)n2—n§X§(b—w)n2+n]njol[a,b](x):{ 0 ifz¢lab].

If we integrate Equation (2.3.16) over m € [a—%, b+%], we obtain, using Fubini’s theorem
and (2.3.17) (as well as Lebesgue’s theorem), for n — oo:

bt 2 (@ — m)?
M _(@=m)* 4
/R /a—71L V2 eXp{ 5 n }dmdﬂ(x)

7

/ sy @) (@) = p(fa,b]) = v((a. b)) = / 1 (1))
R R

and so u = v by Dynkin’s lemma (more precisely, one of its consequences), which completes
the proof. O
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As a consequence of this uniqueness property, some results can be read directly from the
characteristic function, and then transferred to the distribution itself, as we now explain.

Example 2.16.

(2.3.5)+uniqueness property
=

1)Vt eR, px() €R X and —X have the same distribution.

2) p = Poisson (\), A > 0, then for all ¢t € R,

n 4
— - itn — it
(2.3.18) ox(t) = n§>oe e — exp{\(e" — 1)},

and thus: ¢y (t) ox (t) = pran (). Using (2.3.7), we obtain:

If X,Y are two independent random variables, with distribution Poisson (),

2.3.19
( ) resp. Poisson (\'), then X + Y has distribution Poisson (A + \).

3) p = Cauchy with parameter a > 0, i.e.

1 a
D=2 e
then for all t € R,
+o0o aeit:c dz
(2.3.20) ©a(t) = /_OO a2 = exp{—altl}

(see exercises). Hence, a property similar to (2.3.19) follows from the identity ¢, (t)¢ (t) =
Pa+a’ (t)

4) Let N, Xy, Xo,...,X,,,... be independent random variables, where N is Poisson (\)
distributed, and the X are u distributed. Define

YV = Xi(w) + Xo(w) + - + Xy ) (W) = Sy (W) -
The distribution of Y is called the compound Poisson distribution, and

vy (t) = Elexp{itY'}] = Elexp{itSn}]
= > Elexp{itSn} 1{y—n]
n=0
> Elexp{itS,}e™ %

n=0

independence

=Y o) e 2 = expA(eu() ~ D)) -
n=0

nl
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Hence, we have

(2.3.2) ey (1) = exp{=A(l — pu(D)} -

In particular,
Y, () = v, (1) oy, (1),

S0 a property similar to (2.3.19) holds. 1

As we now explain, there is an important connection between the diLerentiability of
the characteristic function ¢, (-) in a neighborhood of 0, and the “decay” of . close to
+o0.

Proposition 2.17. Let u be a distribution on R, then for all u > 0,

(2.3.22) ,u({:n: 2| > %}) < % /_1(1 — g (b))dt .

If for some k > 1, pu has a finite kth moment (i.e. [ lz|Fdp < o), then ©u() is k times
continuously differentiable, and one has

(2.3.23) o) = / Gz)le™dy  (0<0<k).

Proof. (2.3.22): For x # 0,

UT —ilux
e — €

A — e*)dt = 2u — ,
—u i
— oy sin(ux)

in
=2u<1—5| “:'“") >0.
uxr

Hence,

1 u 'ubini 1 v ;

L a2 / L@ eyt dute)
u R u —u

—Uu

i 1
=2/ - dﬂ(x)ZZ/ (1- =) du)
R uT |z|>2 |uz|
U e —

N——
>0

> u({w Dl = %})

and (2.3.22) follows.

>

NI

(2.3.23): We consider k£ > 1 fixed, and we argue by induction. For ¢ = 0, (2.3.23) holds.
If (2.3.23) holds for ¢ < k, then it follows that:

) _ itx

i(t+h
7 (A0 m = d00) = [ o = o).
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Note that
|ei(t+h)x _ eitx| 3 |eih:c = |f0hx iet dul

< 2]
|l Id Id

and |(ix)’| x |z| = |z|*T" € L'(dw), by assumption. Using Lebesgue’s theorem, we obtain

1 ,
i - © () = N1 it
fim & (e + 1) = 0) = [ () i)

In other words, (2.3.23) holds for £+ 1. Our property then follows by induction. O

Theorem 2.18. (Continuity)

Let pp,n > 1, be a sequence of distributions on R.

(2.3.24) If jin, — p, then ¥t € R, @y, (1) — out) -

If for all t € R, ¢, (t) converges, and po(t) = lim, ¢, (t)
(2.3.25) s continuous in 0, then there exists a distribution o on R
with: Vt € R, ¢, (t) = poo(t), and p, 5 foo -
Proof.
(2.3.24): e € Cy(R), so (2.3.24) follows from (2.2.15).

(2.3.25): The sequence u,,n > 1, is tight. Indeed, let us consider ¢ > 0: since . IS
continuous in 0 (and ¢.,(0) = 1), we can choose « > 0 small enough so that

>0 [ as e = im L as e

€
2 U J_y —u

Hence, for n > ny,

22 [ a-poa 2 ([ 229,

—Uu

which shows that u,, is tight.

Thanks to (2.2.26), each subsequence () possesses a weakly convergent subsequence

Hn(k(e) — 7 V-

Using (2.3.24), ¢, (-) = ¢oo(-) == v is uniquely determined. We write ;i oy,

Then u, — Lo, Since otherwise, there would exist a point of continuity y of
def.

Foo() = ftoo((—00,]), € > 0, and a subsequence n’(k) with
VEk > 1, |Fr iy (@) — Foo (W) > €.

This contradicts the existence of a subsequence ju,,(;(¢)) that converges to . O

62



An application: the symmetric stable distributions

We show the existence of distributions on R with characteristic functions:
(2.3.26) va(t) = exp{—c|t|*}, t € R, where a € (0,2], c>0.

Obviously, the case a = 2 corresponds to the N(0, 02 = 2¢) distribution. We discuss the
case 0 < o < 2.

Consider first a random variable X with density

1
f@)=3 2 Taport Yjal>1y

(i.e. X and —X have the same distribution, and P[| X| > z] = a, x > 1).
Let W(-) be the characteristic function of X. We prove:

Lemma 2.19.

(2.3.27) 1-Y(@©) ot K |t|%, for K >0 a constant.
—

Proof. Let us assume (without loss of generality) that ¢ > 0. One has

(s mmetr 0 (9 _ itr —it:c
1-wi) ™ ”/ (2—c ), 4

xoz—i—l
/ (1 —costx) «

/ (1 — cos u)a
2
(where we set x = 7). Since 1 —cosu ~ %, one has
u—0

/ (1—005u) < oo for a€(0,2) .

(2.3.27) thus follows with K = o [;°(1 — cosu) 2. O

We now consider, for n > 1, a random variable with compound Poisson distribution
like in Example 4 above:
X X XN
(2.3.28) Vi (w) = 1(“’) 2(@) Ly K@)

n n

where N, and X, k > 1, are independent, with distribution Poisson (n%), resp. the same
distribution as X. Using (2.3.21), we have

(2.3.29) oy (t) = exp { —ne (1 —y (%))} .
One has no(1 — W(£)) *%* ne K |t = K|t and so
(2.3.30) nl|_>nc1>o vy, (t) = exp{—K [t|*} .
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Thanks to the continuity theorem, we deduce the existence of a random variable Y with
vy (t) = exp{—K]|t|*}. From this, it follows that (%)ﬁY = Z has characteristic function
exp{—c[t|*}.

The distributions with a characteristic function of the form (2.3.26) are called “sym-

metric stable distributions”. Explicit formulas for the densities are known only in the two

cases o
o =2 . normal distribution,

a =1 : Cauchy distribution (Example 3 above) .

2.4 Central Limit Theorem

We can now apply the whole theory that was developed in Sections 2.2 and 2.3. As we will
see, the de Moivre Laplace theorem corresponds to a general phenomenon. The Central
Limit Theorem shows that the normal distribution plays a particularly important
role, since it describes the behavior of the fluctuations of asum S, = X; +---+ X,
of many independent, identically distributed random variables, in the case when the X;
possess a finite second moment.

Theorem 2.20. (Central limit)

Let X1,Xo,...,X,,... be independent, identically distributed random variables with
E[X?] < o0, and denote

(2.4.1) o2 Y var(xy), 1Y EIX].

Let us furthermore assume that 0® > 0 (i.e. that X1 is not a.s. constant). Then, as
n — 0o,

def. Sp — ny

(2.4.2) A , Where S, =X;+---+X,, n>1,
avn

converges in distribution to a random variable with standard normal distribution.

Proof. We can write, in an analogue way to (2.1.10):

oz, ([t) = E[exp {% §n}], where

Sn=X1+’”+5(in, and XZ:XZ—E[XZ]
Hence,

independence n
©z,(t) =

1 E{exp{oi—\;ﬁ )?,}]

. . _ . it ~ n t n
identical distribution E{exp { ? XlH =g (_) )
ov/n 1 \o

7

(2.4.3)
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Thanks to (2.3.23), we also know that gp;(l() is twice continuously diLerkntiable, so that:
Pz, () = Eli Xy "] == ¢ (0)=0,
P () = —E[X] "] = % (0) = 0"

Using a Taylor expansion, we find:

2
P, (1) = 05, (0) +u gy (0) + “? (¢%,(0) = e(w))  (where e(u) — 0 for u —0),

=1—u72(02+6(u)).

Using (2.4.3), we obtain

2

0= (1 55 ()
oot (1,15 (7 ( 1))

2 " 2
n—o0 X_ZUzn(02+6(a ﬁ)) T2

Consequently, lim,, oz, () = exp{—%}, and (2.4.2) follows from (2.3.11) and (2.3.25). O

If E[|X1/%] < oo, one can actually estimate quantitatively the di[erence
sup |F(z) — N(z)]
z€R
where
F,(x) = P[Z, <z] (distribution function of Z,),

’LL2 - - - -
~2 du (distribution function of the
standard normal distribution) .

One has indeed (see Durrett, p.108):
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0.4 r | | | | | | |

0.35 -

0.3 -

0.25

0.2 -

0.15 -

0.05

Fig. 2.8: Poisson distribution with expectation 1

0.06 r | | | | |

0.05 - = B

0.04 -

0.03

0.02

0.01

0 | 1 1 1
20 30 40 50 60 70

Fig. 2.9: Its 50th convolution power
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05r 1 | | | | |
0.45 -

0.4 -
0.35 -
0.3 -
0.25 - —
0.2 -
0.15 -

0.1 -

0.05 -

Fig. 2.10: Geometric distribution with expectation 1

0.045 r 1 1 1 1 1
0.04 - T

0.035 a B

0.03 - . 1

0.025 | =

0.02

0.015 -
0.01 -

0.005 -

0 L 1 1 1 1 1
20 30 40 50 60 70

Fig. 2.11: Its 50th convolution power
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035 r | | | | | A

0.3 - -

0.25

0.2 - -

0.15

0.1 - -

0.05 - -

Fig. 2.12: A triangular distribution

0.05 r | | | | | S
0.045 - T -
0.04 - | - -
0.035 - | - -
0.03 - -
0.025 - B i -
0.02 - | u -
0.015 - -
0.01 - -
0.005 - -

0 L 1 1 1 1 1
150 160 170 180 190 200 210

Fig. 2.13: Its 50th convolution power
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0.9 K .
0.8 -\ -
0.7 F \ _

1
-
1

0.6
0.5

1
L
1

1
-~
1

0.4

1
-
1

0.3 AN
0.2
0.1

/

Fig. 2.14: Density of the exponential distribution (with expectation 1)

0.03 , , , , ,
0.025 | / \ i
0.02 / \ s
0.015 | / \\ _
0.01 | / \\ -

0.005 |- / \ ]

140 160 180 200 220 240 260

Fig. 2.15: Its 200th convolution power
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Theorem 2.21. (Berry-Esseen)

Let X1,..., X, be independent and identically distributed random wvariables, with
E[|Xi*] = p < 00, B[X,]=0, E[X}] =0,
then one has

3
(2.4.4) sup [F(2) = N@)| < 5 55 .

Remark 2.22. The order of magnitude cst/\/n in (2.4.4) is correct in general. If, for
instance, P[X; = 1] = P[X; = —1] = 1, then

PiSy, =01 %7 L L

v’

For symmetry reasons, one has also

P[Son < 0] = P[S2n < 0] + P[S2n, = 0]

Nl NP

(P[S2n < 0] + P[S2, > 0] + 2P[S2, = (])

=1

+ % P[Ss, = 0] .

N~

Hence, we obtain:

PlSsn < 0] = N(0) = P[5, < 0] - L
=1 P[Sy, = 0]~ 2.

2 mn 1

Complement: the Lindeberg-Feller theorem

We now present a generalization of the Central Limit Theorem in the case of “triangular
arrays”:

Xnm,1 <m <mn, are, for each n > 1, independent and integrable

(2.4.5) random variables with

(2.4.6) E[Xpm]=0 forl<m<n.

Example 2.23. If X;,7 > 1, are i.i.d. integrable random variables with E[X;] = u, i > 1,
then

Xpm = (X —p), forl<m<n,

1
vn

constitutes an example of a triangular array, with

n
S —
E Xnm = "\/_nu, where S, = X1 +---+ X, forn>1.
m=1 n



Theorem 2.24. (Lindeberg-Feller)

Let Xpm, 1 < m < n, be a triangular array of random wvariables, in the sense of
(2.4.5), (2.4.6), with finite second moment. If

n

(2.4.7) mZ::l E[X2,.] — o2 >0,

and

(2.4.8) for any e >0, lim i:l E[X7 0 [ Xnm| > € =0,
then

Xp1+ -+ Xy, converges in distribution, as n tends to oo,

(2.4.9) to an N(0, 0?)-distributed random variable.

Remark 2.25. The Central Limit Theorem, see (2.4.1), (2.4.2), is a direct consequence
of the Lindeberg-Feller theorem. Consider a sequence X;,7 > 1, of i.i.d. random variables
so that (2.4.1) is satisfied. Define X, ,,, 1 <m < n, as in the example above. Then:

n

- 1 def.
> EIX 1= Y El(Xn — )l =0 = Var(X)) >0,
m=1 m=1

and for any ¢ > 0,

n n
> B[X2 i Xl > =1 E[(Xm -

m=1 m=1

Xm_u
Jn

= B[(X1—w)?% [ X1 — p| > Ve — 0 (dominated convergence) .

>

This implies that (2.4.7) and (2.4.8) are satisfied, and using (2.4.9), m;iw converges
in distribution to a random variable with standard normal distribution, as in the Central
Limit Theorem (see just below (2.4.2)). 1

Proof of Theorem 2.24. We start with

Lemma 2.26.

4 3
(2.4.10) et 1 — iy + % u2‘ < min (% u2) forallueR,
(2.4.11) ! log(1+ 2) — z! < 21z)? for all z in C with |z| < e ,

where logw = log p + i, for w = pe'®, with p > 0 and 6 € (—m, 7).
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Proof. For a function f analytic in D = {z € C: |z] < r} and z € D, Taylor’s formula
implies that for n > 1,

o o)

f() = £0) — f'(0)z — - — f("71(0)

/f )(t2)(1 — t)" ldt( 1)|.

Furthermore, one has
| 12\”

|Ra(f,2)| < sup |f™(tz)
0<t<1

In particular for f(z) = e%*, we obtain, with n = 3 and 2:

ei“—l—iu+%u

lul®

2‘§ foru e R,

, 2 ,
|e“‘—1—z’u|§% for u € R, and thus e“‘—l—iu+%u2 <u?.

This shows (2.4.10). In the case of f(z) = log(1 + 2), |z| < 5, we obtain

|Z|2 2
log(1+2) —z| < sup — <2z

as claimed in (2.4.11). O

We now return to the proof of Theorem 2.24. We show that for all ¢ € R,

; 2
(2.4.12) lim E[e’t(xnyl‘f‘""f‘Xn,n)] — 6_%‘72,

n—o0

Then, (2.4.9) will follow from (2.3.12) and (2.3.25). We use the following notations:

Pnm(t) = E[e" ] o = Var(X, m),
2,
wn,m(t) = Qpn,m(t) -1+ On,m*

2
Using independence (see (2.4.5)), one has
(2.4.13) E[eit<Xw1+'“+Xw>] = ﬁ Onm(t)  forallteR.
m=1
We now prove the following:
(2.4.14) nl|_>nc1>o Zi: |wp,m ()] =0 forall t e R.
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Indeed, for ¢ > 0 and ¢ € R, one has, using (2.4.6),

. t2
[wnm(®] = ‘E [eltx””” — =it Xy + & Xi,m] ‘
(2.4.10) X[
s (5 )
6 b
£ X pml?
SE{‘ : °. \Xnm!<e]+E[thnm N Xm| > €]

so that

n

n
Z |wnm(t)| <z |t|3 Z E[X72L,m1+t2 Z E nm’ |X”m| > E]
m=1

m=1

Now, if we first send n to infinity, and then e to 0, we obtain (2.4.14) as a consequence of
(2.4.7) and (2.4.8). Note that

(2.4.15) lim sup o2, =0,

since for all ¢ > 0, one has

sup a m < sup (E[ nm;
1<m<n 1<m<n

Xnm| > €]+ 62) ,

and thus, using (2.4.8),

lim  sup a <e
n—=00 j<m<n

If we let € tend to 0, then (2.4.15) follows. Let us then set, for ¢t € R,

2
v

(2.4.16) Zn,m(t) = ‘pn,m(t) 1= _? Opm T wn,m(t) .

For large n, and 1 < m < n, one has, thanks to (2.4.14) and (2.4.15),

2

t
|2n,m(t)] < ) on

1
m + |wn,m(t)| < z .

Using (2.4.11), we obtain

(2.4.17) 1109 @i () — Znm ()] < 2] 20,m ()],

and so

‘ z”: (log @rn,m — zn,m)' <2 Z ( + w, m(t)>
m=1

(2.4.18) < Z (t* o 0+ dwnm(t)?)  (since (a +b)? < 2a% + 2b%)
m= n 2
<t sup o? o2 +4 Wy (t — 0,
B 1<m2 o Z <m§::1 onm )‘> oo

73



using (2.4.7), (2.4.15), and (2.4.14) in the last step. Thanks to (2.4.18), (2.4.16), and
(2.4.14), we obtain

. - A
lim > log onm(t) + = Z:l Jmm' =0 forallteR,
and using (2.4.7),
n t2
(2.4.19) lim " log ppm(t) = —5 0>  forallteR.
n—o0 — 2

Hence, for all ¢t € R,

n
. _? 2
lim H Onmt) =e 27,
m=1

n—oo

which proves (2.4.12), using (2.4.13). 1

Example 2.27. Consider Y,,,m > 1, some independent Bernoulli distributed random
variables, with respective success probabilities

(2.4.20) P[Y,, =1] = %

Define S, = Y1 +--- + ;. Then, one has E[Y,,] = -, Var(Y,,,) = - — -1, and thus

1
m

E[Sn]:1+%+--.+1 ~ logn,
(2.4.21) "
and Var(S,) = Var(Yy) +---+ Var(y,,) ~ logn,

as n — oco. We set

Yy, — L %
= g so that E[X, ] =0, and Z E[XEL ml — 1.
1 ’ n—o0

Since | X,,.m| < (logn)~'/2, one also has, for ¢ > 0,

n

> E[X: .| Xnml > =0 if Vlogne>1.

m=1

In other words, hypotheses (2.4.7) and (2.4.8) of the Lindeberg-Feller theorem are satisfied,
and consequently

(Sn = Yme1 mw)
(2.4.22) JTogn

converges in distribution to an
N(0, 1)-distributed random variable .

74



Note also that for all n > 2,
n—1 1 n dﬂj‘ n
§ — > — =logn >
m 1 X
m=1 m

n

> %—Iogn

m=1

1
E7
=2

and so < 1.

Thanks to the equivalence of (2.2.13) and (2.2.14), it follows that

Sn—logn converges in distribution, as n — oo
(2.4.23) Jiogn g ’ ’

to an N (0, 1)-distributed random variable .
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3 Martingales

3.1 Conditional expectation

We start this chapter by introducing the notion of conditional expectation. This is a quite
abstract notion, therefore we first discuss two concrete examples.

Example 3.1.

1) We consider two urns A and B. The urn A (resp. B) contains X (w) (resp. Y (w))
balls. The random variables X and Y are independent, Poisson (A 4) and Poisson (Ap) dis-
tributed, with A4, Ap > 0, and they are defined on a common probability space (Q, A, P).

Our first goal is to find the distribution of the number of balls in A, given
that the total number of balls T = X 4+ Y is equal to n. In other words, we
compute

(3.1.1) P[X=kT=n], 0<k<n,

where we use the notation for “conditional probability”

. P[CND
plcip] < 7[]3[2] ]

(*“probability of C given D), for events C, D with P[D] > 0.

One has:
PIX=kT=n] P[X=kY=n—Kk|
| T =n] PIT =n] PIT = n]
independence P[X = k] P[Y =n — K]
P[T =n]
/I\
T is Poisson (A4 + Ap) distributed
(3.1.2) i L
S G J V- DA 1
k! (n— k) e=Qatrp) Qatrs)”

_nl A\ k Ap  \n—k
T kl(n —k)! ()\A+)\B> ()\A+)\B)
= (H)rh @ —pa)"F,

AB

— A — —

In other words: if the total number T' of balls is equal to n, then the number X of
balls in A has a binomial distribution with parameter (n,pa).

Hence, the “expected number of balls in A given that T' = n" is:

(3.1.3) E[X|T = n] d%f'zn: EPIX=kT=n]l=n-pa.

k=0
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Define the random variable

(3.1.4) Z =pa-T “the conditional expectation of X given T,

Z is a linear function of 7', so that

(3.15) Z is o(T) — B(R) measurable .

Let C € o(T), then C is of the form {T € I} for a certain I/ C N. With the help of
Z =T -pa, we do not need to know the joint distribution of X and T any
more to calculate E[1¢c - X], since one has:

Elle-X] = E{lrery- X] =) E[lir_ny - X]
nel

(3.1.6) = S B[X|T=n] - PIT = n] “E” S npy PIT = n]
nel nel

= E[lc - Z] for C € o(T) .

The usual notation for Z is: Z = E[X|T], or E[X|o(T)].

Z has a further interpretation: consider

>\B) -
= T 2 (>‘A+)‘B) <
61 {r@) §:f (m) LA™ 2s) o}

={/(D) : E[f*(I)] < oo} .

In fact, H is the set L*(Q, o (T), P) of square-integrable o(7")-measurable functions (so a
Hilbert space!). One has Z € H, and for Z' = f(T) € H,

E[(X -2 = E[(X -2+ Z - 2')?]

(3.1.8)
= E[(X -2 +2E[(X - 2)(Z-Z)|+E[(Z-Z")?] .

Z and Z’ are functions of 7', and thanks to (3.1.6) one has

E[Zz-(Z-2)] = > E[Z-(Z-Z)YT =n}]

n=0 " constant on {7 = n}

316

Z (X -(Z - Z)1{T =n}]

LobozsgucE [X ) (Z _ Z,)]

(since X, 2,72 € I? == X(Z-Z") e LY.
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We obtain
(3.1.9) E[(X-Z')V]>E[(X-2)% for Z € H.
That is to say, Z is the orthogonal projection of X (¢ L?*(Q, A, P)) onto H = L?(Q, o(T), P),

i.e. Z minimizes E[(X — Z')?] for Z' € H, “Z is the best forecast for X among all L?-
functions f(1)”.

2) Consider the random variables X and 7 on R? with joint density f(z,t) > 0, z,t € R?,
and E[|X[] < co.

The conditional density of X given T is defined as
[, 1)

/R f(u, t)du

One can define the “conditional expectation of X given T as

(3.1.10) fz|t) = “density in z for fixed ¢ .

(3.1.11) 7Z = o(T), where o(t) = / x f(z|t)dz .
R

We can note that Z satisfies equations (3.1.5) - (3.1.6). Indeed, (3.1.5) is clear, and if we

consider
C={T eI} eco(D),

R
I € B(R)

then
E[X1c]= E[X -1;0T] = //az-lj(t)f(x,t)dxdt

= / o) - 11(t) /R Ju, t)dudt = E[p(T)1; 0 T] = E[Z - 1c].

density of T’
v -

We have just seen two examples in which the conditional expectation of a random
variable X given the information of a certain sub-c-algebra (= o(7T")) of A was defined.
Our goal now is to give a general construction, and then to study its properties.

Theorem 3.2. Let X be an integrable random wvariable on (Q, A, P), and F a sub-o-
algebra of A. Then there exists a random variable Z such that

(3.1.12) Z is F-measurable and integrable,
(3.1.13) E[X -1p] = E[Z - 1F] forall F € F.

Z is uniquely determined, up to sets with P-measure zero, by (3.1.12) - (3.1.13). Moreover,

(3.1.1%) if X >0, then also Z >0 P-a.s.
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Notation: Z = E[X|F] “the conditional expectation of X given F”.

Proof.

a) Existence:

- Consider first X > 0. The property is an application of the Radon-Nikodym theorem:
let @ be a measure on (Q,.A) defined by

(3.1.15) Q(A) :/A X dP (i.e. % :X) .

Since F C A, we can introduce the restrictions @ and P of, respectively, Q and P
to (Q,F). For F' € F with P(F) =0, one has

P(F)=P(F)=0 = QV(F)zQ(F)z/FXszo,

i.e. Q < P (“Q is absolutely continuous with respect to P™).

Radon-Nikodym
eI there exists a Z > 0 in L(Q, F, P) such that

(P and P

~ _ ~ coincide on F)
Q(F)—/F Z dp = /FZdP,

E[X 15] ~—
F-measurable

i.e. Z satisfies (3.1.12) - (3.1.13). Of course, one also has (3.1.14).

- General case:

We write X = X+ — X, where X™ = max(X,0), X~ = max(—X,0). Then, the
construction above produces Z.,Z_ satisfying (3.1.12) - (3.1.13) with respect to
X*,X~. Hence, Z = Z, — Z_ satisfies (3.1.12) - (3.1.13) with respect to X =
Xt -X".

b) Uniqueness:

Let Z', Z? be given that both satisfy (3.1.12) - (3.1.13). Consider D = Z! — Z2. Then
D satisfies (3.1.12) and E[D - 1] = 0, VF € F = 0 = E[D -Y] = E[|D|] for Y =
1{D > 0} — 1{D < 0}. This implies that D =0, P-a.s. O

Example 3.3. 1) Let A4; € A, 1 <i < N < oo, be pairwise disjoint events with P(A;) > 0
and JA; = Q. Set F = o(A4;,1 < i < N) (F is the family of sets | J,.; A;, where
I C{1,...,N}). Consider X € L}(Q, A, P) and Z = E[X|F].

Thanks to (3.1.12), Z is F-measurable == Z = a; on A;,Vi, and using (3.1.13):

a; PIA = E[Z 141 PE? E[X 14] = a; = B[X 14,)/PIA] = EIX|A,] .
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Hence,
N

(3.1.16) E[X|F] =) E[X|A]la, .
=1

2) Special case:

For F = {¢,Q} (i.e. 4, =Q,N =1),

(3.1.17) E[X|F] = E[X]

“the best prediction of X, when one has no information, is E[X]”.

3) X and F are independent. Then for F' € F, E[X 1r] = E[X] - P[F]. Hence,
(3.1.18) E[X|F] = E[X] P-as.

We now investigate a few properties of the conditional expectation.

FEaxpectation:
For F =Q € F, (3.1.13) implies that

(3.1.19) E|[E[X|F]| = E[E[X|F]-1q] = E[X - 1] = E[X],
in other words, E[X|F] has the same expectation as X.

Linearity:
For all a,b € R, X,Y € L'(Q, A, P), one has

(3.1.20) ElaX +bY|F| = aE[X|F| + bE[Y|F| P-as.
(this is clear from the definition).

Jensen’s inequality:
Let o: R — R be a convex function, X a random variable on (Q, A, P) with E[|X|] and
Ef|¢(X)]] < oo, and F a sub-c-algebra of A. Then

(3.1.21) ¢(E[X|F]) < E[p(X)|F] P-as.
Proof. a) Let us consider ¢(z) = ax +b. Then it is clear that
E[aX +b|F] = aE[X|F] + bE[1]F]

(3.1.22)
= WE[X|F] +b = o(E[X|F]) P-as.

b) General case:

One can write ¢(x) = sup,>; ¢n(x), with ¢, of the form ¢, (z) = a,z + b, for some
an, by € R (see Figure): for example, when ¢ is not an a [nelfunction, introduce

H, = {(a,b) € R* : Yz € R, p(x) > az + b},
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and check (using the fact that ¢ is continuous, and lies above its “support lines) that

VreR, ¢(x)= sup (ax+b)= sup  (ax +0b).
(a,b)eH, (a,b)eH,NQ2
A
e()
T
0 >
Fig. 3.1

Then, for all n > 1,

(3.1.14) (3.1.22)
E[p(X)|F] =3 E[pn(X)|F] =3 on (E[X|F]) -

It follows that P-a.s. (here, we use the fact that the supremum is over a countable family),

E[p(X)|F] = sup on(E[X|F]) = o(E[X]|F]) .
" O

Corollary 3.4. Consider X € LP(Q, A, P), 1 <p < o0, and F a sub-c-algebra of A, then
(3.1.23) E[X|F] € LP(Q, A, P), and HE[X]I]HP < HXHp .
Proof. For p € [1,0), the claim follows from (3.1.21). For p = oo, it comes from

P-as. — M <X <M, where M =|X||~, and (3.1.14) . -

Theorem 3.5. Consider X € L'(Q, A, P), and Y an F-measurable random variable with
E[|XY|] < co. Then

(3.1.24) E[xY|F] "% B[X|F] Y.

Proof. a) Special case Y = 1p:
In this case, E[X|F]-Y is F-measurable and integrable, so that for C' € F,
(3.1.13)

E[XY -1¢] = E[Xlarlg] =" E|E[X|F]1pnc] = E[E[X|F]Y - 1¢] .

€F

Hence, E[X|F]Y satisfies (3.1.12), (3.1.13), and (3.1.24) holds.
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b) X >0, Y >0.

We consider an increasing sequence Y, of F-measurable step functions with Y, 1 Y.
Thanks to a), one has, for C' € F,

E[X -Y,-1c]

E[E[X|F]Y, - 1¢]

n—0o0 monotone convergence,
monotone .
n—oo using (3.1.14) to prove that
convergence . .
the sequence is non-decreasing

E[X-Y-1¢] = E[E[X|F]Y -1c].

For C = Q € F, we obtain E[X|F]Y € LY(Q, F, P), and for a general C € F, we see that
(3.1.13) is satisfied. Hence, (3.1.24) holds true.

c) General case:

Weset X =XT—- X", Y =YT Y, where XT = max(X,0), X~ = max(-X,0), and
likewise for Y: (3.1.24) then follows by using b). O

A simple application of the last theorem is the following

Special case:

Let (Q, A, P) be a probability space, 7 C A a sub-g-algebra, and X an F-measurable
integrable random variable. Then

(3.1.25) EIX|F] T2 x
A further application is the
Theorem 3.6. Consider X € L*(Q, A, P) and F a sub-o-algebra of A, then

E[X|F] is the orthogonal projection of X onto

(3.1.26)
the sub-Hilbert space L*(Q, F, P) of L*(Q, A, P).

Proof. Set Z = E[X|F] € L*(Q, F, P), using (3.1.23). It su [ced to show that
(3.1.27) E[(X - 2)’] <E[(X — Z')?] for Z' € L*(Q,F,P).
Analogously to (3.1.8), one has
E[(X-Z'V]=E[(X -2 +2E[(X - 2)(Zz - Z)| + E[(Z - Z)] ,
and
Blx-(z-2z9] “EY BlEX Z-Z)I7]]
F-measurable and | X - (Z — 2’)| L}

CLY plEX|FIZ - 2) = E[Z-(Z - 2)] .
It follows that E[(X — Z)(Z — Z')] =0, and
E[(X -2 =E[(X -2} +E[(Z- 2] > E[(X - 2)*] .
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Remark 3.7. (3.1.26) can be interpreted as “E[X|F] is the best prediction of X
among the F-measurable functions in L2”. 1

As a last property, we consider the so-called tower property of conditional expectations
Proposition 3.8. Let F; C F» be sub-o-algebras of A, and X € LY(Q, A, P), then

(3.1.28) E|E[X|F]|F] = E[X|F1] P-a.s. (tower property)
(3.1.29) E[E[X|F]|F] = E[X|F] P-a.s.
Proof.

e (3.1.28): Consider F € F; C Fs, then

(3.1.13)
] =

E[E[X|F] - 1p Blx 1] =Y BlEIX|A] 14] .

Hence, E[X|F;] satisfies (3.1.12) and (3.1.13) with respect to E[X|F>], and (3.1.28)
follows.

e (3.1.29): using (3.1.25) and F; C F3, one has P-a.s.

EEX|A)R] ¥ Blx|A] 0

3.2 Martingales

Terminology:

Let (Q, A, P) be a probability space. An increasing sequence F,,n > 0, of sub-c-algebras
of A(ie. F CF C---CF, C--- CA)is called a filtration.

Example 3.9. Consider a sequence X,,,n > 0, of random variables on (Q, A, P). We
define the sub-o-algebras F,,,n > 0, of A by

(321) fnZU(Xo,Xl,...,Xn), n>0.

Fn corresponds to the information that is contained in the random variables Xy, X1, ..., X,
in other words, to the information that is available at time n: the filtration so-obtained is
called the filtration generated by the random variables X,,,n > 0.

A sequence X,,n > 0, of random variables is said to be F,-adapted if for all n > 0,
X, is F,-measurable (this is automatically satisfied if we take F,, to be the filtration
generated by the X,,). —1

Definition 3.10. Let (Q, A, P) be a probability space, and F,,, n > 0, a filtration. An F,-
adapted sequence X,,,n > 0, of integrable random variables is called a martingale (resp.
supermartingale, resp. submartingale) if

3.2.2) Vn > 0, E[Xnﬂ\}"n] =X, P-a.s. (martingale),
(3.2.3) Vn >0, E[X,1|F,] <X, P-as. (supermartingale),
(3.2.49) Vn >0, E[X,11|F.] > X, P-as. (submartingale).
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Example 3.11. 1) Consider X;,7 > 1, independent and identically distributed, with
E[|X;]] < oo and E[X;] = 0. Let S,,,n > 0, be the random walk

So=0, S, =X4j+---+X,, n>1,
]:0:{¢7Q}7 ‘FTL:O-(X17“‘7XTL)7 ’I’LZ].

Then S,,n >0, is F,-adapted, and for n > 0 one has

E[Sn+1‘fn] = E[Sn + Xn+1‘fn]
(3.1.18)—(3.1.24)

(3.2.5) = E[Sn|Fn] + E[Xpi1|F] = S+ E[Xpi11= 5, .
Fn—measurable  independent of F,

Hence,

(3.2.6) S, iIs an F,-martingale .

2) Same setting as in 1), but now with E[X?] = 02 < co. Set
(3.2.7) M, =8>—-no* n>0.

M,, n >0, is F,-adapted, integrable, and
E[Mpy1 — My|F,] = E[S24 — 53— 0?|F]
= E[(Sp + Xn41)? = S2 — 02|F] = E[2.5, - Xpi1 + X2, — 02| F]
~—
]-—n—mcasurablo\ T
independent of F,
= 25, E[Xop1|Fo] + E[X2,,|F,] — 02

= 25, E[X,41]+ 02 —0%2=0.
[l

Hence, E[My1|F,] = E[My|F,] = My, n > 0.

M, is an F,-martingale, and
(3.2.8) _ _
S2 is an F,-submartingale .

3) We consider now the asymmetric simple random walk on Z: X;,i > 1, are inde-

pendent and identically distributed, with P[X; = 1] = p, P[X; = —1] = 1 — p, for some
1

pF PR

1-p P
° °
-1 0 1
Fig. 3.2



S, and F,,, n > 0, are defined as in 1). Set

(3.2.9) M, = (1%’)”9" :

M, is F,-adapted, and integrable (since |S,| < n). One also has

7] = 5[(52) "]

1— p>Xn+1
p

E[Mypi1|Fol :E[Mn : <T
Pl

F.-measurable independent of F,

B[(0) M =p( ) v a-m £ =1

where

From this, we conclude that
(3.2.10) M, is an F,-martingale .
Note also that for p > 3, (1;%) <1land S, — +oco P-as. In the same way, for p < 1, one

has 1;% >1and S, - —oo P-a.s. Hence, we see that

(3.2.11) M, — 0 P-as.,

even though E[M,] = E[M,,_1] = --- = E[My] = 1, thanks to (3.2.10).

4) Radon-Nikodym derivatives:

Let (Q,F) be a measurable space, and F,, n > 0, a filtration with o(|J,~oFn) = F
Also, let 1 and v be two probability measures on (Q, F) with restrictions f,,, resp. v,, on
(Q, F,,). We assume that

(3.2.12) fin < Vn

and define

(3.2.13) M, =% 50
dv,

Then M,,n > 0, is an F,-adapted sequence of integrable random variables on (Q, F,v).
Moreover, one has for n > 0 and A € F,,,

dpn
/ Mpy1  dv = /Mn+1 dvp4+1 = / Hnt1 dvns1 = pnt1(A)
AEFn —— A A dvpiq

F.+1-measurable

= un(4) :/ d,un dvy, / M, dv, = /M dv .
A

(3.2.1%) M, is an F,-martingale (for v’).

This means that
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As a concrete example, consider: Q = [0, 1), F = B([0,1)),

Fn = a([o, 2%), [2%’ 2%),..., [%,1)), v = Lebesgue-measure ,

and p any probability measure on (Q, F) (the condition u, < v, is then automatically
satisfied). 1

We now give a few direct consequences of Definitions (3.2.2) - (3.2.4):

Proposition 3.12. Let (Q, A, P) be a probability space, and (Fy,)n>0 a filtration. Also,
let M,,, n >0, be an F,-supermartingale. One has P-a.s.

(3.2.15) E[Mn|]:m] < My, for 0<m<n.

Analogously, for an F,-submartingale M, one has P-a.s.

(3.2.16) E[My|Fm] = My, for 0<m<n,

and for an F,-martingale M,, P-a.s.

(3.2.17) E[My|Fpn] = My, 0<m<n.

Proof. Let us first make the following simple remarks:

(3.2.18) M,, is a submartingale <= —M,, is a supermartingale,

(3.2.19) M, is a martingale <= M, is a sub- and a supermartingale.

Hence, we can obtain (3.2.16) and (3.2.17) as consequences of (3.2.15).

Proof of (3.2.15): We proceed by induction. For n = m, (3.2.15) holds. If we now assume
that (3.2.15) holds for n = m + k, then one also has

3.1.28
P-as. E[ My ti41]Fm] (228 E[E[Mp ki1 | Fnsil Fom
induction
hypothesis
S E[Mm+k’]:m] S Mm ’
and our claim (3.2.15) follows. O

Proposition 3.13. Let M,,n > 0, be an F,-martingale, and ¢ a convexr function with
E[le(M,)|] < oo for alln > 0. Then

(3.2.20) p(M,,) is an F,-submartingale .
Proof. One has, for all n > 0,
equality
(3.2.21) Pas. Elp(Mu1)|Fa] 2 @(E[Muia|Fal)
= o(M,) .
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Special case:

(32.22) Consider 1 < p < o0, and M,,,n > 0, a martingale in L?,
o then |M,|P,n >0, is a submartingale .

A similar result holds if M, is only a submartingale, with the further assumption that ¢
is non-decreasing.

Proposition 3.14. Let M,,n > 0, be a submartingale, and ¢ a convex non-decreasing
function with E[|p(My,)|] < oo, for alln > 0. Then

(3.2.23) o(M,,) is an F,-submartingale .

Proof. same as in (3.2.21). O

Special case:

(3.2.24) Let M, be a submartingale,

then M,, Vb def- max(M,,,b) is a submartingale ,

(3.2.25) Let M,, be a supermartingale,
then M, Aa ad- min(M,,, a) is a supermartingale .

Remark 3.15. The assumption “¢ non-decreasing” in the previous proposition is impor-
tant, as the following example shows. Consider

1 o .
(3.2.26) M, =——,n>1 My= -1 (deterministic variables!) .
n
This is certainly a submartingale, but

1
(3.2.27) M==,n>1 Mj=1,
n

is a supermartingale! 1

3.3 Stopping times

We now discuss the notion of stopping times, which plays an important role when studying
martingales and Markov chains. We have already seen an example of a stopping time in the
proof of Kolmogorov’s inequality (Section 1.4). In what follows, we consider a probability
space (Q, A, P), equipped with a filtration F,,,n > 0.

Definition 3.16. A random wvariable N : Q — NU {oc} is called an F,-stopping time if

(3.3.1) forall n <oo, {N=n}eF,.

“The decision to stop at time n depends only on the information up to time n”.
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Example 3.17. 1) A fixed time N(w) = ng is a stopping time, since for each n, one has
{N =n} =0 or Q (and these two sets belong to F,, since it is a o-algebra).

For the next examples, we consider a sequence X,,, n > 0, of F,-adapted random
variables.

2) Let us consider the “first time at which X,, becomes strictly positive” (i.e. first visit
to (0, +o0)),

(3.3.2) N(w) € inf{n > 0; X,(w) >0}

(defined as +cc if: Yn > 0, X, (w) <0). This is a stopping time, since
{N=0}={Xp >0} € Fy, andforn>1,n< +oo,

{N=n}={X,<0, X;<0, X,<0,...,X,.1<0, X, >0} € F, .
Generalization: For A € B(R), one can define the first visit time of X, to A as
(3.3.3) Tu(w) L inf{n > 0; X, (w) € A}

(again, = +o0 if: Yn >0, X,,(w) ¢ A). This is a stopping time, for analogous reasons.

3) The first visit time of X,, to B(€ B(R)) strictly after visiting A(€ B(R)),

(3.3.4) T(w) Y inf{n > Ta(w); Xn(w) € BY,

defined as +oo if T4(w) = +oo, or if Ty(w) < +oo and X, (w) ¢ B for all n > T'y(w), is a
stopping time since
{T=0}=0¢€Fy, andforalln>1,

n—1

(T=ny=J ( {Ta=m}n {Xm+1¢B,...,Xn_1¢B,Xn€B}> € Fp.

m=0

€ FmCFn €Fn
4) Consider Q = RN+, A = ;> B(R), P arbitrary, X;(w) = w;, and the “last time at
which X, is non-negative” (i.e. last visit of X,, to [0, +0)),

(3.3.5) Sw) ¥ sup{n > 1; X, (w) > 0},

defined as 0 if X,,(w) < 0 for all n. This is not a stopping time: indeed,

{Szl}:{XlEO}Q_DZ{XZ'<O}¢]:1=U(X1)- -

One also defines the so-called o-algebra of the stopping time N, denoted by Fy, that

contains all information known up to time N(w) (which is random):

(3.3.6) Fv e iaecA; foralln>0 AN{N=n}c F,}.

When A € Fy, the trace of A on {N = n} depends only on F,, i.e. it depends only on
the information available at time n.

Remark 3.18. For a fixed stopping time N = ng € N, one has Fy = F,, (clear from
(3.3.6)). 1
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3.4 Convergence theorem

We start with a characterization of the submartingale property.
Proposition 3.19. (Doob’s Decomposition)

Xn,n >0, is an F,-submartingale <= X,,,n > 0, is of the form:

(3.4.2) X, =M,+A,, n>0,
(3.4.2) where M, is an F,-martingale,

A, 18 Fp_1-measurable and integrable for all n > 1,

(3.4.3)
and 0= Ag <A1 <Ay < ... P-a.s.

Moreover, M, and A, are uniquely determined by (3.4.1), (3.4.2), and (3.4.3) (up to sets
of P-measure zero).

Proof.

a) == Uniqueness:
For n > 0, one has necessarily (P-a.s.):

E[Xpi1 — Xu|Fp| = E[Myy1 — My|F,] + E[Ap1 — An|F)

I I | (3.2.8)
E[Xn+1\fn] - X, 0 Api1 — Ay .
Hence,
(3.4.4) Ap=0 and A,+1 — A, = E[X 41| Fu]l — Xy, for n >0,

and M,, = X,, — A, = M,, and A,, are uniquely determined.

FExistence:

With the help of (3.4.4), we define A,, n > 0, by A4p =0and forn >0, 4,41 — 4, =
E[X,1|F.] — X, >0, P-as. (since X,, is a submartingale), and M,, = X,, — 4,,. Then
(3.4.1) and (3.4.3) are satisfied. Furthermore, one also has, for n > 0,

E[Mn-l—l - Mn‘fn] = E[Xn-‘rl - Xn — (An—l—l - An)‘fn]
3.4.3
B2 BIXp | Fa] = Xo — (Ansr — 4,) =0

so that M,, n > 0, is an F,,-martingale.

b) < Each X,, = M, + A, for which (3.4.2), (3.4.3) are satisfied is, of course, an
Fn-submartingale. O

In Doob’s decomposition, the non-decreasing sequence (A,,),>o satisfies the condition
A, is F,_1-measurable (and Ay =0) .

This brings us to the following definition.
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Definition 3.20. Let (Q, F) be a measurable space, and F,,n > 0, a filtration. A sequence
H,,n>1, of random wvariables is said to be predictable if

(3.4.5) Yn > 1, H, is F,_1-measurable .

Example 3.21. Let T: Q — NU {oo} be an F,,-stopping time.

H, df- 1{T > n}, n >1, is predictable, since:

(3.4.6)
{T>n}={T<n-1}eF,1. —1

Let M,,n > 0, be an F,-sub- (resp. super-) martingale, and H,, n > 1, a predictable
sequence. Let us introduce the new sequence

(3.4.7) (H - M)n = mZ::I Hy (M, — My 1) (n>1),

=0 (n=0).
(H - M),, n>0, is a discrete version of what is called a stochastic integral fot H,dM,”.
First interpretation of (3.4.7) as “gambling winnings”
We consider a coin flipping game:

X, = 1 if the coin comes up Tails on the nth throw (n > 1) ,
= —1 if the coin comes up Heads on the nth throw (n > 1) .

In the nth period of time, the gambler plays with a stake of H,, SFr. If the coin shows
Tails, then he wins H,, SFr., and if the coin shows Heads, then he loses H,, SFr.

Let us consider the simple random walk with increments X;, i > 1:
M, =X +---+X, n>1),
=0 (n=0).

The information that is available to the player at time n (> 1) (right before playing) is
described through the o-algebra

Fp1=0(Xy,..., Xp) .

The hypothesis that H,,, n > 1, is a predictable sequence (H,, is a “strategy”) is then a
natural assumption: at each time, the player can only use the information that is available
to him in order to decide his next move.

The winnings of the player at time n are given by

348 WS HXi+HyXok -t Hy Xy =) Ho(My = M)
= (H ' M)n . m=1
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Second interpretation, in terms of financial mathematics

Assume M, is the value of a US dollar in Swiss francs on day n (we assume that M,, >0
holds). On day n, an investor possesses F;,, Swiss francs and H,, dollars. On day n = 0,
his entire fortune is invested in Swiss francs, i.e. Hy = 0.

His fortune on day n is then (in Swiss francs)
(3.4.9 Vo=F,+H, M, .

At the end of each day, the investor chooses a new distribution for his fortune V,, (in SFr.
and dollars): he decides, at the end of day n, to have H,,; as a new account balance in
dollars, having thus F,.q, H,1 as new balances in SFr and USD at the end of day n.
One has:

(3.4.10) Vo=F,+H, M,=F,.1+H,1 M,
(here, F,, <0or H, <0 are possible, and correspond to a loan on the associated account).

The choice of H, 1 as a new balance in dollars is made with the help of the information
that is available to the investor at the end of day n. Hence, we assume that

(3.4.11) H,, n>1, is predictable .
Note also that (3.4.9), (3.4.10) imply, for n > 0,
Vn—l—l - Vn = Hn+1 Mn+1 + Fn+1 - Hn+1 Mn - Fn+1

= n+1(Mn+l - Mn) .

Hence,
Vn = (Vn - Vn—l) + (Vn—l - Vn—Z) +.---+ (Vl - ‘/0) + Vb
(3.4.12) =Vo+ Y Hp(My — Myy)
m=1
= VO + (H : M)n .

In other words, Vy + (H - M),, is the fortune of the investor on day n (in SFr).
H,,n > 1, is then his investment strategy (in dollars).

A usual restriction on valid investment strategies is the following: only predictable
H,,n > 1, for which

(3.4.13) Vo+(H-M),>0 forall n >0
are allowed.

Theorem 3.22. Let X,,,n >0, be a super- (resp. sub-) martingale, and H, >0, n > 1,
a predictable sequence of random variables with H,, bounded for each n > 1. Then

(3.4.14) (H - X),, is a super- (resp. sub-) martingale .
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Proof. We assume that X, is a supermartingale (the case of a submartingale is handled
in an analogous way). For n > 0,

E[(H ! X)n+1 - (H ' X)n |]:n] = E[ Hn+1 (Xn+1 - Xn) |]:n]
N——
F..-measurable

= n+1 E[Xn—l—l_Xn’Jrn] < 0.
>0

<0 (X, is a supermartingale)

Consequently, (H - X),, n > 0, is a supermartingale. 0

Corollary 3.23. Let X,,,n > 0, be a martingale, and H,,n > 1, predictable, with H,
bounded for all n. Then (H - X), is a martingale.

Corollary 3.24. (Optional Stopping Theorem (first version))

Let X,,,n >0, be an F,- (resp. super-, resp. sub-) martingale, and N an F,-stopping
time. Then

(3.4.15) XNan is a (resp. super-, resp. sub-) martingale .

Proof. We consider only the case when X, is a supermartingale. Set H, = 1{N > n},
n > 1. Then, for n > 1,

(H : X)n = Z 1{N > m}(Xm - m—l) = Xnan — Xo

(3.4.16) m=1
M, = Xo, Yn > 0, is, of course, a martingale and
Xnan = (H - X), + M, is a supermartingale, thanks to (3.4.14) .

O

The next result gives a useful estimate for the possible fluctuations of a super- (resp.
sub-) martingale during a time interval [0, u]. We first need some notation.

Ny No N3 Ny Ns T

Fig. 3.3
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Consider ¢ < b in R, and X,,, n > 0, an F,-submartingale. We define an increasing

sequence of F,,-stopping times N; = N].X’[a’b} by

Ny = inf{m >0, X,, <a}
(M) =00 if{...}=0)

Ny = Inf{m > Nl, X, > b}

(No =0 if Ny =00 or {m > Ni(w), X;,(w) > b} =0)
(3.4.17)
Nop_1 = lnf{m > Nop_9, Xy < a}
(k>2)

(where Nog_1(w) = oo if Nog_o(w) =occor {...} =0)

Ny, = lnf{m > Nop_1, X > b}
(where Nog(w) = o0 if Nop_y =occor {...} =0)

The Nj,j > 1, are F,,-stopping times (see Example 3 above, (3.3.4)).

We define the number of upward crossings (“upcrossings™) of [a,b] during the time
interval [0,n] by

(3.4.18) U (W) =sup{k > 1, Nop(w) <n} (=0 if {...} =0).

Proposition 3.25. (Upcrossing Inequality)

Consider a submartingale X,,n > 0. Then for all a < b in R,

(3.4.19) (b—a) E[US] < B[(Xn —a)"] — B[(Xo —a)"] .

Proof. We set Y,, = (X,, —a)™. Thanks to (3.2.24), Y,, stays a submartingale. One has of
course

N.X,[a,b} — NY7 [0,b—al]

)

and UM =UpeY.

In other words, we can consider the upward crossings of [0, b — a] by the random variables
Y,,n > 0.

We consider the following sequence of random variables

1 on U {Ngk_l <m < N2k}7
(3.4.20) H,, = k21

0 otherwise.
Note that

stopping time
v
{Nop—1 <m < Nopp = {Nog—1 <m —1} N {Nyp <m —1}°€ Fp1.

stopping time
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Hence, H,, is a predictable sequence (the interpretation of H as an investment strategy is
the following: one buys 1 USD when the value of a dollar falls below a, and one sells this
dollar when its value goes above b). One has

profit at time n
{

(3.4.21) O—aU, < T (=Y Hulu—Yon)
m=1

since with each upward crossing of [0,b — a], one makes a profit > (b — a), and there
may also be an incomplete final upcrossing, which provides a positive contribution (since
Y, > 0). One has
Yn = YO+((1_H)’Y)n+(H’Y)n
(3.4.21)
>z YW+ (@-H) Y)+(b—-a)U,.
Using (3.4.14), we obtain
(3.4.22) E[(1-H) - Y),] >0.
Hence,
This proves (3.4.19). O

Remark 3.26. It is remarkable that for the opposite investment strategy K, =1 — H,,
one also has E[(K -Y),] and E[(K - X),] > 0. In this case, one keeps 1 USD until the
price falls below level a, one then sells this dollar, waits until it becomes more expensive
than b, and buys the dollar back, and so on. On average, one still makes a profit, if “the
price of a USD is a submartingale”. 1

Application of the upcrossing inequality:
Theorem 3.27. (Martingale Convergence Theorem,)

Let Xp,,m >0, be a submartingale with sup,,> E[X,[] < oo, then

the sequence X, (w) converges P-a.s.,

(3.4.23)
to some X (w) with E[|X|] < oo .

Proof. Consider a < b in R. Due to (3.4.19), one has, for n > 0,

(X, —a).] _ ELX1+]a

(3.4.24) E[U] < <
b—a b—a

<cst <.

If we define, analogously to (3.4.18), the total number of upward crossings of [a, ] by the
random variables X,, as

(3.4.25) Ul (w) = sup{k > 1, Nop(w) < oo},
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then one has U%’(w) = lim 1 U2"(w). Using (3.4.24), we obtain

monotone
convergence

E[U%"] lim 1+ E[U*"] < cst.

Hence, P[{U&;b < oo}] =1, and

(3.4.26) Pl N {U% <o} =1.
wheo
Note that
{limX, <a<b<limX,} C{U% = oo},
and that
{lim X,, <Tim X,,} = Ub {limX, <a<b<limX,}C Ub (U = o0}
a< a<
a,beQ a,beQ

has probability 0, thanks to (3.4.26). Hence, X, (w) converges P-a.s. to some X (w).
Furthermore,
E[Xo] < E[X,] = E[X;]- E[X,],

and thus
E[X,] < E[X,/]— E[Xo] < cst == sup E[|X,|] < oo .

Fatou’s lemma then implies
E[|X|] <lim B[|X,[] < o0
The convergence theorem thus follows. O
Corollary 3.28. Let X,, > 0 be a supermartingale, then
(3.4.27) X, converges P-a.s. to some X > 0, with E[X] < E[X¢] .

Proof. Y,, = —X,, is a submartingale with Y- = 0. Using the convergence theorem,
X,, — X P-a.s., and furthermore,

E[X] < lim E[X,] < E[Xo] .
Fatou supermartingale

O

Remark 3.29. In general, the hypotheses of the convergence theorem are not enough to
show that X,, converges to X in L'. For instance, we have seen (Example 3 above) that
M, = (%)Sn is a martingale when S,, is an asymmetric random walk on Z (P[X; = 1] = p,
PIX;=-1=1-p,p#3).

We have also seen that M,, — 0 P-a.s. But one has || M, |y = E[M,] = E[My] =1, so
M, does not converge to 0 in L', 1
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3.5 Some examples and applications

In this section, we want to discuss a few examples and applications of the optional stopping
theorem, and the convergence theorem.

A) Branching process: the Galton-Watson chain

The Galton-Watson chain is a model that describes the evolution of a population.

At time 0, there is one particle. This particle has then a certain number of descendants,
the first generation. The distribution of this number of descendants is called v (v is a
probability measure on N). Each particle of the first generation has then, independently
of the other ones, a number of descendants with distribution . These descendants form
the second generation, and so on. If a generation happens to have no descendants, then
the population dies out (the numbers of particles in the later generations are all equal to
0).

number of particles common ancestor  generation
1 o 0
3 1
6 2
6 3
7 4
11 5
Fig. 3.4

A natural question is then: how does the number of particles in the nth generation behave
asymptotically, for large n?
Mathematical construction of the model:

We consider independent v-distributed random variables £, i,n > 1. We define the
number of particles in the nth generation Z,,n > 0, as:

Z(] = 1,
(3.5.1) and Z,1 =&+ g+ i 2, >0,
=0 if Z,=0.

- Zn,n > 0, is the so-called Galton-Watson chain (we will see later that Z,,n > 0, is
a Markov chain).

- v is the distribution of the number of descendants for a single individual (sometimes
called o[sdring distribution).
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Fig. 3.5: An (atypical) simulation of a branching process
(o [spring distribution 3 &, + % 45)

We assume that
(3.5.2) v(0)#1land v(1) #1

(otherwise, the model is trivial), and that the mean number of descendants of a particle
satisfies

(3.5.3) m = i kv(k) < c0.
k=0
We define the filtration F,,n > 0, as
(3.5.4) Fo=1{0,Q}, Fo=0(,1<1<n,i>1).
Proposition 3.30.

Z
(3.5.5) M, def- —Z is an Fnp-martingale .
m

Proof. Thanks to (3.5.1), (3.5.3), Z, is F,,-measurable and integrable. One has

E[Zp|F] = E[Z Zni1 Y Zn = Kk} Fn

k=0
monotone [e%}

ConVCijCHCC Z E[Zn-l—l 1{Zn = k}’fn]
k=0

98



(here, we are actually using an analogue of the usual monotone convergence theorem, for
conditional expectations: the proof is left as an exercise).
Using (3.5.1), we find

NE

E[Zpa|Fa] =) BUET +- -+ Y 1{Z, =k} |F,)
N———

F..-measurable

B
Il
—

NE

UZ, =k} B[ + -+ 67 |7

independent of F,,

(3.5.6) =

k=1

=" mk-1{Z, =k} =mZ, .
k=1

Hence, M,,, n > 0, is a non-negative martingale. Thanks to (3.4.27), M, then converges
P-ass. to My, > 0, with E[M,] < 1= E[Mjy].

Subcritical case: 0 <m<1

M, =2 PRS00
mn

Note that Z, > 0 implies that M, > -1, and 1. 1 400 as n — oo, SO

(3.5.7) in the case 0 < m < 1, Z, = 0 for n large enough, P-a.s.

Critical case: m =1

N3 Z,(w) = M,(w) 28 M, €[0,00).

In other words,

(3.5.8) Zn(W) = My (w) € N for n large enough, P-a.s.

One also has, for £k > 1, ng > 0,

P[ D {ank‘}} ZP[{ZnOIk‘}ﬂnDn {&r+ .+ =k}

(3.5.9) independence

DO PlZ =k ] P+ -+ & =k =0

n>no

< 1 thanks to (3.5.2)

(because of (3.5.2) and m
value, and P[{T + -+ + &
P[M, > 1] =0, and thus

1, the distribution v cannot be concentrated on a single
k] = 1 is impossible). Thanks to (3.5.8), (3.5.9), one has

(3.5.10) in the case m = 1, Z,, = 0 for n large enough, P-a.s.
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Supercritical case: m =1

Consider the “generating function”
def. = k — T
(3.5.11) () L 37 sk u(k) ( = / s du(w)), se0,1].
k=0 N
The function ¢ is continuous, non-decreasing on [0, 1], and one has, for s € [0,1),

o'(s) = f: ksFlu(k), "(s) = f: k(k —1)s*2u(k) > 0.
k=1 k=2

Hence, !l_rpl ¢'(s) =m > 1 (and ¢'(0) = v(1)).

dA)=m>1

©(-)

v(0)

Fig. 3.6

Furthermore, ©'(1) =m > 1 and o(1) =1 == o(1 —¢) < 1— € for ¢ > 0 small. Moreover,
©(0) = v(0) > 0, so there exists a p € [0,1) with p = ©(p), and p is unique, since ¢ is
strictly convex (¢”(s) > 0 for s € (0, 1)).

Let us set 0, = P[Z, = 0], n > 0. Obviously, {Z, = 0} C {Z,4+1 = 0}, and 6, is
non-decreasing in n. Intuitively speaking, it is clear that conditionally on Z; = k > 1,
Zn+1 is distributed as the sum of k independent copies of Z,. This claim follows
by induction, using (3.5.1). Consequently,

(3.5.12) Ons1 = E[E[HZy11 =0} Z1]] = v(0) + ; v(k) 0

=p(0,), n>0.

Hence, 6y = 0 < 0; = v/(0) < p "B g+ and 6, < p.
We deduce convergence: 6, — 0y = P[Un>1{Zn = O}] < p, where 6., satisfies
0o = (). It follows that ;

(3.5.13) P[ U {2, = 0}} =pel0,1).

n>1
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To summarize, with a positive probability 1 — p, the population of particles never dies out,
and we also know that Zz — M, P-a.s.

Let us finally mention that Kesten and Stigum have shown that
/ z(log z) 4 v(dzr) < o0 = P[My >0l=1—p>0.
N
B) Asymmetric random walk

We keep the notations of Example 3 in Section 3.2: we denote the random walk by
Sn,n > 0 (with Sy = 0), and we suppose that

p=PX;=1=1-P[X;= 1] € (%1)

1-p p
y /N
. | .

oe

Fig. 3.7
Consider a,b > 1, and

(3.5.14) T=inf{n >0, S, = —a or b}
the exit time of S,, from (—a, b).

We know from (3.2.9) - (3.2.10) that h(S,,) is a martingale, where

(3.5.15) h(z) = (1%7)33, rez.

h(z)

Y

N o+ e
w + e
s~ e

Fig. 3.8
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The optional stopping theorem implies that:
1= E[I(S0)] = E[M(STrn)] and 0 < h(Stan) < h(—a)

l n — oo (dominated convergence)
E[h(ST)] = h(—a) P[ST = —a] + h(b) P[ST = b] .

It follows that 1 = h(—a) P[ST = —a] + h(b)(1 — P[ST = —a]), and thus

_ _1-n® _ 1- rb
PLor = —a = h(—a) —h() r—a—rb’
(3.5.16)
. h(-a)-1 _ ro-1
PLST == h(—a) — h(b)  r=a—7b’

with r = 122 € (0,1).

If we choose ¢ = 1, and let b — oo, we obtain
. 1—-p
(3517) P[T_l < OO] = |lim T P[ST = _1] =r=—"<1 ,
b—oo P

where T_; = inf{n >0, S,, = —1}.

C) Call options: the Cox Ross Rubinstein model

We keep the same notations as in Section 3.2: M,,n > 0, describes the price of a risky
asset on day n (for example, 1 USD in SFr). We assume that there exist 0 < a < b such
that

M
A}“ Y poefabl, 0<n, n+l<N,
n

(3.5.18)

and My = 1. Our space Q is simply Q = {a,b}" (N > 1).

A call option is a contract between A and B, that gives A the possibility to buy 1
USD from B at a stipulated price v on day N. Of course, in the case when My < v,
A does not exercise his right to buy. In the case when My > v, A buys 1 USD from
B at price v, and then he sells this USD at price My, making in this way a profit
of My — v. In other words, the contract for A corresponds to a profit potential of

(My —v)+.

Question: what is the “fair price” for such a contract? How much should A pay B on
day 0, so that the contract is fair? Before we handle this question, we will make a few
preliminary remarks.

For an initial fortune V; € R, and a valid (or admissible) investment strategy H,,
1 <n<N,i.e. apredictable sequence with

(3.5.19) Ww+(H-M), >0, 0<n<N,
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the fortune obtained on day N is equal to, thanks to (3.4.12):

(3.5.20) Vy = Vo + (H - M)y .

If 1 < a < b, then an initial fortune V;; = 0 allows one to obtain “without any risk” V > 0.
Indeed, by (3.5.18), if we choose H,, =1, 1 <n < N, then Viy = > (M,, — M,,_1) >0
>0
(and H,, is valid).
Analogously, if a < b < 1, then H, = —1 is a valid investment strategy, and

n
Vo= (My1—My)>0, 1<n<N.
>0

m=1
In both cases, one can obtain safely a positive fortune on day N, without investing any
capital. One speaks here of arbitrage.

On the contrary, if a < 1 < b, a real risk subsists (theoretically). We can define a
(purely artificial) probability measure @ on Q, such that under @, M,, 0 <n < N, is a
martingale: we simply choose D,,, 1 < n < N, independent with distribution v, where

b—-1 l1-a
= &1+
b—a b—a

(3.5.21) v Op (it satisfies the condition /xdu(m) =1).

In principle, this probability measure @) has nothing to do with the description of the real
statistical properties of M,,. It is a “purely mathematical construction”.

In parallel, we have a description of M, 0 <n < N: we write P for the corresponding
probability measure (one should be careful not to confuse P and Q).

Due to (3.4.14), (H - M),, is a @-martingale for each investment strategy H,, 1 <n <
N. It follows that
Vo= E9[Vo+ (H - M)y] = E9[VA] .

Hence, if we find (Vp, H) such that Vy = (My — v),, then Vy = EQ[(My — v)4] as well.
In other words: in order to obtain (My — v). as a capital on day N through (Vy, H), the
initial fortune must be equal to EC[(My — v)4].

Proposition 3.31. There exists a unique valid investment strategy H with initial fortune
Vo = EQ[(My — v)4] such that

(3.5.22) EQ[(My —v)4] + (H M)y =My —v)+ .

Proof.

Uniqueness: Define the martingale

(3.5.23) Z,=E9[(My —v)+|F,], 0<n<N.

Then (using D,, = M,,/M,_1),

N
anEQKMn- I1 Dk—v> |fn].
k=n+1 +
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Now, Hg:nﬂ Dy, is independent of F,,, and one has
(3.5.24) Zpn = c(n, My,) ,
where

c(n,z) = EQ[(QE ﬁ Dy, —’U)+]

k=n+1
(3.5.25)
N—n

= <N N ”) v(a) v)N =" (wad BN ),
=0 7

Using (3.5.24), we obtain:

Hn(Mn - Mn—l) = Zn - Zn—l = C(TL, Mn) - C(Tl - 17 Mn—l)
== Hn Mn—l(Dn - 1) = C(TL, Mn—l Dn) - C(’I’L - 1>Mn—1) .

Since H, and M, _, are F,,_i-measurable, and do not depend on D,,

Hn Mn—l(b - 1) = C(TL, Mn—l b) - C(TL - 17 Mn—l)
(3.5.26)
Hn Mn—l(a - 1) = C(Tl, Mn—l a) - C(TL - 17 Mn—l)
and we obtain, by subtraction,

C(TL, Mn—l b) - C(TL, Mn—l a)
(b - a)Mn—l ’

(3.5.27) H, = 1<n<N.

This proves unigueness.

Existence:

We define the predictable sequence H,, 1 < n < N, via (3.5.27). Then, forn € {1,...

®-1)
(b—a)

= (@) (e(n, My—1 8) — en, M,,_1 0))

(b - 1)Hn Mn—l = (C(’I’L, Mn—l b) - C(”» Mn—l a))

= c(n, Mp—1b) — v(b) c(n, M1 b) — v(a) c(n, My a)

= ¢(n, M,,_1 b) — E@ [ e(n, My) | Fn-i]
I

= C(TL, Mn—l b) - Zn—l

= C(TL, My, b) - C(TL - 17 Mn—l) .
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Analogously,

(a—1)
(b—a)

= c(n, Myp—1a) —v(b) c(n, M1 b) — v(a) c(n, My a)

(a - 1)Hn Mn—l =

(C(TL, Mn—l b) - C("I’L, Mn—l CL))

=cn,My_1a)—cn —1, M, 1) .
In other words, we obtain that (3.5.26) holds, so
H,(M, — M,_1) =2, — Zpn_1,
and Vo +(H -M),=2,>0,0<n<N, since Vp =2.
Hence, H is valid, and (3.5.22) holds. O
Before we come back to the question of a “fair price” for the call option, it is of

interest to describe explicitly the investment strategy determined in (3.5.22) - (3.5.27) in
the special case N = 1.

Special case N = 1:
We have ¢(1,x) = (x — v)4, and thanks to (3.5.27) and M, =1,

Hy=((b—v)y —(@a—v);)/(b—a),
Vo= (@ - a)b—0)s + (b~ D(a—v)1) /6 — ).

e In the case v > b, the profit potential of the call option is (M; — v), = 0 (the right
to buy is never exercised!), and H; =V, = 0.

(3.5.28)

e In the case a > v, the profit potential of the call option is (M; —v)L = M — v (the
right to buy is always exercised), Vo =1 — v, H; = 1 (one buys 1 USD “at the end

of day 07).
e In the case a < v < b, the right to buy is exercised only part of the time. One has
1— —
Vo= =2 —v), H= =Y (<1),
b—a b—a

and (3.5.22) is simply

b—v b—w
+

b—a b-—a

(M —v)+ =(1—a) (Ml_:‘l‘-)-

Mo Il

Interpretation of the proposition:

With an initial fortune of V) = EQ[(My —v).], one can always achieve the profit potential
(Mpy — v)4 of the call option on day N, by using the investment strategy (3.5.27) (“exact
replication strategy”). It follows that V; = EQ[(My — v)4] can be interpreted as the fair
price of the call option.

In a certain sense, V; is the price of “total safety”, the statistical description P of the
model does not play any role here!
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3.6 Doob’s inequality, convergence in L?

In this section, we would like to discuss the convergence properties of martingales in L?
spaces. We start with a generalization of Kolmogorov’s inequality (see (1.4.4)): let X; be
independent random variables with E[X?] < oo, E[X;] = 0, then for all u > 0,

1
>l < = .
P[lrgn%xn|5k| >u] < » Var(S,)

Doob’s inequality: Let X,,,m >0, be a submartingale, and A\ > 0. Then

(3.6.1) AP(A) < E[X,14] < E[X,]],

where A = {Ognﬁ?%(n Xm > A}

Proof. Define T' = inf{m > 0,X,, > A\}. Then H,, = 1{T < n}, n > 1, is a predictable

sequence with values in [0,1]. Thanks to (3.4.14), (H - X),, n > 0, is a submartingale.
We have

(H X)n=> YT <m}(Xm — Xm-1) = Xn — Xgpn, n >0,
m=1
and we obtain in this way, for n > 0,

(3.6.2) E[(H - X),] = E[X,] - E[XTAn] > 0.

Note that on A, Xpa, > A, and on A¢, T'An =n. Using (3.6.2), we obtain
E[Xn 1A] + E[Xn 1AC] > E[XT/\n 1A] +E[Xn 1AC] .
————
>AP[A]
It follows that
AP[A] < E[X,, 14] < E[X;]. 0
Remark 3.32.

e (3.6.1) is a maximal inequality: it allows one to estimate maxo<,<n, X, with the
help of the final value X,,.

e Kolmogorov’s inequality is a consequence of (3.6.1): simply choose X,, = S2, which
is a submartingale, and A\ = 2 in (3.6.1). -
Doob’s inequality allows us to investigate the convergence properties of martin-
gales in LP,p > 1.

Proposition 3.33. Let X,, be a submartingale, and p € (1,00). Set X, = maé X,

0<m<n
then
— p
(3.6.3) [ X0, < (ﬂ) 1 Xall,

(i.e. X, € LP == X,, € L? and (3.6.3)).
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Corollary 3.34. (p > 1). Let X, be a martingale with sup, E[|X,[P] < oco. Then

Xn = Xoo P-a.s. and in LP. Furthermore, ||sup |X,| Hp < B sup [ X,
n n

Proof of Corollary 8.34. Thanks to the convergence theorem (3.4.23), X,, —» X, P-as.
Furthermore, | X,,| is a submartingale, and using (3.6.3), one has (monotone convergence)

o (suprxal)') = o[ s )] =t (5 2)" Bl <
It follows from Lebesgue’s theorem that
Iign E[|Xo — X,[P] =0.

<2P sup | Xom|P
m>0 " I:I

Proof of Proposition 3.33. Without loss of generality, we assume that X, € L, and,
thanks to (3.2.24), that X,, = X, and (3.2.23) that X,,, € L? for 0 < m < n. Then one
has

Xn
E[(X,)] = E[ /O p)\p_ld)\]

= E[/OO pNPTIX, > )\}d)\]

0
Fubini / pAP L P[X, > A dA
0
We know that for A > 0, A P[X,, > )] < E[X,, 1{X,, > A\}] holds (using (3.6.1)). Hence,
BICTY) < [ pV2ELG, 1(T, 2 AN
0
Fubini ( p ) E[Xn

L) BX(Ky

X,
(- 1)AP—2dA}
0

Holder ( P

R 1_l
< (52g) 1%l - BICRP

Consequently, either we have E[(X,)"] = 0, or we can divide the previous inequality by
X, |57, In both cases, it follows that

=va p
Xoll, < (——) |1 Xnll,-
[ Xnllp < (p_ 1) [ Xnllp
Our claim (3.6.3) follows. 1

The following theorem and the subsequent proposition describe the convergence prop-
erties of martingales in LP, p > 1.
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Theorem 3.35. (1 < p < 00)

Let X,,,n >0, be an (F,)-martingale. The following properties are equivalent:

@64 sup X, < o0,
n>0
(3.6.5) E[sup | X,|P] < oo,
n>0
(3.6.6) X, converges in LP,
(3.6.7) there exists X € LP such that for alln >0, X,, = E[X | ]:n] .

Proof. (3.6.4) == (3.6.5) and (3.6.5) == (3.6.6): see corollary below (3.6.3).
(3.6.6) == (3.6.7): choose 0 <n <m, and A € F,, then:
E[X,,14] = E[X,, 14].
For m — oo, X,,, converges in LP to X,,. Hence,
(3.6.8) E[Xs14] = E[X, 14], for all A € F,,

and (P-a.s.)
EXx|F]l= Xy, n>0.

This proves (3.6.7).

(3.6.7) = (3.6.4): see (3.1.23). O

The connection between X in (3.6.7) and X, is explained in the next proposition.
Proposition 3.36. (1 < p < o)
In the case when X, = E[X | F,], n > 0, with X € LP, then

X, converges P-a.s. and in LP to X,

where X = E[X ].7-"00] P-a.s., with Foo = a( U fn) )
n>0

(3.6.9)

Proof. We already know that X,, converges P-a.s. and in LP. Using (3.6.8), one also has,
form>0and A € F,,

E[Xo 14] = E[X, 14] = E[E[X | Fo]14] = E[X 14].
Using Dynkin’s lemma (1.3.9), it follows that

BlXo 14l = EIX 14], forall A€ o( U F) = Fuo,
n>0

and (3.6.9) is thus proved. O

108



Example 3.37. Let us consider the Galton-Watson chain. We keep the same notations
as in Section 3.5, and we also assume that the distribution v of the number of descendants
has a finite second moment, i.e. > 0° k2 v(k) < oo, m =Y 22, kv (k).

We consider the martingale M, = Z,/m"™. The following computations show (by
induction) that M,, actually lies in L?:

E[(M, — My_1)?|Fpy] = E[(ﬁ _ )2\J-“n_1]

mnr mn—l
= m 2" E(Zn — m Zn—1)?Fr—1]

monotone o
OGBSy —2n Z E[(Zn —m Zn1)*1{Zn—1 = k}|Fp_1]
k=0
(3.6.10) = w2y B[+ —mk)? 1{Zy 1 =k} | Fd]
=0 N e’ S—

independent of F,,_1 F,._1-measurable

= w2y YZy o =k} B[+ + & - mk)?]
= =& —m) e )2

= w2y ko UYZna =k} =m0 Z, = mm e M,y
k=0
where o2 = Var(¢), and furthermore, one has (this computation holds for a general mar-
tingale in L?)
E[M3|]:n—1] = E[Myzl—l + Z(Mn - Mn—l) Mn—l + (Mn - Mn—1)2|]:n—1]

= Mn2—1 + 2Mn—1 E[(Mn - Mn—l)’fn—l]
Il
(3611) 0 (martingale)

+ E[(Mn - Mn—l)z‘fn—l]
= M72L—1 + E[(Mn - Mn—1)2|]:n—1] .

Using (3.6.10), we obtain

o2

BMIF] = My + o

n

Mn—la ’I’LZ].

Consequently,

0'2 inducti - 1
E[M;]= E[M;_]+ T HEEEY EIMG] + o Z s
(3.6.12) - h=1
=1+0? Z m=*.
k=2

In the supercritical case m > 1, we obtain from (3.6.12)

corollar _
sup E[M2] < 0o == M, P%E' My >0, with E[Ms]=1= E[M,].

109



In particular, M, is not P-a.s. =0, and one has

Zn ]
(3.6.13) (= M,) Pas .

Of course, U,,>1{Zn = 0} C {Mo = 0}. One can show (see Durrett, ex. 5.3.12) that

P-as.
U {Z, =0} 2% {M, =0}
n>1
(i.e. the symmetric di [erknce between the two sides has P-measure zero). In other words:

in the supercritical case, either the population dies out, or it grows in a geometric way,
like m”™, P-a.s. 1

We would like now to examine the convergence properties of martingales in L1,
Contrary to the case p € (1, 00), there exist martingales M,,,n > 0, that converge in L'
without having sup,, |M,| € L' (see exercises). The key concept here is a property called
uniform integrability.

Definition 3.38. A family of random wvariables X;, i € I, on (Q,A, P) is said to be
uniformly integrable if

In particular, a finite family of L' random variables is uniformly integrable (the proof
is left as an exercise).

Example 3.39. Let X;,i € I, be a family of random variables on (Q, A, P) with sup;
E[p(1X;])] = A < oo, where ¢(-): Ry — Ry is measurable, and lim, .o ¢(u)/u = +oo.
Then X;,i € I, is uniformly integrable. Indeed, choose ¢ > 0, then there exists M > 0
such that

(3.6.15) inf £ 5 4
u>M u €

Hence, for ¢ € I,

€ (| X;])
E[|X,|1{|X;| > M}] g—E[ | ‘| X 1] X > M)
A | X
< 5 Ble(XiD] <.
(3.6.14) thus follows. 1

A further example of uniformly integrable random variables is provided by the following
result.

Proposition 3.40. Consider X € LY(Q, A, P). The family
(3.6.16) {E[X|]:]; F sub-c-algebra of .A}

is uniformly integrable.
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Proof. We first note that

(3.6.17) lim sup  E[|X]14] =0.
=0 AcA,P[A]<n

Indeed, for M > 0,
E[|X|14] < E[|X|1{|X| > M}] + M P[A],
N—_——

<Mn

and Lebesgue’s theorem implies N}im E[|X]1{|X| > M}] =0, hence (3.6.17) follows by
—00
choosing M = n~1/2,
Moreover, one has, for F a sub-c-algebra of A, and M > 0,
Jensen
E“E[X|}‘]| 1| ELX|F]| > M}} < E[E[|X| \F] 1{E[|X||F] > M}]
eF

= B[IX|1{ENX||F] > M}]

and
Chebyshev 1 EllX
PIEIX||F1>M] < < BIE]X||F]) = % .
If we choose n = —E[J‘V)f”, our claim (3.6.16) follows thanks to (3.6.17). n

We will need the following proposition:

Proposition 3.41. Let X,,,n > 0, and X be random variables such that X,, — X P-a.s.
The following three properties are then equivalent:

(3.6.18) {Xn,n > 0} is uniformly integrable ,

(3.6.19) x, 2 x,

(3.6.20) (00 >) E[|X|]] — E[|X]] <oo.
n—oo

Proof. (3.6.18) = (3.6.19): for M > 0, one has
E[|X, — X|] < E[|X, — X|1{|X,| < M,|X| < M}]

(3.6.21)
+3E[|X,| 1{|X,| > M} +3E[|X|1{|X] > M}] .

Consider e € (0,1). Thanks to (3.6.18), we can choose M, such that
(3.6.22) M > My == sup E[|X,|1{|X,| > M}] < g .
Fatou’s lemma implies

E[IX|] <lim E[|X,|] < 5+ Mo < My+1.

N ™
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We can thus choose M > 0 such that the sum of the last two terms in (3.6.21) is smaller
than e uniformly in n. It follows that

lim E[|X, — X|] <lim E[|X,, — X|1{|X,,| < M, |X| < M}] +¢
| Lebesgue
0
=e¢, €>0 arbitrary .
(3.6.19) == (3.6.20): this follows from

|E[1Xal] - E[IX]]| < B[|X, - X|] .

(3.6.20) = (3.6.18): take ¢ > 0, and define, for M > 1, the continuous function ;(.)
satisfying
x for z € [0, M — 1],

Yam(xr) =4 0 for z > M,
linear for x € [M — 1, M].

()

M-1 M

Fig. 3.9

Choose M such that 0 < E[|X|] — E[¢a,(|X])] < §. Lebesgue’s theorem implies that
(3.6.23) lim B[t (1X0])] = B [tar (| X )]
Then,

i B(X, 1{1X0] > Mo)] < Tim (B[1Xa] — E[var(Xa])])

(3.6.24) = lim E[|X,[] —lim E[¢,(1Xn])]

GO0 prix )] - Blea(X))] <

NI &
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X, € L' for all n, and thanks to (3.6.24) and Lebesgue’s theorem, we can choose M > M
such that sup,, E[|X,|1{|X,| > M}] <e. O

As an application of the notion of uniform integrability, we have the following theorem

for martingales:

Theorem 3.42. Let M,,n > 0, be a martingale. The following three properties are
equivalent:

(3.6.25) {M,,n >0} is uniformly integrable ,
(3.6.26) M, converges in L',
(3.6.27) there exists X € LY(Q, A, P) with M,, = E[X|F,] for alln > 0.

Proof. (3.6.25) == (3.6.26): Thanks to (3.6.25), one has sup,, E[|M,|]] < oo (see for
instance (3.6.22)). Hence, M,, — M., P-a.s. (convergence theorem), and (3.6.26) follows,
using (3.6.19).

(3.6.26) = (3.6.27): Consider n < m, and A € F,,. One has:

EIM, 14] = B[My, 14] %237 B[, 14],
from which it follows that
(3.6.28) M, = E[My|F,], n>0.
(3.6.27) = (3.6.25): this follows from (3.6.16). O

In a very similar way to (3.6.9), one has the following proposition:

Proposition 3.43. Assume that M,, = E[X | F,], n > 0, with X € L'. One has

M,, converges P-a.s. and in L' to M,

(3.6.29) and M, = E[X | Fool, where Foo = U( U fn) .
n>0

Proof. same as for (3.6.9). O

Example 3.44. (Radon-Nikodym derivative)

We keep the same notations as in Section 4.2, Example 4). We assume that
(3.6.30) u<<v on (Q,F),

and we define

TE
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then condition (3.2.12) is automatically satisfied (u, < v, on (Q, F,,)). Furthermore (see
the proof of existence for the conditional expectation),

(3.6.31) M, f# = BY[X|F.], n>0.
Un

Using (3.6.29), one has

M, ”%f‘ X (since ]:20( U }'m>>

m>0

In the case when (3.2.12) holds, but (3.6.30) is not satisfied, one can show that M, as

X e LYQ, F,v), and

(3.6.32) VA € F, ﬂ(A):/ Xdy+,u(Aﬁ{WMn=oo}),
A n

set with v-measure equal to 0

see Durrett, p.242 (it uses the Radon-Nikodym decomposition of p with respect to v).
Of course, M,, does not converge in L' to X when (3.6.30) is not satisfied (otherwise, we
would have = X - v = p < v!). 1
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4 Random walks, Markov chains

4.1 Random walks

In this section, we study random walks, which are paths
(4.1.1) S0,51,92,...,50,...,

where So =0, S, = X; +---+ X,,, n > 1, and the X;, i > 1, are independent, identically
distributed random variables (possibly with values in R%).

Fig 4.1

Unlike in previous chapters, we are no longer interested in the behavior of the distribution

of S, for large n, but rather in analyzing the path (S,(w)), . for a “typical” w in Q.

Here are some examples of questions we are interested in:

- Case d = 1: does S, (w) converge, for a typical w, to +0o0 or —co? Could the path
display a diLerent behavior, and how?

- Case d > 1: does S,,(w) come back infinitely often near 0, for a typical w (this is
called the recurrence property)?

The Law of Large Numbers already provides a partial answer to such questions, at least
in certain cases.

Example 4.1. We assume that the X;, ¢ > 1, have distribution

for some fixed parameter p € (0,1). In the case p = 1, (S,(w))
metric) simple random walk on Z.

nen 18 called the (sym-
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In the case p # % one has E[X;]=1-p—1-(1—p) =2p—1#0, and the Law of
Large Numbers readily implies that

Sn@) 5,1 pas..

n n—00

(4.1.3)

so in particular

Sp(W) —s +oo P-as.  ifp> 1,

n—00 2

and S,(w) — —oo P-as. if p< E
n—00 2

The case p = % (simple random walk) is somewhat less clear. In this case, (4.1.3) does
not give any direct answer to the question “does S,, converge to +oo or —co?”.

We will see that for p = 1, one has:

lim S,,(w) = +o00, lim S,(w) = —o0,

n

and S, (w) visits 0 infinitely often, P-a.s. (i.e. for a typical w). 1

Random walks play a particularly important role in probability theory, they constitute
fundamental examples of Markov chains and (in the case when E[|X;|] < oo, and E[X;] =
0) martingales.

4.1.1 Hewitt-Savage 0-1 Law

We now prove a 0-1 law for random walks, the Hewitt-Savage 0-1 law. In order to present
it, we will construct the independent random variables X1,...,X,,,... on a specific
probability space. We introduce

(4.1.9) Q=RMN = {(wy,ws,...), w; € R},

and we equip Q with the product o-algebra

A = the smallest s-algebra containing all sets of the form
(4.1.5) By X XBpxRx--xRx- ={w:w; € B, 1<i<m},
with m arbitrary, B; € B(R) (1 <i<m).

We consider on (Q,.A) the canonical coordinate functions X;,i > 1:

(4.1.6) Xi(w) = w; .

The X; are then random variables on (€2, .A4), since:

{X;i € B}=RXRx---xXB;xRx--+xRx---.
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Let p be a probability measure on (R, B(R)), and let us consider, on any probability space
(Q A P) some mdependent random variables X;, i > 1, with distribution w. We can
then define the map @ from Qto Q:

DeQ — O@) = (X1(@), X2(@),...) € Q=RM
(4.1.7) -
“the sequence of values X;(w)”

® is measurable from (Q, 4) to (Q, A4) since
O !By x---xByxRx---xRx---)= () {)N(Z-GBi}GJZ,
i=1

and consequently, using the same argument as in Chapter 1, (1.1.7), one has: ®~1(4) € A
for all A € A.

As a probability measure on (Q, .4), we consider the image measure of P under ®:
(4.1.8) P=0oP.
Then one has, for all m > 1, By,..., B, € B(R),

P[By X+ XBpXxRx---xRx---]

UL prx, € By,.... X,1 € Bu]

(4.1.9)

P[q)_l(BlX"'XBmXRX"'XRX"')]
= ﬁ|:01 {Xz S Bz}:| = l:ll’u(BZ) )
Note that the family of all sets of the form By x --- X B, xR x --- x R x --- with m > 1,

B; € B(R), 1 <i < m, forms a w-system, and this w-system generates A by definition.

As a consequence of (4.1.9), we see that P is uniquely determined by W, and that
the Xj,i > 1, on (Q, A, P) are independent random variables with distribution L.

Notation: The standard notation for A in (4.1.5) and P in (4.1.8) is
A=Q B(R) and P=Q pu.

(4.1.10) = i?

“infinite product probability measure”
(Q, A, P) is called “infinite product probability space”.
Remark 4.2.

1) In the construction above, one can of course replace the space (R, B(R)) by (R?, B(R?)),
when the distribution y is d-dimensional.

2) If we consider functions of the path, such as lim §n or lim 5—7; their distributions do
not depend on the probability space (Q, A, P) on which the independent random variables
X, with distribution p are considered. Indeed,

(4.1.11) X,@)=X,00@), i >1 = S,(@)=S,0d®),
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and thus, for example, Tim S,, = Tim S,, o ®. Using P = ® o P, it follows that Tim S, and
lim S,, have the same distribution.

Let . be a distribution on R (or R%), and (Q, A, P) be the infinite product probability
space, as above. We now introduce the symmetric events of A. 1

Definition 4.3. A € A is said to be symmetric if for all m > 1 and o € S, (dgf' set of

all permutations of {1,...,m}), one has:

w= (W1, w2, ,Wpy,...) € A<=

def.
ow = (wa(l)a <y Wo(m)y Wm+1, Wm+2, - - ) €A

(4.1.12)

(in other words: A =inverse of A under o,
1
(Notation) (c.)~(A)) .

It is clear from the definition that the family of all symmetric events P forms a
sub-0-algebra of A, since one has:

@)@ =9,  (0.)7'AY) = ((0.)'(4))° forall Ac A,

and (a_)_1<UAi> = J @) '(4) forall A;eA i>1.

i>1 i>1

We now present a few examples of symmetric events.

Example 4.4.
1) Let S, = X3 +---+ X, n>1 (see (4.1.6)), in the case d =1, and B € B(R). Then

(4.1.13) limsup{S, € B} ={w € Q: S,(w) € B infinitely often}
n>1
is symmetric, since for o € S, w = (w1, wa,...), and n > m,

Sn(a_w) = Wy (1) +"'+wo(m) +wWpa1 + ot wy
(4.1.14)

= Sn(w) .

2) Thanks to (4.1.14), one has, for w € Q and o € S,,,,

(4.1.15) limsup S, (w) = limsup S, (c.w),

and for B € B([—o0, +0)),

(4.1.16) {limsup S,, € B} ¢ P
(in other words, limsup S,, is measurable from (Q, P) to ([—oo, +o¢], B([—oc, +0]))).
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3) Let Foo = NMp>10(X,, Xpt1,...) be the asymptotic o-algebra associated with the
random variables X;. Then

(4.1.17) Fu CP,

since for o € S,,,, one has oo C Frni1 = 0(Xma1, Xmao,...), and for B € Fp, 14,
w€EB<<=o w= (wa(l),...,wa(m),wm+1,wm+2,...) €B

“B does not depend on the first m components”.
Note also that ., [P] since

A% im inf{S, =0} = {w:S,(w) =0 for n large enough} € P,

thanks to (4.1.15), but A ¢ 7, = (X3, X3,...), since
w=(0,0,0,...) ¢ A but (1,0,0,...)¢ A
“A depends on the first component w; of w”. 1

In the case of an infinite product probability space (Q, A, P), the Hewitt-Savage 0-1
law generalizes Kolmogorov’s 0-1 law:

Theorem 4.5. (Hewitt-Savage 0-1 law) Let d > 1,

(4.1.18) for A € P, one has either P(A) =0 or 1.

We first discuss an application of the Hewitt-Savage 0-1 law, to analyze the asymptotic
behavior of the 1-dimensional random walk.

Theorem 4.6. Let S,,n > 0, be a random walk on R. Then, one of the following four
possibilities holds:

a) vyn>0, 5,=0 P-a.s.,

b) lim S, =+c0 P-a.s.,

n—oo
(4.1.19)
c) lim S, =-o00 P-a.s.,
n—oo
d) lim S, =—-o00 and lim S, =400 P-a.s.
n—00 n—00

Proof. 1t follows from (4.1.16) that lim S,, is P-measurable, and thanks to (4.1.18), there
exists one ¢ € [—oo, +o0] for which

(4.1.20) limS,=c  P-as.
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(c is simply the same as inf{a € [~oo,+oc]; P[lim S, < a] = 1}). Note that S, =
X; + S/, where S/, = Xo+---+ X, 11, n > 1, is also a random walk, with the same
distribution as S,,. Consequently (see Remark 2 above),

(4.1.21) P25 Tm Sp =X, +Tim S, P25 X, + ¢
n

If we have ¢ € R, then

P-a.s. P-a.s.
c = X + c — X = 0
(4.1.22) ! !

= VYn>0 5,=0 == a) holds.

In the case when ¢ = +o0, then in particular X is not P-a.s. = 0. We can argue similarly

with lim, S,, and find that lim, S, 72% ¢ € [~o0, +oc]. From the condition that X is
not P-a.s. =0, it follows, as in (4.1.22), that ¢’ ¢ R, i.e. ¢ = +o0.

In other words: if ¢ € {+o00, —oo}, then one also has ¢ € {+oco0, —oc}. It follows that
we are in one of cases b), c), or d). O

Example 4.7.

1) X3 and —X; have the same distribution, and X; is not P-a.s. = 0. Then
—Sp,n>1,and S,,n > 1, are two random walks with the same distribution. We have

P—é.s. P-a.s.

c € {+o00,—0c0}, and lim(-S,) =" —limS,.

n

lim S,
n

P-g.s.

Hence, lim,, S, —lim,, S, = —¢ € {+00,—00} == ¢ = +00, and (4.1.19) d)

holds.
In particular, this holds for the simple random walk on Z.

2) Xy =1+ XlE,I where XlDis Cauchy distributed, that is, ,uXi(dw = % H—lxzdw.
Note that F[|X;|] = oo, so we are not allowed to use the Law of Large Numbers!

Define S;, = X| +---+ X, then % is Cauchy distributed as well, since

independence t
cence (2
n

0 ) =em{—n|I[} =ex0.

characteristic function

Hence, one has

)

!
PIS, > 0] > PIS, > 0= P[> 0] =
n
S /
and  P[S, <0] = P[; < —1} = P[X| < -1]>0.
(4.1.19) b) and c) are not possible: indeed, in case b),

S, P-_a.)s. +oo == P[Sn < 0] Lebesgue 0’

n—o0
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which is a contradiction, and similarly, in case c),

S, 728 oo = P[S,, > 0] — 0.

Hence, (4.1.19) d) holds:
(4.1.23) Sy, is of the same type d) as 5!

Let us now turn to the proof of the Hewitt-Savage 0-1 law.
Proof. Consider a symmetric event A € P, it su [ced to show that
(4.1.24) P(A)? = P(A),

since then it would follow that P(A4) = 0 or 1. We need the following approximation
result.

Lemma 4.8. Let B € A, then one has:
(4.1.25) for any € > 0, there exists C € |J o(Xy,...,X,) with E[|1g —1¢]] < €.

n>1

Proof. Let D be the class of all B € A for which (4.1.25) is satisfied. Then D is a Dynkin
system:

e Q c Dis clear.

e ForBeDande>0,let C e, 0(X1,...,X,) be asin (4.1.25). Then one has
E[|1ge —1c<|]] = E[|15 — 1¢|] < €. Hence, B¢ € D.

e Let B; € D be pairwise disjoint events, ¢ > 0, and C; € Un21a(X1, ..., Xy) with
Elllp, —1¢,1 < 551

Note that for m > 1, one has

4126 1 m - 1 m S 1 T 102 ;
( ) O e ; 11p !

since z € Lnj B; and x ¢ Lnj C; = 35 € {1,...,m} with = € B;\C}, and analogously,
. ~

i=1 1=

)

:L'GU C’iandxgé
=1

)

Bi == 3k {1,...,m} with = € C},\ By.
=1

Let us choose m such that 37 | P(B;) < 5. Then one has, thanks to (4.1.26),

E[‘loo —1n Hé PBi+ Elllr — 1.
iL=JlBi iL=JlCi i:%;l-l [ ] ZZ:; [| b CZ”

o
U B, eD.
i=1

1=

€ o1
= §+€Z 5T S €=
=1
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Clearly, D contains the w-system Un21 o(Xy,...,X,). Dynkin’s lemma (1.3.9) thus im-

plies that D = A(= o(U,,> 0(X1, ..., X4))). This establishes (4.1.25).

Let € > 0. Using (4.1.25), there exist n > 1 and Ae o(Xq,...,X,) such that
Elllsa 151 <e
Let o be the permutation on {1,...,2n} defined by
je{l,...,n} — o(j)=j+n,
je{n+1....2n} — o()=j—n.

n+1

Fig. 4.2

Note that the image of P = ®i21 u under o, is exactly P, since

Pl(c.) " (By x -+ X By, X -+- X Bjy x Rx ...R)]

= P[Xa(l) € By,... 7XO'(27L) € Boy, X2n+1 S B2n+1, cey, X € Bm]
independence ™

= Hl 1(Bs) -
Then,
€e>FE[|la—14]] = E[[la—14 00 ]
(4.1.27) =E[laco. —1z00[] = BllLa =1, )] -

N /!

A is symmetric

= def.

O

Now, it follows from the construction of o, and A € o(X1, ..., X,,), that B = (o71)(4) €
o(Xni1,---,Xo,). Hence, A and B are independent. The triangle inequality thus implies

that
(4.1.28) |P(A) — P(A)? — (P(A) — P(4) P(B))|

h < 2|P(A) — P(A)| + |P(A) — P(B)| < 3¢,
and

independence

P(A) — P(A) P(B) P(4) — P(ANB).
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However,
1a

IN

1515 — 1)+ 141z — 14)|
‘1;1'— 1A’ =+ ’1§ — 1A‘ .

1305 —1a-1a|

IN

It follows from (4.1.27) that
|P(A) — P(AN B)| < 3¢
(triangle inequality). Using (4.1.28), we finally obtain
|P(A) — P(A)?| < 3¢ + 3¢ = 6e,

where € > 0 is arbitrary. This completes the proof of (4.1.24). O

4.1.2 Strong Markov property, Wald’s identity

Stopping times play a particularly important role when studying random walks. As we
now explain, if N is a finite stopping time, then the “random walk after time N, i.e.
(SN+n — SN)n>0, has the same distribution as the original random walk (S,,),>0, and it is
independent of Fy. This property satisfied by the random walk (S,,),>¢ is known as the
strong Markov property.

SNtn — SN
/
simple random walk S,
1
\—/_//’/
0t e e L
/ N(w)
Fig. 4.3

Let us consider X;,7 > 1, some independent random variables on (Q, A, P) with distri-
bution p. In what follows, we will always consider the natural filtration (F,), defined

by
Fo ={¢,Q} “trivial o-algebra”,
(4.1.29)
fn = U(X17X27"'7Xn)7 n 2 1.
Theorem 4.9. Let N be an (F,)-stopping time such that P(N < oo) > 0, then

(4.1.30) on {N < oo}, the random variables Xnipn, n > 1,
1. are independent, p-distributed, and independent of Fi .
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In other words, the random variables Xnin, n > 1, on the probability space

«7;3;0 space” p . w . , .
<{ < oo}, AN{N < oo}, Q() = PIN < o0] | [n{ <OO}]>

are independent, u-distributed random variables, which are independent of FxN{N < oo}.
Hence,

on {N < oo}, (SN+n — SN)n>0 is independent of Fn, and

(4.1.31) _ o
it possesses the same distribution as the random walk (Sy)n>0 -

Proof. (4.1.31) follows directly from (4.1.30): indeed, on {N < oo}, one has Sy,—Sny =0
forn =0, and Sy+p — SN = Xn41 + -+ Xngp fOr n > 1. O

Proof of (4.1.30). It is enough to show that for A € Fy and for By,..., B, € B(R), k > 1,
one has
k

k
(4.1.32) Q(A N{N < oo} N ﬂ {Xnyj € Bj}> =QAN{N < o0}) H,u(Bj) )
j=1

J=1

For n € N, one has
Notation for “(\”

l

P[AN{N =n}, X, € Bj, L < j <K
~—_——
(4.1.33) — <
MAPEENE plAN{N =n}] P[X,y; € Bj, 1< j <k

k
= P[AN{N =n}] H1 1(Bj) -
‘7:
By summing over n, we obtain

Plan (¥ =n}), Xvsy € By 125 <K
n>0

= > P[AN{N=n}, Xy € Bj, 1< j <k

n>0
= Y P[An{N=n}, Xpy; € Bj, 1L <j <Kk
n>0
k k
(4.133) 3" P[AN{N =n}] -H1 u(B;j) = P[AN{N < oc}] -H1 1(B;).
n>0 = =
This proves (4.1.32). 1
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We now prove a useful identity, which is specific to random walks.
Theorem 4.10. (Wald’s identity).

If E[|X1]] < oo, and N is an (F,)-stopping time with E[N] < oo, then
(4.1.34) E[|Sn|] < oo, and E[Sn]= E[X|]E[N].

Proof. This follows from the optional stopping theorem, since (S, — nE[X1]), n > O,
is an (F,)-martingale. This uses the fact that (F,) is the filtration generated by the
independent random variables X;, ¢ > 1: X, 1, is thus independent of F,,, which implies
E[Xn-i-l‘fn] = E[Xn+l] = E[Xl] O

Note that in the previous proof, it is important that N is a stopping time for the
natural filtration (F,) (generated by the X;). Wald’s identity does not necessarily hold
true if N is a stopping time with respect to a larger filtration (the key property that X,, .
is independent of F,, would be su [cieht).

Example 4.11.
1) Let S,, be the simple random walk, and define N = inf{n >0, S,, = 1}.

We know that N < oo P-a.s., but one also has
(4.1.35) E[N] = co!
Otherwise, we could write
1=E[SNy]=E[X;1]-E[N]=0-E[N]=0,
which is obviously a contradiction.
2) Let S,, be the simple random walk. Let us also consider a,b € Z with a < 0 < b, and

N =inf{n >0, S, ¢ (a,b)} =inf{n >0, S, =a or b}.

Fig. 4.4

Then E[N] < oo, since for k£ > 0, one has

{Xk—i-l = 1a"'7Xk+b—a = 1} - {N < k + (b_a)}
“b — a successive increments = 1 == the random walk exits from (a,b)” .

Hence,
n—1
{N>nb-a)}c eoo {Xep—ayr1 =1, X(es1)p-a) = 1},

125



and

P[N > n(b — a)]

independence n—1

(4.1.36) < ZI:IO (1 — P[Xyp-ay41 =1+ s X(e41)(b-a) = 1])
= (]_ — 2—(b—a))"

(note that since the trials are independent, the geometric distribution arises). This implies

E[N]=)_ PN >k <.
k=1
Thanks to (4.1.34), one has
(4.1.37) E[Sy] = E[X1] E[N] =0,

and one can also write
E[Sy] =aP[Sy =a] +bP[Sy =b] =aP[Sy =a] +b(1 — P[Sy = a]) .
Hence,

b —a
P = =

(4.1.38) P[Sy =a] =
(which can also be obtained directly via martingale techniques).

3) Renewal process (see Section 1.5)

We consider X; > 0 with F[X;] < oo, T,, = X1+ --+X,, “arrival time of the nth customer”
(with the convention 7, = 0), and N; = sup{n >0, T;, < t} “number of customers up to
time ¢t (> 0)”.

4:Nt+1

| time

g 4 inf{n >0, T,, > t} = N, + 1 is a stopping time since

{§=0}=0, and {S=n}={T1 <t,..., T 1 <t, T, >t} F,.
Analogously to (4.1.36), one can show that E[S] < oo, and one has the identity

(4.1.39) E[TN,+1] = E[X1] (E[N] +1) .
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4.1.3 Recurrence vs transience

We consider a random walk S,,,n > 0, on R%, d > 1:
So=0, S,=X1+---+X,,
where the X;,i > 1, are independent with distribution z on R¢.
Thanks to the Hewitt-Savage 0-1 law, we know that for B € B(R%),
(4.1.40) Iim>sijp{Sn € B} = {weQ: S,(w) € B infinitely often}

has either probability 0 or 1.

If P[limsup,>;{S, € B}| = 1, then “the random walk visits the set B infinitely
often” P-a.s., which brings us to the following definition. We use the notation: for = € R,
2|l = supi<i<a |*].

Definition 4.12.

e z € R% is called a recurrence value of the random walk Sy,n >0, if
(4.1.41) Ve >0, P|limsup{|S,—z| <e}|=1.
n>1

Notation: R = set of all recurrence values.

e z € R? is called a possible value of the random walk Sy, n > 0, if
(4.1.42) Ve >0, 3n >0 with P[||S, —z| <e€] >0.

Notation: M = set of all possible values.

Example 4.13. Let us consider the simple random walk on Z¢, obtained for

pdy) = 55 S 5.(dy)

eczd
le|=1
e
0
—€1 €1
—e9
Fig. 4.6
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If at time n, the random walk is at position S,,, then it jumps at time n + 1 to one of the
2d neighboring sites.

So 53 a possible path of
Sp,0<n <8
Sl ~ S5 S4
® >

v56 St Sy

Fig. 4.7

Note that each = € Z% is a possible value, and that S,, € Z% P-a.s., for all n > 0. Hence,
M =2z L1

The set R of recurrence values is somewhat more complicated to determine. At this
point, we know that in the case of dimension d = 1, one has R = Z since

P|lim S, =—o0, lim S, =+o00| =1

n— o0 n—00

(see Example 1) after the Hewitt-Savage 0-1 law, Section 3.2).

We start with a theorem that describes the structure of the set R of recurrence values.
Note that R C M (the set of possible values).

Theorem 4.14. One has either

i) R=0,

(4.1.43) __
or i) R is a closed subgroup of R .

Moreover, in case i), one has R = M (set of possible values).

Proof. R is closed, since = ¢ R == Jey > 0 such that
P[limsup {||S, —z| < e}] =0,

and so B(z,¢)) C R-.

We now assume that R # (), and we show

(4.1.44) rER, yeM=zx—-—yeR.
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Our result (4.1.43) ii) will then follow, since (i) for x =y € R, onehasz —y =0 € R,
(i) 0—y = —y € R (i.e. the inverse stays in R), and (iii) for x,y € R, one also has

—z —y=—(z+y)eR=zax+ycR.
T —y (z+y) T+y
eER

Consequently, R is a closed subgroup of R%. In addition, for z =0 € R, y € M, one
obtains —y € R, and so y € R. This implies M = R, which completes the proof. O

Proof of (4.1.44). Consider e > 0, x € R, y € M. Then one has, for an ny > 0,

P[||Sno —yll < €] >0.

Since z € R, one also has, for m > 0,
0 = P[||Sy—z| >¢€ VYn>no+m]

> P {1Sn — ll < e} 0 {ISnosk — Sno — @ — ]| > 26, Yk > m}]
4.1.31
LYV P (S0~ ull <] - P[ISk — (@ — )]l > 26, Yk >m] .

Hence, for m > 0,
P [HSk —(z—9)| > 2, Vk > m] =0,

and so
P |limsup {[|Sk — (z — y)|| < 2¢}| =1,
k
where ¢ > 0 is arbitrary. Our claim (4.1.44) follows. 1
Remark 4.15.

e A closed subgroup of R is either equal to R, or to aZ = {a-k; k € Z} for some a > 0.
e A closed subgroup of R is “of the form RP x Z% with p+ ¢ < d”, i.e.

d
{Z tie;; where t; €R, 1<i<p, t; €Z, p+1§i§p+q},

=1

for some basis (e;)1<i<q of R? (see Bourbaki, Topologie Générale VII, 2).

Terminology:
e In the case (4.1.43) i) (i.e. R = (), the random walk is called transient.

e In the case (4.1.43) ii), the random walk is called recurrent. 1

Now, we would like to present a concrete criterion to decide whether a random walk
is recurrent or transient.
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Theorem 4.16. Let S,,,n > 0, be a random walk on RY. One has either

) > PlISall <€ <00, Ve>0,

>0
(4.1.45) "=
or i) Y P[|Snll <€] =00, Ve>0
n>0
(with || - || the sup-norm).
(4.1.46) The random walk is transient in case i), and it is recurrent in case ii).

Proof. \We first show (4.1.45).
It is enough to prove that for any ¢; > 0,

(4.1.47) > PlllSul <] <00 = VM =1, Y P[||Su]l < Mey] < oo.
n>0 n>0

Indeed, since the function ¢: € > 0— Y -, P[||Ss]| < €] € [0, 00] is non-decreasing, it

follows from (4.1.47) that either ¢(c) < oo, Ve > 0, or ¢(€) = oo, Ve > 0. O
Our claim (4.1.47) is a consequence of the following lemma.

Lemma 4.17. Consider ¢ >0 and M > 2, then

oo oo

(4.1.48) > PllISall < Me] < M) > P[|ISall < €] .
n=0 n=0
Proof.
(4.1.49) > PllISnll < Me] <> > P[S, € ke +[0,€)%] .
n=0 n=0 ke{-M,...M—1}4

Let us fix some k € {—M, ..., M —1}¢. Defining the stopping time T}, = inf {m >0, S, €
ke +[0,€)?}, we obtain

Y PlSpeke+[0,0% =" > P[S, €ke+[0,6), T = m]
n=0 n=0 m=0

Fubini
L 5™ S P8, € ke + (0,0, T = m]
m=0 n>m [0S}, — Sm [ €} (on the event {Tx = m})

(4.1.50) = %gp[||5n — Sl <, Tkej m}

NIEPLAENE 5™ 5™ P(IS — Soll < €] - PIT) = m]

m=0 n>m

= N PlISill <€ > PlTe=m] <Y PllISall <€ .
n=0 m=0 n=0

<1
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Fig. 4.8: Path of a symmetric random walk
(starting point in the middle of the picture, 107 steps)

Fig. 4.9: Path of a three-dimensional symmetric random walk
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It follows from (4.1.49) - (4.1.50) that

> PllISull < Me] < [{—M,...,M = 1}*| Y P[||Sull <] .

n=0 —(2M)d n=0 O

We now show (4.1.46).

In case (4.1.45) i), one has P[limsup{||S,| < €}] = 0 for all € > 0 (using the first
Borel-Cantelli lemma), which implies 0 ¢ R, and thus, using (4.1.43), that R = (): the
random walk is transient.

There remains to prove that in case (4.1.45) ii), the random walk is recurrent, which
will come from the following lemma.

Lemma 4.18. Let € > 0,

(4.1.51) > P[|Sull < €] =00 == P[limsup {|[S,] <2¢}] =1.
n>0

Proof. One has

liminf (S, > e} = U {I1Snll < e 152l > € ¥n > m+1}
m=0

pairwise disjoint events

“m is the last time at which ||.S,,|| < e holds”. Hence,

NE

1> PlISnll <€ [|Snll =€, Vn>m+1]

3
I
=)

P{lISmll <€} n{ISn = Smll = 2¢, Vn>m+1}]

independent independent

NE

3
]
o

(4.1.52)

I
K

Pl[|Smll < €] - P[IISell > 2¢, ve>1].

3
Il
=)

= oo by assumption
Hence, P[||S¢|| > 2¢, V¢ > 1] = 0. In the same way, define for £ > 2, m >0,
Ap ={lISml <€ [|Sull > €, ¥n=>m+k} .
For w € A,,, the last time mg(w) at which ||S,,|| < € is finite, and
m < mo(w) <m+k == mo(w) —k <m < my(w)
= k> i 14, (W), Vwe Q.

m=0
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We thus obtain, analogously to (4.1.52),

(4.1.53) k> PlAn > P[ISall <€ - P[IISe > 26, VE>E] .
m=0 m=0

=00

It follows that P[[|Sy|| > 2¢, V¢ > k] = 0. Hence, P|[liminf,||S¢| > 2¢] = 0, from which
(4.1.51) follows. O

Special case:

(4.1.54)  the distribution 1 of the X;,i > 1, is concentrated on Z%, i.e. u(Z%) =1.

In this case, M C Z<. One has either

0> 3" PlISal < 1] “EY S Pls, = 0]

n>0 n>0

and the random walk is transient, or

0= P[ISl<1] =) P[S, =0]

n>0 n>0

and the random walk is recurrent.

In other words: from the convergence (resp. divergence) of the series >, ., P[S, = 0],
one can deduce the transience (resp. the recurrence) of S,,. -

The following lemma provides a convenient way to estimate P[S, = 0].

Lemma 4.19. Let p be given satisfying (4.1.54), and let ¢ be the characteristic function
of w:

(4.1.55) o(t) = /Z , exp{it -z} pu(dx), teRe.

Then,

1
(2my?

Proof. Note that the characteristic function of S, is equal to ¢(¢)™. It is thus enough to
show (4.1.56) for n = 1. Now,

# /(_M)d p(t)ydt = (27T)d /_M /Zd  (da) dt

Fubini zt:c
L [ e uan.
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Moreover, for k € Z,
1 for k=0,
1

it-k — ) )
Z /(—n,w) € dt = (emk _ e—mk)

=0 fork#0.
T or k #

Hence,
1 iw | L forz=0
ﬁ e dt = d
2m)* J(—rm)a 0 for z € Z4\{0},
which implies
1
@n)? /(—mr)d @(t) dt = p({0}) .

Example 4.20. For the simple random walk,

pd) = o Z 0e(dz) |

eczd
le|=1
and
d
1 . 1
(4.1.57) o) = o o ete= y > cost;, where t=(ty,...,tq) -
cezd i=1
le|=1

Using (4.1.56), we obtain

P[S, = 0] = (Zl)d /_ o)™ dt .

For r € (0,1), we can then consider the (summable) series

n f— f— 1 n n
> 1" P[S, =0]= Z @ /( o o)™ dt

n>0

Lebesgue 1 n 1
(4.1.58) = @ / e 2= )d / it T ™

n>0

_ 1 / 1 gt
= i | - .
@m)* J(mmy 1-1 3" cost,
i=1
We now let r 1 1 in this equality. On the one hand,
monotone
lim > »" P[S, =0] =Y Pls, =0].
R n>0

/I\

possibly +oo
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On the other hand, let us divide the integral on the right-hand side into two parts: one

has
1

d
— 5 ) Cost;
i=1

T

cost; <0 for at least one ¢

lim dt

i /<—7r,7r>d\<—’;,g>d 1

dominated

convergence / 1 dt
(—m,m) A\ (~ 3,5)¢ 1 &
1—-3 21 COS t;
1=

(the integrand can be dominated by 1% = d), and the monotone convergence theorem
T Td

implies that
- 1 1
|lp11 / dt = / dt
T —x, 1) 1t Z cost; =227 1 _é Z COS t;
=1 i=1
T
possibly +oco

(the integrand is non-decreasing in r since all cost; > 0). We thus obtain the identity

(4.1.59) S PlS,=0]= ﬁ / + dt
™
n>0 (=mm® g > cost;
i=1

Q-

where both sides can be equal to +oco. Now, for ¢ — 0,

As a consequence, the integral in (4.1.59) converges for d > 3, and it diverges for d < 2.
In other words:

the simple random walk is recurrent for d =1,2 |

4.1.60
( ) transient for d > 3.

Further applications of (4.1.45) - (4.1.46) can be found in the exercises.

Remark 4.21. As a conclusion, let us mention a final (somewhat surprising) example.
We know that in dimension one, for the symmetric stable distribution n with parameter
a € (0,2) (i.e. o(t) = exp{—clt|*}, ¢ > 0 fixed), one has, for symmetry reasons (see
(4.1.19)): P-as., lim S, = +oo0 and lim S,, = —oc.

Nevertheless, one can show that for a < 1, the random walk is transient on R!
“The random walk passes over 0 by making large jumps”. —1
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4.2 Markov chains: an introduction

Markov chains are stochastic processes Xy, ..., X,,... taking values in a state space S
(equipped with a o-algebra S) such that: for each n, the best forecast of the future after
time n, given the past up to this time n, depends only on the information contained in
X,,. More precisely, one has:

E[f(Xm s >Xn+k) |]:n] = E[f(Xm s 7Xn+k) | U(Xn)] P-as.,
for all n,k > 0, and all bounded measurable functions f : Skt 5 R, where F, =
o(Xo, ..., X,) contains the information on the past up to time n.
4.2.1 Stochastic kernels

Stochastic kernels play an important role in the construction of canonical Markov chains,
and also of general canonical stochastic processes.

Definition 4.22. Let (Q1,.A1) and (Q2, A2) be two measurable spaces. A stochastic kernel
K from (Q1, A1) to (Qa, A2) is a map from Qi x Ay to [0,1] such that

4.2.1) for all A € Ay, w1 € Q1 — K(wy,A) is Ai-measurable,
(4.2.2) for all wy € Qq, the map A € Ay — K(wy,A) €[0,1]

is a probability measure on (Qa, As).

Notation: K(wy,dws) (due to (4.2.2)).
Example 4.23.

1) Q, =Q, =2Z, A = Ay = P(Z) (the power set of Z). Then
(4.2.3) K(x,dy) = 3 (3a11(dy) + 0, 1(dy)), for z € Z,

is a stochastic kernel from Z to Z. This kernel is directly related to the simple random
walk on Z.

2) Q1 =Q:=N(={0,1,...}), A; = A2 = P(N), v a distribution on N. Then

K(z,dy) = do(dy) ifz=0,

(4.2.4)
=P +---+edy] ifz>1,

where &;,7 > 1, are i.i.d. random variables with distribution v, is a stochastic kernel from
N to N. This kernel is directly related to the Galton-Watson chain, see (3.5.1).

3) (Q;, A;) measurable spaces (i = 1,2), v a probability measure on (Qa, A2), and f(w1,ws) >
0 a measurable function on Q; x Qo, with [ f(w1,ws2) dv(we) =1 for all wy € Q;. Then

(425) K(wl,dwg) = f((/.)l,bdQ) V(dCUQ), w1 € N

(ie. K(wi,A) = [, f(wi,w2)dr(ws) for A € A) is a stochastic kernel from (Q,.A4;) to
(Q2, A2). 1
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Proposition 4.24. Let P; be a probability measure on (Q1, A1), and K a stochastic

kernel from (Qq, A1) to (Qa, As). Then, there exists a unique probability measure P on
(Q1 x Qa, A1 ® As) such that

(426) P[A1 X Ag] = / K(wl,AQ) Pl(dwl) fOT all Al S ./41, A2 S ./42 .
Az
Furthermore, a measurable function f . Qi x Qo — R is P-integrable if and only if
(427) [ ([ 1w | Korden)) Prtden) < oo,
Q1 Q2
and in this case,
(4.28) [gap= [ ([ fene) K den) Ao,
Q1 xQ2 951 Q2
Notation: P = P, x K, P is called semi-product of P, and K.

Proof.

e The uniqueness of P is clear, as the collection {A; x Aj; A1 € Ay, Ay € As}is a
m-system that generates A; ® As (see Dynkin’s lemma, (1.3.9)).

e Existence: Using Dynkin’s lemma, one sees that
(4.2.9) forall Ae A1 @ Ay, wy— / 14(w1,w9) K(w1,dws) is Aj-measurable .
Qo

If we set
(4.2.10) P[A] = / ( / 1(wi, ws) K(wl,dw2)> Py(dw) for A € Ay @ As,
Q1 Qo

then
P[Ql><92]:l7

and for a sequence of pairwise disjoint A4;,7 > 1, with A; € A; ® A, for all 7 > 1, we obtain

P( U Ai> = /Q (/Q > La,(wi,w) K(W17dw2)> P (dwr)

21 i>1

o-additivity / > ( / L, (w1, w2) K (r, dn) ) Py (deon)
Q>
monotone

convergence
=g Z / (/ 14, (w1, w2) K(wr, dw2)) Py (dwy)
Q1 Qz

i>1

= > P(A).

i>1
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In other words, P is a probability measure on (Q; x Qs, A7 ® A3). Using an approxi-
mation by a non-decreasing sequence of step functions, we can then obtain the following
generalization of (4.2.10):

(4.2.11) /QXQ fdPZ/Q < o f(W1,W2)K(w1,dw2)) dP;(w1)

for all f > 0 measurable on Q; x Q5.

The remaining claims of the proposition then follow as in the proof of (1.2.16), (1.2.17). O

Remark 4.25. In the case when K(wi,dws) = Py(dws) (i.e. the kernel K does not
depend on wy), the measure P in the previous proposition (see (4.2.6)) is simply the
product measure P, ® Ps. 1

Stochastic kernels are also useful to compute conditional expectations, as we now
explain. Let Z;, Z> be measurable maps on (Q, A, P):

(4.2.12) Zl . (Q,A) — (51,81), ZQ . (Q,A) — (52,82) .

We denote by P; the distribution of Z; on (S1,S1) under P, and we assume that the
distribution @ of Z = (71, Z5) on (S = 51 x 59,51 ® S9) is of the form

(4.2.13) Q=P xK,
where K is a stochastic kernel from (51, Sp) to (52, S2).

Proposition 4.26. (under (4.2.12), (4.2.13)) Let f : (S,S81 ® S2) — R be a measurable
function such that f(Z1,2Z) € LY(Q, A, P). Then,

(4.2.14) EP[f(Z1, 22) | o(20)] T /S F(Z1(w), 52) K(Z1(w), ds)
Proof. Thanks to (1.2.16) and (4.2.7), one has f € L(S,Q), and

Jis10e= [ ([ 156 Keowds) s < .
Hence, ¢ : S — R defined by

5105 Bs1) = / F(s1, ) K(s1,dso)  if / (51, 52) | K (51, dsn) < o0,
(4.2.15) % %
=0 if/ 51, 52) | K (51, dsa) = oo,
S2

is an S;-measurable function, and fsz | f(s1,52)|K(s1,ds2) = oo holds only on a set with
P-measure zero. Moreover, ¢ is Pj-integrable. Hence, ¢(Z;) is o(Z;)-measurable, and
P-integrable. We also know that ¢(7;) = {Zl‘l(B); B € S}, and for B € S1, we obtain

EP[f(Z1,22)1p o Z1] (2 /s J(s1,82) 1p(s1) dQ(s1, s2)

4.2.13 1.2.17

Y [ taen( [ S Kends) Pdsy = [ 1moan YE7 B [6(2) 160 21).
(4.2.8) S1 S> S1

This equality shows that EX[f(Z1, Zo)o(Z)] T 2% ¢(21), and (4.2.14) follows. O
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Example 4.27. Let X, X5 be independent random variables with distribution p, resp.
v. Consider a u ® v-integrable function f on R?, then

(4.2.16) BIA(1X0) |o(X0)] = [ (1) dv(s) P

A further connection with conditional expectations leads to the following definition.

Definition 4.28. Let (Q, A, P) be a probability space, and F a sub-c-algebra of A. A
stochastic kernel K from (Q,F) to (Q, A) is called a reqular conditional probability of P
given F if

(4.2.17) Kw,A)=E[14|F] P-as. forall AcA,
and there exists N € F with P(N) = 0 such that
(4.2.18) K(w,F)=1p(w) for all F € F and w € Q\N .

Example 4.29. Let i be a distribution on R, and K a stochastic kernel from R to R. We
define a probability measure on (R?, B(R?)) by P = i x K, and we denote by X, X, the
canonical coordinates on R2. Define F = 0(X;), A = B(R?), and let R be the stochastic
kernel from (R?, F) to (R?, .A) defined by

(4.2.19) R(w, A) = / 14(X1 (W), y) K(X1(w),dy) for all A€ B(R?).

Using (4.2.14) (in the case X| = Z;, Xo = Zo, P = Q,14 = f on R?), R satisfies (4.2.17).
Furthermore, for all F' € 0(X1), one has 1 = 1o o X; for some C € B(R), and so

R(w, F) = / 1o 0 X1 () K(X1 (@), dy) = 1o 0 X1(w) = 1p(w)

for w € Q. Hence, (4.2.18) holds, and

(4.2.20) R is a regular conditional probability of P given o(X7).
1

Remark 4.30. In the case when Q is a Polish space (i.e. (Q,C) is a topological space,
and the topology C is generated by a metric d such that (Q, d) is complete and separable),
A is the Borel g-algebra on Q, and F is generated by a countable collection, then there
exists a regular conditional probability of P (on (Q, .A)) given F (see Stroock: “Probability
Theory: an Analytic View”, p.256). 1

4.2.2 Ionescu-Tulcea theorem, construction of Markov chains

We start with a general result (the lonescu-Tulcea theorem) that can be used to construct
stochastic processes Xg,...,X,,.... The idea of the construction is the following.

If a kernel K, is associated with each time n > 1, describing the distribution of X,
given Xo,...,X,_1, and if an initial distribution is also chosen for X, then the theorem
constructs a probability measure corresponding to the distribution of the X,,,n > 0.
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More precisely, we consider a sequence of measurable spaces
(4.2.21) (Si,Si)i>0
and we define the sequence of successive product spaces
Q=25 Q=5yx81, ... Q, =8y xS x---%x8,, ...
(4.2.22) A =S8y, Li=8S®S1, ... Ay=5381®@ @S, ...

product o-algebra

We are also given
e an initial distribution on Sy:
(4.2.23) Py probability measure on (S, Sp) ,
e a sequence of kernels:
(4.2.24) K, stochastic kernel from (Q,,_1, A,—1) to (5,,S8,), n>1.
Furthermore, we define by induction, by means of (4.2.6),
Qo = Py on (Qo = Sy, Ag = Sp), and for n >0,
Qnt+1 = @n X Kpp1 0n (Qpp1, A1) -

(4.2.25)

We obtain in this way a sequence @Q,,, n > 0, of probability measures on (Q,,.4,), and we
consider the infinite product space

(4.2.26) Q=]] Si={w=(wo,x1,22,...): 2 €S, Vi >0},
i=0

the canonical coordinates

(4.2.27) Xiw)==x,€8;, forw=(r9,x1,22,...)€Q,7>0,

the product o-algebra

A:U(Xn,TLZO)
(4.2.28) :U(AOX"'XAkXSk+1XSk+2X...; k>0A4;,€8;,0<i<k)
=U(AXSk+1XSk+2X...; kzO,AEAk),

and the projections

(4.229) m,:Q—Q,, withr,(w) = (zg,...,x,) forw = (x9,z1,22,...) €Q, n>0.
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Theorem 4.31. (lonescu-Tulcea)
There exists a unique probability measure Q on (Q, A) such that for alln >0,

(4.2.30) TnoQ =Q, (see (4.2.25)).
In particular, for any bounded random variable f on (Q,, A,), one has

EC[f(Xo, X1, ..., Xyn)]

(4.2.31)
= / Po(dwo) Kl(xo,dwl)... Kn(wo,wl,...,xn_l,dwn) f(xo,...,acn).
So S1 Sn

Proof. (4.2.31) is a direct consequence of (4.2.30), using (1.2.17), (4.2.8), and (4.2.25). Let
us show (4.2.30).

Uniqueness of QQ: Thanks to (4.2.30), Q is uniquely determined on
(4.2.32) B={AXSki1 XSprax...: k>0,A¢€ Ax}.

Since B is a w-system and o(B) = A, @ is uniquely determined on .4 thanks to Dynkin’s
lemma, cf. (1.3.9).

Existence: We define @ on B, cf. (4.2.32), by
(4.2.33) QA X Ski1 X Sgyax...)=Qr(A) forall k>0A€ A.

(4.2.34) Then @ is well-defined on B through (4.2.33).

Indeed, consider 0 < ¢ <n, and A € Ay, B € A,,, with
AXS[+1 X’”:BXSn+1 X ...

In the case when n = ¢, one has A = B and Q,(A) = Q,(B). If n > ¢, then

4.2.25
Qr1(A x Spp1) (4229 Qv x Kpp1(A X Sgy1)

42.8

e /AQz(dwo - dzg) Kep(zo, -, 20, Seg1)
I

1

= QZ(A) )

Qn(A X Sppq x -+ x 8,) = Qe(A) holds by induction, and since A x Sy11 X --- xS, = B,
(4.2.34) follows.

Moreover, (4.2.32) implies that
(4.2.35) B is an algebra on Q

(ie. Q € B, Be B == B°e B, and it follows from By,...,B, € B that |J_, B; € B),
and one has, thanks to (4.2.33),

QQ) =1,

4.2.36
( ) and Q(B1 U By) = Q(B1) + Q(B2) when By, By € Bwith BiN By =10,
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since we can find k£ > 0, A; € A, As € Ag, such that B; = A; X Sgi1 X Sgyo X ... for
1=1,2, and so

QB1 U By) “EY (41 U A) = Qu(Ar) + Qi) “EY Q1) + Q(B) .

Carathéodory’s extension theorem (see lecture notes on measure theory, or Durrett p. 400)

implies the existence of a probability measure @ on o(B3) (1:229) A as an extension of ) in
(4.2.33), as soon as we show the o-additivity of ¢ on the algebra, i.e.

If B;,+ > 1, and B are in B, with B;,7 > 1, pairwise disjoint,

(4.2.37) and B = |J B;, then Q(B) = Y_ Q(By).

izl i>1

For B, B;, i > 1, as above, we can define B,, = B\(Ui-, B;) € B. Then, B, | 0, and using
(4.2.36) (“additivity of Q”),

Q(B) = Q(B.) + > Q(B).

i=1
Hence, (4.2.37) follows from
(4.2.38) For any decreasing sequence B,,n > 1, with B, € B,
and () B, =0, one has limQ(B,) =0.

n>1
Consider En, n > 1, as in (4.2.38), then we can construct a sequence

(4.2.39) Ek = Ap x Sk+1 X ..., k>0, with A; € A;, and Fk i@,

such that B, = By is a sub-sequence of By, k > 0. The claim (4.2.38) follows if we
show that

(4.2.40) Iilgn Q(Br) =0.
We show (4.2.40) by contradiction, assuming that
4.2.41 inf Q(B 0.
( ) inf Q(B) > ¢ >
Because of (4.2.39), one has
4.2.33

(4.2.42)  Api1 C Ag X Sk, for k>0, and Q(By) (4.2.33) Or(AL) (4.2.25)

/ P(](dl'(])/ Kl(l‘o,dl’l).../ Kk((l‘(),...,l‘k_l),dl'k)lAk(l'o,...,.I'k),
So Sl Sk

fo,k”(wo)
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and

4243)  Q(Brnr) = Quer(Aar) = / Po(dzo)

So

Ki(zo,dx1) .. / K« ((zo, . . ., 2k—1), dzk) Ki+1((@o, . . ., o), dogs1) La, (@o, - - -, k1) -

Sk Sk+1

fos1 (o)

S1

Using (4.2.42), one has
1Ak+1(x07 s ka—i-l) S 1Ak (fL'O, s 7xk) 1Sk+1(xk+l)7
and thus

(4.2.44) Jox(@o) = fort1(zo) forall zg € So,k > 1.

Using (4.2.41), (4.2.43), and monotone convergence, there exists Zy € Sy such that

iigf1 fox(To) >0
[

(4.2.45) K1 (Zg, dz1) K5 ((To,xl),dxg) S
S1 S2

/ Kk((f(h L1, 7xk—1)7 d(L’k) 1Ak (EOJ L1y 7xk) .
Sk

In the same way, it follows from (4.2.45) that there exists 7; € S; such that

ligl; f1,:(To,T1) > 0, where fi ;(zo,71) =

(4.2.46)
/ KQ((‘%.Oawl)ade) / Kk((x07x17---wk—1)7dxk) 1Ak(x0,x1,...,1’k).
52

Sk

By induction, we construct a sequence T,, ¢ > 0, with 7, € S, for £ > 0, and

inf K, To, ..., T¢),d
k>0+1 Sput l+1 ((x07 ) xf)7 w@-i—l)
(4.2.47)
Kk((j(b ce 7fé)7$é+17 s 7$k—17d$k) 1Ak(f(]7 e T T 7$k) >0.
Sk

In particular, for k =¢+ 1 and ¢ > 0, we obtain

0< Ké-i-l((f(]? ce 7§€)> dl’é-ﬁ-l) 1Az+1(§07 cey T, :L'Z-i-l) < 1A((§07 s 7§€)
Se+1

<14,(To0,..,T¢)
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and so

(4.2.48) (Zo,...,Ty) € Ay, forall £ > 0.

Thanks to (4.2.39), one has for all £ > 0,

def. . _ -
w = (To,T1,...) € By,

which is a contradiction, since (| By (4.259) 0.
>0
We have thus proved (4.2.40), and the existence of a probability measure Q on A =

o(B), as an extension of @ from (4.2.33), follows. O

Remark 4.32. Kolmogorov’s extension theorem (see Neveu “Probability Theory”, Chap.
3 §3) enables the construction of probability measures on arbitrarily large product spaces
[I;c; Xi (I not necessarily countable). However, the (X;, B;), i € I, must then satisfy a
certain regularity condition (e.g. that the X; are Polish spaces, and for all i € I, B; is the
Borel o-algebra on X;). 1

We now present some consequences of the lonescu-Tulcea theorem.

1) Construction of product probability measures on [];5, Si:

We consider (S;,S;) as in (4.2.21), and for all i > 0, u; is a probability measure on (.5;, S;).
We define K,,, cf. (4.2.24), by

(4.2.49) Kn((xo, . ,:Un_l),dacn) = pp(de,), n > 1.
Hence, it follows from (4.2.25) that

(4.2.50) Qn=po® - Qu, foralln>0.

The lonescu-Tulcea theorem produces a unique probability measure @ on (Q = [[2, S,
A), cf. (4.2.28), such that

(4.2.51) ThoQ =po®---@pu, foralln>0.
Notation: Q = Q) wu; “infinite product measure”.
i=0

2) Construction of canonical Markov chains

Now, (5;,S;) = (S,S) for all i+ > 0, and we consider a probability measure p on (S,S)
(the “initial distribution™) and a stochastic kernel K from (S, S) to (S, S) (the “transition
kernel”). We define, for n > 1,

(4.2.52) K, ((ajo, L1y Tpo1), dmn) = K(zyp_1,dx,).

The lonescu-Tulcea theorem produces a unique probability measure P, on (Q = SN, A)
such that for any bounded random variable f on H?:o S, n >0, one has

EP[f(Xo, ..., Xn)]

4.2.53
( ) - /S:u(dl'o)/SK(xmdwl)'"/SK(‘TH—den) f(w07"'7x")'
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Notation: P, def. Ps,, for x € S.

(Q, A, (P;).es) is called the canonical (time-homogeneous) Markov chain with state space
S and transition kernel K. We denote by (6,,),>0 the shift operators on Q: for w =

(zo, 71,2, . ..),
Onw = (Tn, Tpi1, Tnia,---) €EQ,

and by 7, = o(Xo, X1,...,X,), n >0, the canonical filtration on (Q, A).
Proposition 4.33. The map
(4.2.54) (x,B) € S x A P,[B] is a stochastic kernel from (S,S) to (Q,.A).

For alln >0, B € A, one has

Py-a.s.

EP[1p 00, | Fa] "="" Px, ) [Bl.
(4.2.55) N
function of X, (w)
In particular, the Markov property holds:
(4.2.56) Bl 1o | Fo] = Bl 1o ]0(Xn)] Pu-as.
for all C € o(X,, Xpay1,...).
Proof.

e (4.254): for all z € S, B — P,[B] is a probability measure on (Q,.A4). For all
B € o(Xy,...,X,), x € S— P,[B] is S-measurable, thanks to (4.2.53).

Since J,,~¢ o(Xo, ..., Xp) “Bisa m-system with o(B) = A, the claim follows by
using Dynkin’s lemma, (1.3.9).
e (4.2.55): Consider A € F,, then for any bounded random variable f: Hf:o S — R,
EP“ [1A f(Xn7 Xn+17 s 7Xn+k)]

4.2.53
CED Ry BPO [ (X0, Xa. . X))

In particular, for all B € B,
(4.2.57) EP¥[141p 00,] = B [14 Px,[B]] -
The collection of all B € A satisfying (4.2.57) is a Dynkin system. Thanks to

Dynkin’s lemma, one has (4.2.57) for all B € A. Since A € F, is arbitrary, we
obtain (4.2.55).

e (4.256): any C € o(X,,X,+1,...) is of the form 1o = 1 0 60, with B € A.
Due to (4.2.55), Ef«[1p 0 6, | F,] is equal to a o(X,)-measurable function up to
P,-equivalence. We deduce (4.2.56). 0
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Intuitively speaking, the Markov property (4.2.56) means the following: the best fore-
cast for the future after time n of the sequence X;,i > 0, given the past up to time n,
depends only on the information that is contained in X,.

Markov chains and martingales

We consider the canonical Markov chain with state space S, transition kernel K, and
initial distribution ;. (see (4.2.53)). In this setting, we can construct a variety of (F,)-
martingales.

Proposition 4.34. For f a bounded and measurable function on (S,S),

n—1
My = f(Xn) =Y (Kf= (X)) n>1,
(4.2.58) =0
= f(Xo) n=0,

where K f(x) = [ f(@)K (z,dx’) for x € S, is an (F,)-martingale under P,.

Furthermore, if f is uniformly positive (i.e. f > a > 0), then

n—1
f
I, = f(X, 2 ) (x >1,
w259) £( )g<Kf>( D n
:f(XO) TLZO,

is an (Fp)-martingale under P,.

Proof. (4.2.58): M, is bounded and (F,,)-adapted. Moreover, for n > 0,

Efu [Mn—i-l - M, | ]:n] = E [f(Xn—i-l) - f(Xn) - (Kf - f)(Xn) | ]:n]

= EP[f(Xn+1) | Fn] — Kf(X0)

UL prxa[1(X))] — K f(X0) = 0.

(4.2.59): I, is bounded and (F,,)-adapted. Furthermore, for n > 0,

Jf(Xni1)

Py = P
B bl 7] = B [Kf(Xn)

L m]

_ L p (1255)
—mE X)) | Fa] = L. -

Example 4.35. In the case of the simple random walk on Z, one has K f(z) = w

for z in Z. Hence,

n—1

(4260) M= f(0) - Y o [FOG+D+ OG- 1) - 2/()] 020,
k=0
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resp.

n >0

n—1
(4.2.61) I, = f(X») exp{ _ kz_o log (f(Xk +21}(-;(]]:)(Xk — 1)>}

is an (F,)-martingale under each P,, x € Z, if f is bounded, resp. bounded and uniformly
positive.

Furthermore, one has P,-a.s., | X,, — x| < n for all n > 0. From this, one can easily see
that the martingale property of (M,),>0, resp. (I,)»>0, holds under all P,, for all, resp.
all uniformly positive, functions f. For instance, if f(z) = ¢**, one sees from (4.2.61) that

(4262) eaxn—nlogcosha n > 07

is an (F,)-martingale under each F,. 1
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stochastic kernel, 138
Stopping Theorem, 93
stopping time, 30, 88

o-algebra of, 89
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symmetric stable distributions, 63

Three-Series Theorem, 33
tight, 55
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variance, 12
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